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1. Introduction

Let f(z) be an analytic function in Dy = {z € C : [z| < r,r > 1} with f(1) = 1. The matrix

S =8 = (anx), Where (a,;) are defined by [f (2)]" = Y ansx2’ is called a Sonnenschein matrix
[7, 9]. The special choice

a+(1—-a- 1
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where @ and S are complex numbers, gives the Karamata matrix K[a, ] and its coeflicients are

given by [3, 4]
S n n+k—-v-1
= 37 -0 775
v=0

In particular, K[1 — @, 0] and K[O, 1 — a], give the Euler [1] matrix E“, and the Taylor [10] matrix
T“, respectively.

In this paper we are going to compute the row and column sums of the Karamata matrix K[, 5]

for the cases @, € (0, 1) and to give some applications for these sums. Our results are based on
the following binomial coeflicients identities:

(1) W k, Z(n+k) (n+Dx", |x <1
i) (1) =0, (v>t0rv<0).
We begin with the following lemma which is essential in the text.

Lemma 1.1. Letn,k,v e NU {0} and a < 1. Then

k k=1
Z(n n+k v— 1 n—v _ a/(v)+(1_a)(”_1)
(1 _ a,)k+1
Proof. Using the identity (i), we have

Z ( )(n+k v— 1) n—-v _ Z (n:v) (n+]1{<_—vl)an

n=0

_ (n+v)(n+k 1)!
w(k Y Z a"

_ 1w (k=1 _p (n+k D!,
= VG-t nz=:1 i &t oo 1)v(/< oY Z

()
— (’H'k)' n 1 (n+k— 1)‘
- v'(k v)! Z + (v=D!(k-v)! nZ:O

n!

— k! S (e D] 1
VIR (1= G=DIG—)! (1—a)f

a(D)+1-o)(;

(1—(l)k+1 ’

as desired. O

Theorem 1.2. For the Karamata matrix K|, ), the sum of the first column is ﬁ, the sum of all
other columns are }_;i and the sum of all rows are 1.
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Proof. For k = 0, obviously 7" ja,0 = X, oa" = ﬁ If £ > 1, applying Lemma 1.1 together
with the identity (i), we have

3= 53 O0-a-pre (s

n=0v=0

)
— Z Z (Z)(l _a,_ﬁ)van—v (n+k v— 1)ﬁk v

v=0n=0
— Z(l_a, ﬁ)ﬁka(n)(erv l)a,n—v
p & 6 +(1-a) ’f:]'
= 3 (—a-pyp it

v=0

= 2 z()(l—a BB

(13;;12( D1 —a-prp

= g{l;;zi. (- ﬁ)Z( D -a-ps

a(l-a)f +(1-a)(1—a—B)(1-a)*!
(l_a)k+l

1-

kN

S

For the row sums of the Karamata matrix, fix n € N U {0}, using identities (i) and (ii), we have

kijoan,k = i Zk: (3)(1 —a/_ﬁ)"a,n—v (n+k v— 1)ﬁk v

k=0v=0

— § zn: (‘r:)(l _a,_ﬁ)va,n—v (n+k v— l)ﬁk v

k=0 v=0

— Z()(l—a ﬁ)v nvz(lﬁkvl)ﬁk\/

= X OU-a-prar 3 ()6
v=0 k=0

= (1-B)'"gp = |
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2. Applications

For 0 < p < oo, the Karamata sequence space is defined by

o k P
ZZ()(I_Q ﬁ)v nv(n+kv l)ﬂk_vXk <OO}‘
k=

More precisely, K, # is the set of all sequences such that K[a, f]—transforms of them are in the
space ¢,,. In particular, (KI(,)’O ={, and ‘K[l_a’o = ¢}, the Euler sequence space of order « [2], which
is defined as below:

- oo} |

Lemma 2.1. The set K, ? becomes a linear space with the coordinatewise addition and scalar
multiplication, which is the semi normed space with the semi norm
P};

for 1 < p < oo. Further, it is a p—semi normed space with the p—semi norm |||x||| = ||x||” -t

Z (01— ka"xk

k=0

{(x,» cc: Y

n=0

o0

o k
ZZ()(I_Q/ ﬁ)v nv(n+kv l)ﬁk_vXk

k=0 v=0

Il = [

n=

whenever 0 < p < 1.

An easy calculation shows that the absolute property does not hold on the space K, # that
is, ”)C”(Kgﬁ * |||x|||7<gﬁ for at least one sequence in the space Kor , and this says us that ‘Kg’ﬁ 18
a sequence space of non-absolute type, where |x| = (|xz]). It is immediate by the well-known
inclusion £, C ¢, that the inclusion % c K holds whenever p < g.

Theorem 2.2. The inclusion €, C ‘Kg’ﬁ holds for 1 < p < 0.

Proof. Let x € {,. Applying Theorem 1.2 with Holder’s inequality for 1 < p < oo, we obtain

p

ZZ()(l_a ﬁ)va,n v(n+kv1)ﬁkv

k=0 v=0

oo k
(z % () —a =g () |P)
k=0 v=0

p-1

ok
x ZZ()(l_a B) nv(n+kv1)ﬁk7v

k=0 v=0

=1
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ok
= ZZ( )(1 —a-pB)ra" v(n+k v— l)ﬁk_lek|p~ @2.1)

k=0 v=0

Applying (2.1) with Theorem 1.2, we have

o |k P
3 Zz(rz)(l_a, B)a nv(n+kv1)ﬁkv
n=0 [k=0 v=0
= ij‘o kijo é“o O (nzk—_vv_l)ﬁk_leklp
< lek|pz_:;(n)(l_a/ ﬁ)v nv(n+kvl)ﬁkv
= Ixol” () + bl (££) + bl (1) + Il (+2) +
< () 3 bl

which yields us that

1 1/p
el < (1 — a) llxlle, - (2.2)
Therefore, x € 7(1?# ,le. €, C Wﬁ’ﬁ . By similar discussions, it may be easily proved that the
inequality (2.2) holds in the case p = 1 and so we omit the detail. This completes the proof. [

Theorem 2.3. Let 0 < p < 1, and x = (x,) be a non-negative sequence in ‘Kg’ﬁ . Then x belongs to
the space €,, and we have

1 _ﬁ _l/p
lIxlle, < (1 — a) llxllgas- (2.3)
Proof. The proof is similar to that of Theorem 2.2. The only difference is due to the first part in
which the Holder’s inequality for O < p < 1, should be applied and therefore the inequality sign
must be reversed. []

We refer the readers to [5, 6, 8] to give more information about sequence spaces.
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