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1. Introduction

The study of systems of equations, particularly

AX =B,
{XC:D, (1.1)

not only has important theoretical significance but has also been extensively applied in system
identification, control theory, image processing, optimization, and robotics. For example, the rep-
resentation of the state-space model of a dynamic system by the equations AX = B, and XC =D
are investigated by Zhou et al.[? ], Vaidyanathan [? ] has examined the role of this system of
equations in signal processing. Moreover, this matrix system has important role in signal pro-
cessing and computer vision[? ]. For a comprehensive review of the solutions to this system
of equations, see Wang et al. [? ]. Given the inherent dimensional constraints of conventional
matrix multiplication, Cheng [? ] proposed the STP of matrices as a novel approach to address
linearized problems within nonlinear systems. This method effectively overcomes the dimensional
limitations associated with standard matrix multiplication, enabling more flexible and generalized
computations. This product has been widely used in many fields, such as physics in nonlinear
systems, graphs [? ], networked evolutionary games [? ], dynamical games [? ], cryptographic
algorithms [? ], the analysis and control of Boolean networks [? ? ], networked non-cooperative
games [? ]. Consequently, many scholars have investigated solutions to various special matrix

In contemporary research and industry, numerous disciplines require the acquisition and uti-
lization of vast quantities of data, including fields such as image and video processing, healthcare,
and engineering. Often, these data are inherently multidimensional, exemplified by the storage
and analysis of color images and video sequences. Traditional two-dimensional matrix represen-
tations prove insufficient for effectively capturing and processing such complex data structures.
Consequently, tensorshigher-order generalizations of matriceshave been introduced as a powerful
framework for representing and analyzing multidimensional datasets. Yang et al. considered the
results of the system (??) over dual split quaternion tensors [? ].

Chen et al. [? ] defined a STP for third-order tensors. Based on this definition, they present
a novel tensor decomposition strategy, provide a specific algorithm, and generalize the tensor
singular value decomposition (SVD) using the STP. Although tensors have been widely applied in
various fields owing to their multidimensional characteristics, the study of system (??) within the
tensor framework has been relatively scarce. Hence, this paper aims to examine the system from a
tensorial perspective, particularly with respect to the STP, to open new directions for research.

In this paper, we discuss the solvability of the following system of tensor equations under STP:

(1.2)

Ax X =8,
XXxC=9D,

where A, B, C and D are given, and X is an unknown tensor, X represents the STP of tensor and
will be described in detail in Section 2. The special case C = D = 0 was also studied by the author

[? ]
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Our paper is organized as follows. In Section 2, we introduce some fundamental definitions and
properties. In Section 3, we study the solution of the tensor equation system (??) by investigating
the tensor-vector equation system in two cases, including permissibility conditions of the tensors,
necessary and sufficient conditions, and concrete solving methods. Based on this, the solvability
of the tensor-matrix equation system (??) under the STP is further examined in Section 4, where
similar results are also presented. In Section 5, we investigate the solvability of the tensor-tensor
equation system (??) under the STP. In Section 6, we apply the STP framework to model and
control Boolean gene regulatory networks with pinning control inputs. Finally, several examples
are provided in each section to illustrate the effectiveness of our results.

2. Preliminaries

In this section, we present some commonly used symbols, definitions related to matrices
and tensors, and their relevant properties. Symbols R(C), R"(C") and R™"(C"™") represent
the real(complex) number field, the set of real(complex) column vectors with n elements and
the set of m X n matrices over the real(complex) numbers, respectively. Moreover, we denote
R :={X € R": X > 0}, where X > O means x; > 0 fori = 1,2,...,n. We use boldface uppercase
letters (A, B, ...) to denote matrices, italicized uppercase case letters (A, B, .. .) to denote vectors,
lower case letters (x,y,...) to denote scalars. This notation applies consistently to substructures.
For example, the entry at row i and column j of matrix A is written as a;;, and the i-th column
vector of A is denoted as A;. For positive integers m, n, the least common multiple and greatest
common divisor are denoted by lcm{m, n} and gcd{m, n}, respectively.

A tensor is a multidimensional array of data. The number of indices of a tensor is called
modes or ways. Notice that a scalar can be regarded as a zero mode tensor, first mode tensors are
vectors and matrices are second mode tensor. The order of a tensor is the dimensional of the array
needed to represent it, also known as ways or modes. For a given N-mode (or N-order) tensor
A € R the notation a;, 4, (With 1 <i; < njand j = 1,...N ) stands for the element
(i1, ...,iy) of the tensor ‘A.

Corresponding to a given tensor A € R">"2%"3-X" the notation

ﬂ:: e :kfork: 1,2,...,”N,
N-1

denotes a tensor in R">*"X3--X"v-1 which is obtained by fixing the last index and is called frontal
slice. Fibers are the higher-order analogue of matrix rows and columns. A fiber is defined by
fixing all the indexes except one.

In this paper, a tensor is of third-order, i.e., N = 3, that will be denoted by the calligraphic

script letters, say A = (al- jk)m’nz’fa. Using A jx, A;x and A;;. denote mode-1, mode-2, and mode-3

fibers, respectively; see Fig{ijf]g: ??. The notations A;.., A.;. and A., stand for the i-th horizontal,
Jj-th lateral, and k-th frontal slices of A, respectively; see Figure ??. Each slice is a matrix.

A new concept is proposed for multiplying third-order tensors, based on viewing a tensor as
a stack of frontal slices. In fact, if A € R™ is a third-order tensor, then it has r frontal slices,
and each frontal slice is an mxn matrix. These r frontal slices of A can be represented by A..,

\7(;;2, R ﬂ::r-
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Figure 1: Left to right: a mode-1, mode-2 and mode-3 fiber of third-order tensor.

=1

Figure 2: Left to right: a horizontal, lateral and frontal slice of third-order tensor.

In [? ], the fold, unfold and bcirc operators are defined. Suppose A € R™"*" is a third-order

tensor, and its frontal slices are denoted by ‘A..;, A..,, ..., A.,. Then unfold is defined as
ﬂ::l
»ﬂ::Z
unfold(A) = e,
L7{::r

We can easily see that unfold(A) is an mr X n matrix. Another operator fold is the inverse of
unfold which is defined as

ﬂ::l

ﬂ::Z
fold(unfold(A)) = fold

kﬂ::r
By using the unfold operator, we can create an mr X nr block-circulant matrix denoted by
bceirc(A) with the frontal slices of A. It is given by

ﬂ::l ﬂ:;r e ﬂ::z

. ﬂ::Z \-7(:;1 e ﬂ::3
bcirc(A) := . ' .

ﬂ::r ﬂ::r—l e ﬂ;;l

Kilmer et al. [? ] presented a new tensor multiplication called z-product. This tensor multiplication
can be described in the following.

Definition 2.1. (z-product [? ? ]) Let A be an m X n X r third-order tensor and Bbe ann X s X r
third-order tensor, then the product of A = B is an m X s X r tensor can be represented as

A = B = fold [beirc(A) - unfold(B)],
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where * denotes the new tensor multiplication of two third-order tensors called 7-product, and .
denotes the general matrix product.

The #-product is indeed used for analyzing and computing with third-order tensors, as it extends
matrix operations to tensors, providing a framework similar to matrix multiplication but for higher-
order tensors.

The Discrete Fourier Transformation (DFT') plays a very important role in the definition of the
t-product of tensors. Using the knowledge of Fourier transform, the block-circulant matrix can be
transformed into a block-diagonal matrix. Suppose that F, is the r X r Fourier matrix and F# is the
conjugate transpose of F,. Then

A

A
(F, ® I) - beirc(unfold(A)) - (F @ I,) = ?

g

r

Let

Then A is a complex pr x gr block-diagonal matrix. Let A; be the i-th frontal slice of A, where
A € CPer is the result of discrete Fourier transform (DFT) on A along the third dimension. The
MATLAB command for computing A is

A = fit[A,[], 3]. 2.1

The t-product between two tensors can be understood as the matrix multiplication in the
Fourier domain [? ]. The t-product result between A and B can be obtained by multiplying
each pair of the frontal slices of A and B and computing the inverse Fourier transform along the
third dimension, where B is the result of DFT on 8 along the third dimension, the MATLAB com-
mands is 8 = fft[B, [], 3]. The t-product can be alternatively computed in the Fourier domain, as
shown in Algorithm 1.

Now we provide some definitions that will be used in the following.

Definition 2.2. (Matricization or transforming a tensor into a matrix) Matricization, also known as
unfolding or flattening, is the process of reordering the elements of an N-way array into a matrix.
For instance, a 3 X 5 X 4 tensor can be arranged as a 15 X 4 matrix or a 3 X 20 matrix, and so
on. The mode-n matricization of a tensor A € RI*2%xIv ig denoted by A™ and arranges the
mode-n fibers to be the columns of the resulting matrix. Tensor element (iy, iy, . .., iy) maps to
matrix element (i, j), where

N k—1
j:1+Z(ik—1)Jk with szﬂlm.
k=1 m=1

k#n m#n
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Algorithm 1 t-product C = A * B in the Fourier domain

Require: A € R™"™, B e R
I: A « fft(A,[],3)
B « fft(B,[],3)
fork=1,...,rdo
C_‘::k — ~?_[::k : 3S::k
end for
C « iftt(C, [1,3)
return C

A A

The matricization makes the tensor easy to be processed as a matrix. Illustrating this concept
with an example makes it easier to understand.

Example 2.3. Consider the tensor A € R¥>*2 which has two frontal slices A..; and A., as
follows:

ﬂ::Z
13 16 1922
A 14--17 20 23
L 4 7 10/15 18 21 24
2 5 8-11
3.6 9 12| -7

Figure 3: The frontal slices of a third-order tensor A € R¥>*#2,



Fathi/ Wavelets and Linear Algebra 13(1) (2026) 1-46 7

then the three mode-»n unfoldings are

1 4710 13 16 19 22 i?gig}j}g
AV =12 5 8 11 14 17 20 23 |, A® = ,
369 12 15 18 21 24 78 9 19 20 21
10 11 12 22 23 24
qo_[1 23 4 5 9 100101
13 14 15 16 17 --- 21 22 23 24 |

Next, we consider the Kronecker product of tensors.

Definition 2.4. [? ? | For two m-order tensors A = (a;;,.;,) € R and B = (b;;,.;,) €
Rpr>p2x>pm the Kronecker product of A and B is defined by

A®B = (.5, B) € R,
whose every entry is given by
(‘?[ ® B)[lljl][lzlz][lm[m] = ailiz-nimbjljijm'

Here the index [i;j;] is converted into the index (iy — 1) px + ji and p; is the dimension of j; for
1<k<m.

Definition 2.5. [? ] (Identity Tensor) The n X n X k tensor 7, is called identity tensor if its first
frontal slice is an n X n identity matrix and other frontal slices are all zeros. If k = 1, then the
nxnx1 tensor 7, is a special identity tensor with the frontal face being the n X n identity matrix,
and we use 1, to denote it.

A key limitation of the t-product is its strict requirement for matching dimensions between
tensors. To circumvent this, Chen et al. [? ], developed a STP (STP) for third-order tensors, which
relaxes the matching requirement by allow dimensions to be multiples. Building upon this work,
the author proposed a generalized definition of the STP that removes all dimensional constraints
and enables the #-product of tensors with arbitrary dimensions, as described in detail below:

Definition 2.6. [? ] Let A = (a;,;,;;) be an m X n X r third-order tensor, and 8 = (b i j3) be a
p X g X s third-order tensor. The STP of A and B, denoted by A x B, is defined as
ﬂ X B = (ﬂ ® I(i)(i)(d)) % (8 ® I(T)([)(d)) S C(’n[/n)X(qt/p)Xd,

where ¢t = lcm{n, p} and d = lcm{r, s}.

When n = p and r = s, the STP coincides with the #-product. Moreover, the STP keeps all
the major properties of the t-product unchanged. Unlike the #-product, it provides a method to
multiply tensors of arbitrary dimensions, thereby serving as a generalization of the #-product.

The Toeplitz tensor is introduced as follows:
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Definition 2.7. [? ] A third-order tensor A = (a;, ;,;;) € C"*"" is called a Toeplitz tensor if

Qiviniys = 8ir—inis» 101 <y, 1< <np, 1< <ns,

where G = (g4, 4,) € C1#27D%ms for 1—n, < ky <nj—1land 1 < k, < n3. We denote A := toep(G).
In other words, a third-order tensor (A is called Toeplitz tensor if its all frontal slices are a Toeplitz
matrix.

Finally, we review some results about the conventional matrix product. Recall that the theory
of linear systems over a field operates similarly to that for matrices over the real field. An important
result is the following theorem:

Theorem 2.8. [? | Let F be a real or complex field, A € F"™" and B € F™. Then the linear system
AX = B has a solution X € F" if and only if rank[A B] = rank A. The system has a unique
solution if and only if rank[A  B] = rank A = n. The system has infinitely many solutions if and
only ifrank[A B] = rank A < n.

Definition 2.9. [? ] Partition a matrix A = [aij] e R™" according to its columns: A =
[A1,Aq,...,A,]. The mapping V. : R™" — R™ is

T
mmp[M”AH
that is, V.(A) is the vector obtained by stacking the columns of A, left to right.

Clearly, the vector operator V,(.) is linear and bijective.

Lemma 2.10. /? ] For any matrices A € F"™",B € F'™?, we have

V.(AB) = (I, ® A) V(B).

3. Solvability of the tensor-vector system (??) with X be a vector
In this section, we study the solvability of the tensor equation

mt[nXt|pxr
—
AxX =B,
XxC =90,
—_——

ptixbty [axr

(3.1

where A € C™>r B € CPr ¢ e C¥P and D € C*™" are given, X € C? is an unknown
vector, t = lcm{n, p} and t; = lcm{1, a}. Firstly, we consider the special case m = h and then study
the general form.
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3.1. The simple case m = h

In this subsection, we consider the solvability of tensor-vector equation (??) with A € C™"",
B € CRr C e CPr and D € C*¥", The following results could be easily acquired by STP
and figures out the dimension of the solutions.

Lemma 3.1. If tensor-vector equation (??) has a solution X € CP, the dimensions of tensors A,
B, C and D should satisfy two conditions:

(i). 7 and é must be positive integers;
. _ _ 1 _n
(ii). b=dandp =+ = 1.
Proof. First, for

mt/nXxt/pXr

—
AxX =8, 3.2)
mt _

= h, 1—’7 =k, where t = lcm{n, p}. Thus t = n, and p = % is a positive integer. Then, for

)\( X g =D, 3.3)
ptp?btf;axr
we have that

XxC= (X®IIIX11XV)*(C®I%X%XI) = Z)eCleX",

bt
puX—-Xr

where t; = lcm{1, a}. Therefore, t; = a, and pt; = [, 1’7" = d. It shows that fl is a positive integer,
p = ‘—i = 7 and b = d. Therefore, equation (??) has a solution if the two conditions are fulfilled,
which completes the proof []

Now we explore the necessary and sufficient conditions for the solvability of Equation (??)
with case m = h by looking through its partition structure.

Theorem 3.2. If equation (??) has a solution then the following conditions must be satisfied si-
multaneously.

(i). AL Ay, ﬁp and B should be linearly dependent in vector space C"*", where AL Ay, &flp
are p equal-size blocks of tensor A, belonging to C™*" such that

A=A Py o ).
(ii). The elements d;.(i-1)a,js € D; could be denoted as:
dH—(i—l)a,j,s = jCyjs»
where D; € C™" is a block tensor of D,
T
D=(DD, - D, .

cjs €Ca; € Candi =1,2,..,p; j=1,2,...d;t = 1,2,...,a; s = 1,2,...,r. Actually,
X = [ay, ...,ap]T.
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Furthermore, the solution must be unique unless tensors C and D are O and 5?11, ﬁz, cee, ﬁp are
also linearly dependent based on condition (i), where O is a zero tensor.

Proof. If X is a solution of tensor-vector equation (??), then by Lemma ??, X must belong to C?,
where p = 7. Suppose that

Xz[xl Xy - xp]TG(C”.

From the definition ?? and the dimension relationship derived in Lemma ??, Equation (??) could
be rewritten as

AXX=Ax(XQ Ty,

X1.1 jger
A N X1 kir
=[A Ay o A || T
: (3.4)
prkkr
h
= Z xiﬁi =8,
i=1
and Equation (??) could be described as
xIC Dl
.XQC Dz
XXC=X®71,)*C= ) =l . |=D. 3.5)
x,C D,

Thus, the solvability of Equation (??) implies that, the set {ﬁl, flg, “.- ,&ZAlp, B} is linearly depen-
dent and the elements d.(i-1)q, s € D; must be as follows:

dt+(i—1)a,j,s = UjCyjs,

also as a result, the solution must be unique unless tensors C and D are O and A, Ay ﬁp are
also linearly dependent based on condition (7). O

Remark 3.3. Theorem ?? represents a significant generalization of [? , Lemma 3.2] by extending
the fundamental principles of linear dependence from matrix spaces to higher-order tensor spaces.
While [? , Lemma 3.2] addresses matrix-vector systems in C™* our result elevates these concepts
to tensor-vector systems in C™%*". This extension establishes conditions for solution existence
and uniqueness in higher-dimensional settings. The theorem thus bridges classical matrix theory
with modern tensor analysis, providing a powerful framework for solving a broader class of linear
systems encountered in multi-dimensional data analysis.

In Theorem ?? a necessary condition for the solvability of system (3.1) was obtained. We now
provide an example to illustrate that this condition is indeed necessary; that is, not only does its
violation imply the absence of a solution, but there also exist cases where the condition holds and
the system admits a solution. The following example clarifies this point.
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Example 3.4. Consider the tensors A € R¥*2 B8 € R¥*2 C € R*>>2 and D € R¥*2, each
having two frontal slices as follows:

1 2 0 1 1 01 2 I 1 0 -2
ﬂ::1_|:0 1 1 0:|9 ﬂ222_|:0 1 0 O:|’ BIZI_|:_1 1:|9 BZIZ_[O 1:|7

1 -2 -1 1

1 -2 -1 1 0 1 1 2

Ciil - [ 0 1 :|7 C::2 - [ 1 2 :|’D:Zl - _1 2 ’ DZ:Z - 1 _1
0 -1 -1 -2

Here, p = % = é = 2. Then, X € C?, and ﬁl, ﬁz with 8 are linearly dependent, where the frontal
slices of A, and A, are given as follows:

(Lﬁl)ﬂ:[(l) ?], (ﬁl):ﬂ:[é ?],(ﬁz)::lz[(l) (l):|’ (ﬁZ)::ZZ[(I) g]»

furthermore, D;, D, with C are also linearly dependent, where the frontal slices of D, and D, are
given as follows:

(i)l)::l = [ (1) _12 :|’ (@1)::2 = [ _11 ; l,(@l)::l = [ _01 _21 ]’ (ZA)Z)::Z = [ _11 :; l

By Theorem ??, the given tensors are permissible, and it is easy to verify that X = [1,-1]" is a
unique solution of (2?).

As the following example shows, the conditions in Theorem ?? is just necessary.

Example 3.5. Consider the tensor D € R***2, with two frontal slices as follows;

-1 2 1 -1

0 -1 -1 2
D::1 2 -4 | D::Z - -2 2 s

0 2 2 4

and tensors A, B and C are the same as those in Example ??. It is not hard to verify that the two
conditions hold, but there is no solution.

Next, we will look through the solving process of tensor-vector Equation (??). It is easy to
know that Equations (??) and (??) are equivalent to the following linear system

{ S Ve (AY) = Ve (8), (3.6)

xVe (CV) =V, (D"), i=1.2 ..p

where ﬂ;l) , 8D M and Z)fl) are the 1-mode matricization of A;, B, C and D respectively. Then
an equivalent form of tensor-vector equation (??) is acquired.
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Theorem 3.6. The tensor-vector system in (??), formulated with the STP, is equivalent to the
following matrix-vector system formulated with the conventional matrix product;

{ o (B(l))’ 3.7)

xVe (CV) =V (D), i=1.2 .p.

where
A=[ V. (A") V. (AD) - v (Al ].

3.2. The general case

In this subsection, we examine the solvability of the tensor-vector equation (??) by considering
two distinct cases: m # h with [ = p and m # h with [ # p. We will only consider the case
where [ # p, the other case is similar. First, we present the following lemma, which establishes
a necessary condition for the solvability of the matrix-vector equation (??) and determines the
dimension of its solutions.

Lemma 3.7. If tensor-vector equation (??) has a solution, the sizes of tensors A, B, C and D
must satisfy the following two conditions:

(i). % and % must be positive integers. Furthermore, gcd {k, %} = 1.

(ii). é must be positive integer and é # 7. Moreover, the solution must belong to CP, where

pzézr’;—}]’candb:d.
Proof. Taking a similar line to Lemma ??, we can obtain that

b
— =h, % =k, [=pf,d= ;f, where f = lcm{1,a} and g = lcm{n, p}.

=1 =8— 1 Thys, 2 and L are positive integers. Moreover,
f a k mk m a

h

h
g =— =lcm{n, p} = lcm {n, nn },
m mk

S

where 7 is a positive integer, since it is a divisor of % Simultaneously,

h
£ - —, and ih = k.
n m o
mk
Consequently, % is coprime to k. Suppose é =%2and p = % r= é It follows that % = 1, which
contradicts the assumption that m # h. Therefore, the proof is complete. [

The conditions stated in Lemma ?? are necessary for the tensor-vector equation (??). We refer
to these as permissible conditions for the tensor-vector equation. The tensors A, B, C and D are
considered permissible if these conditions are satisfied. Additionally, we provide several examples
to illustrate these results.
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Example 3.8. Consider the tensors A € R>¥2, 8 € R¥3*2 C € R¥>*>2 and D € R, each

having two frontal slices as follows;

1 20 -1
ﬂ::lz[o 1 1]»71::2:[ 0
1 -1
C::1 = 0 2 ,Cn =
-2 -1

0

| -2

2 -1 0 2
0 -2 -1 0
1 ’B::Z_ 0 0 1 9
-1 -1 0 O

1 1 0 ]

-2 -2 1

1 -3 1

_1 ’DZZZ_ _1 0

2 2 -1

-1 | | 3 -1 ]

Then, by Lemma ??, the given tensors are permissible, and it is easy to verify that X = [1, —-1]7 is

a solution for tensor-vector equation (??).

The following example shows that the conditions in Lemma ?? are only necessary.

Example 3.9. Consider the tensor D € R%?*2, with two frontal slices as follows;

[ -1
3
2
1
2

| -2

1
-2
1
4
-1

_1_

N O == O

_1_

and tensors A, B and C are the same as those in Example ??. By Lemma ??, the given tensors are
permissible, but we can verify that the equation has no solution. Thus, conditions in Lemma ??

are just necessary.

Next, we will further investigate the solvability of Equation (??). We assume that the given
tensors in the tensor-vector equation are permissible, as established by Lemma ??. Under this
assumption, we can derive the following necessary conditions for solvability.

Theorem 3.10. If a solution exists for the tensor-vector Equation (??), then the tensor 8 must be a
block Toeplitz tensor. Additionally, the entries dy.—1ya, s belonging to O; must equal « c, ;,, where

s € C, @ € C, and D; € C*"" is a block of D fori = 1,...

pit=1,...,a;j=1,...,b; and
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s =1,...,r. Furthermore, tensor B must have the following block form:

Bl::
B
Block;(8B)
B = = s
Block ,,(B)
Bh—%ﬂ::
Bh::
where B,.., j=1,...,hare horizontal slices of B and
B(s—l)%ﬂ::
BlOCkS(B) = ) s = 1a s ,m,
Bsﬂ::

are Toeplitz tensors.

Proof. By Lemma ??, if the tensor-vector equation (??) has asolution, that solution must belong
. . . nh
to C?, where p = ZTZ Suppose that X is a solution of tensor-vector equation (??). Then X € Cuw.

Assume hat k = [ - % + [,. Then for s = 1,2, ..., m, we have that

L L L
A X X =x A + 0 A + -+ xn An + xﬂﬂﬂmﬂ + -+ x, A" = Blocky(B) € Cmxkxr

m

where the frontal slices of A!, A>, ..., AP are as follows:

[ g1, 0 ce 0 aspi 0 0 A (Lh+1),i 0
Al - 0 0 ay; O -+ 0 ap; 0 - 0 T sl
i 0 0 0 ag; O . 0 asz; O e 0 e ’
o 0 0 0 0 ay; O -+ 0 ap O
0 e dsay42,i 0 e 0 s 2+ 0
5‘13,- _ 0 0 0 asa,42)i 0 T 0 s (21410 )

asu+ni 0 0 0 0 As,(1142),i 0 o 0

0 o aggeng 0 0 Us,(1,+2),i
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y(% 3 0 0 0 0 asu 0 0
2 As k-1, 0 0 0 0 0  ag, 0 |
0 gy 0 - 0 0 - aun |
[ a4 O 0 g (k+1,)i 0
P A 0 0 s, 0 0 Ay (et )i
i 0 0 0 Qs (k+1),i 0 e 0
0 0 0 0 0 As (k+1),i 0
0 cr o A (k+D+1),i 0
0 e 0 S s (el +1)i
gty O .. 0 . ’
0 A (k+1)),i 0
0 0 asni 0 0
Ea 0 0 0 0 asg; -+ 0 0
w As(n-1y)i 0 0 0 0 0 Asni °°° 0
0 gy O - 0 0 - ag |

It is easy to see that Blocky($) is a Toeplitz tensor. Then, by Equation (??) we have
Row;(X) X C = x; X C = D; € C>,
Thus, dv(i-1)a,js = XiC1js = @icy js. The proof is completed. ]

Remark 3.11. Theorem ?? generalizes the concept presented in [? , Theorem 3.2] by extending
the block Toeplitz structure from matrices to tensors. While [? , Theorem 3.2] focuses on splitting
matrix B into Toeplitz blocks in a matrix space, Theorem ?? introduces a higher-order structure
where tensor 8 is composed of block Toeplitz tensors in a multi-dimensional tensor space. This
theorem provides a systematic framework for analyzing tensor-vector equations. The hierarchical
arrangement of horizontal slices and blocks in this theorem enables efficient representation and
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manipulation of tensor data, which is crucial for applications in multidimensional signal process-
ing, machine learning, and scientific computing.

Recalling Example ??, we observe that the tensor 8, for which the corresponding equation
admits a solution, indeed satisfies the condition stated in Theorem ??.

Next we look through the solvability of the equation. By Theorem?? and its proof, the follow-
ing equations are established:

L n_1)h
8 +xn  En 4 x(%_l)gHS(k D+l = 81,

h n_1\A
0 + X1 n & 4 Xy 8T = B,

h

i i
X2 E + X0 EF 4 -+ + x,EF = Bin,
XtC:Dt t:1,2,...,p,

where the frontal slices of !, &2, --- ,EP, B!, --- , Bn are as follows:

ayl,;, A1z 0 Ay, A+,

81 | Q21 A2pi v Aogi A2+
. >
am,l,i am,Z,i e am,ll,i am,ll+l,i
Al k+1,i  ALk+2i  °°° Alk+l,i Alk+l+1,0
8%+1 | Qg1 Qpazi o Qagani Aokl
i - . ’

Ank+1,i Amk+2,i *°° Amk+l,i  Omk+l+1,i

A n—k+1,i A n—k+2,i °°° Aln—k+l,i Al n—k+l+1,i
8(%—1),’%+1 | @pkr1i Qrpks2i  Qapktli Q2p—k+li+1,
i - - .. e e

Ann—k+1,i Amn—k+2,i °°° Amn—k+l,i  Amn—k+l+1,i

by bl,gﬂ,i bl,(l.—])%ﬂ,i bl,h%ﬂ,i
Bl - b,”;+1,1,i b%+l,%+l,i b%+1,(11—1)§+1,i b%n,zl%ﬂ,i
uiT ’
bh—gﬂ,l,i bh—,’nl+l,%+l,i T bh—%ﬂ,(zl—l)%ﬂ,i bh—%+1,11%+1,i

Arn+li Guhszi o0 dypzey A2y

on+li Ganh+2i ~00 G2y Oop2hgyy;

&2 =

)

mh+1i Amh+2i =00 2y Gy 2y
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Al g+ +1,0 AL k+l 42,0
8’%+2 Qo f+ly+1,i A2 k+]+2,i
i -
Amg+li+1,i Amk+1+2,i
Al n—k+l+1,i  Aln—k+1+2,i
8(%—1)%“ | Q2n—k+h+1i  Q2n—k+l+2i
i -
Amn—k+h+1,i  Aman—k+11+2,i
biy+1,1.i b1,§—12+1,i
B = b§+lz+1,1,i b%ﬂ,%—lzﬂ,i

)

bh—jni+zz+1,1,i bh—gﬂﬂ—lﬁl,i

m

bl,([%]—ll—nﬂ—zzﬂ,i

m

m

bh—%ﬂ,([hz/—’fn]—ll—1)%—12+1,i b1

b +L(m =D —h+1,i

A k-1, Alk—1+1,i
8% | k-0 Qg+,
v
Ank-11,i Amk—1+1,i
A1 2k—11,i  A12k—11+1,i
82% | @2pk-n,i G2pk-1+1
i
Anm2k-1y,i Am2k—1+1,i
An-1y,i  Alp-1+1,i
D1y, A2n—1+1,i
P _ =110 M—li+1,1
8::1’ -
am,n—ll,i am,n—ll+l,i
b%—lzﬂ,l,i b1y
g — byn_piygi bryigi

)

bh-tyarri byonyy,

bL+1,i

b%+l,(11—2)%]+12+1,i)

al,k+[h2/—’;n],i al,k+[h%]+1,i
az,k+[,j—fn],i az,k+[h%]+1,i

b
D jerl 2t Dmgerl 2141

Dtk Zri Dn-kr[ 21410

him
Do n-tkrlZhri D2n—k+[ 2141
Dk [ 2 Dmn—kr[ 21410

bL([,f,—’;]—ll)%—lﬁl,i

m

b +(lm1-h=D b

+L(7 1= A =L+ 1

m m
a1 k-1, A1k,
A2 k-1, A2k,
b
Ank-1,i Amk,i
A12k-1,i  QA12k,i
Ar2k—1,i A2k,
b
Am2k-1,i Am2k,i
Ain-1,; Aln,i
Aop-1,i A2pi
b
am,n—l,i am,n,i,

m

bl,k— h

bl,(l|—2)”%]+lz+l,i) +1,i

bﬂ+1,k—ﬂ+1,i

m m

bh—£+1,(11—2)%+lz+l,i) bh—%+1,k—%+l,i
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and O’ € C*Pr t=1,..., p,is ablock of D, with frontal slices as follows:

d(t—l)a+1,l,s d(t—l)a+1,2,s e d(f—l)a+l,b,s
Z)t _ d(t—l)a+2,l,s d(t—l)a+2,2,s e d(t—l)a+2,b,s
ns T e R .
dta,l,s dta,2,s dta,b,s

For convenience, take z.k = lﬁ% +05,z=1,---, % we can simplify them as follows:

xl[ A Ay ﬂ?; ﬂ;{ﬂ ]+x5+1[ 1 g ﬂ;ﬁz; ﬂ;ﬁz{ﬂ ]
Tt x(%—l)%ﬂ[ Akt Aiwa ﬂ;—kﬂ} ﬂ;—k+l:+1 ]
=| B B%+1 B(Z}—l)%ﬂ Bz},‘;ﬂ ],

x2[ ﬂ;}ﬂ ﬂ;}+2 o ﬂ;f ﬂ;"fﬂ ] + x%+2[ ﬂl/(+l{+] II<+I{+2 o ﬂl/<+1% ﬂl,c+l%+l ]
+'”+x(%—l)£+2[ ﬂ:z—k+l}+l ﬂ;—k+z}+2 ﬂ;—kuf ﬂ;—kufn ]
= [ Bk+1; Bg—zgﬂ B(lf—l}—l)g—zgﬂ B(zf—z: b1 ],

e [ ﬂ;c—l: ﬂllc—l}ﬂ A A ]+x2% [ Ay ﬂ;k—l:ﬂ e Ay Ay ]
+"'+xp[ ﬂ;—z: ﬂ;—l}ﬂ e A A, ]
= [ Bk+,’7;+1; BI;H B(z{—z)%—zgﬂ Bk—%ﬂ ],

X1 [ Ci. Co. Ca: ]T = [ z)1:: Z)2:: ce. Z)a:: ]T 5

xl[ Cl:: C'2:: cee Ca:: ]T = [ z)a+1:: z)a+2:: e z)Za:: ]T >

T T
xp[ Cr. G ... Cu ] = [ Z)(p—l)a+1:: D(p—l)a+2:: .. Dy ] s

where _7{;. := A.j. is the j-th lateral slice of A, B = B. ;- 1s j-th lateral slice of tensor B, and for

s=1,2,---,r, B., the s-th frontal slice of B is as follows:

bl,l,s bl,2,s e bl,k,s b2,l,s b3,1,s e b}%,l,s
B = bL,;+1,1,s bgﬂ,z,s T bL,;+1,k,s bg+2,1,s b%+3,l,s T b2%,l,s
ns T . . .

b, . b, b, b, b, .- b
h-ti11s Pr-linngs h-tyls Op-lynns Op-lizyg hl,s

Moreover, C;.. and D;.. are the i-th horizontal slices of C and D, respectively. Then we have the
following result.

Theorem 3.12. The solvability of tensor-vector equation (??) with case m # h is equivalent to the
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solvability of the following tensor-vector equations

[lﬁ%-ylﬁ' . .(%_1)£+1ﬁ] X Yl = IB,

m

[zﬁ%ﬂﬁ. .. (%_1)%”\;{\] X Y2 = 28,

: , (3.8)
[gﬁ%ﬁ...pﬁ] X Yi =18,
xC=9D', t=12,...,p,
where lﬁ, 2&3\(, cee, pﬁare blocks of tensor A, such that
A=\ A A A=A A, A A ]
A=A, Ay o A| A=A A,
Moreover, ) o _ _
1B=[313%+1 o Bioyny Bpay ]
2@ = [ Bk+l§ B’E’—gn B(lé—l}—l)%—l;HB(lf—l} L_jit ],
39 = [ Bk+%—l: Bz;+1 B(l:—2)+l£+lBk—’;’+1 ]
and ;
Y:[ Y, Yo ... Y, ... Y ] ,
where P
T
Yr:[yrl yr2 . e yr%] N r:1,2...,Z.
Then,

X = VC(Y)a

is a solution of tensor-vector equation (??).

Moreover, a necessary and sufficient condition for the solvability of tensor-vector Equation(??)
is obtained.

Corollary 3.13. Tensor-vector Equation(??) has a solution if and only if the following conditions
could be satisfied simultaneously:

@). A, %ﬂ-ﬂ, e, (%_1)%+]~ﬂ and jZ? are linearly dependent, j =1,2..., %

(ii). The elements d;.(i-1),js € D; could be denoted as:

di(i-ya,js = XjCrjs
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where D; € C™" is a block tensor of D,

D=0, D, - D, .

¢js €Coaj € Candi = 1,2,...,p; j = 1,2,..,d;t = 1,2,...,a; s = 1,2,...,r. Actually, X =
[a,la"'aa/p]T' A A A~
Furthermore, the solution must be unique unless tensors C and D are O and A\, Ay, --- , A, are
also linearly dependent.

We now present two numerical examples to illustrate the application of Corollary ?? in de-
termining the solvability of equation (??). In the first example, all the conditions of the theorem
are satisfied, and we observe that the system admits a unique solution. In the second example,
one of the conditions (linear dependence) is violated, leading to no solution. These examples also
demonstrate concretely how the blocks jﬁ and ;B are computed and how they relate to the tensors
C and D (the colors used in the tensor representations correspond to these blocks).

Example 3.14. Consider the tensors A € R¥>*? B ¢ R**2 C € R¥*2 and D € R®*? each
having two frontal slices as follows:

-1 21 O 0O -1 10
ﬂ::lz[ ]9ﬂ::2:|: 1 1:|7

0 1 0 -1 I 0
(-1 0 2 ] (0 0 -1 —1]
-2 -1 0 1 0 -1
2 -2 -1 O 21 0
B 1 = B B::Z - )
0 -2 1 | 0
0 -2 1 2
| 0 0 -2 2 )
1 -2 -1 2 -1 1
C:Zl - [ O 1 2 :|’ C:22 - [ 1 O _3 :|9
I -2 —1] [ 2 -1 1
o 1 2 I 0 -3
D. = , Dy =
2 -4 -2 4 -2 2
0 2 4 | 2 0 -6 ]

Here 2 =3, 2 =1, k=4 h=6andk=4=13+1, p = = 3. Then we have:

— -1 2 — 0 -1 — 2 1
lﬂzzlz[ 0 1], lﬂ::ZZ 1 0 ]a 2\-(77(::]:[1 0]’

— -1 1 — 1 O — 1 0
Zﬂ:i:[ 0 1]’ 3*?{::1:[0 _1]’ 3ﬂ::2:[1 1]’




'@::1
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-1
0

|

-2 2
-1 0

0
-2 0

-1 2
1

|

_ -1 2 _
18::1 = [ 1 ]’ IB::Z = [

282:2

|

1
0

-1
-1

3B, =

|

|

s B::Z =

0
1

-1
0

2 0
0 -2

00
1 2

|

||
|

-1
-1

3B, =

-2
-1

[2

2

-1

-1

0
0
2

1 2
0 0 2

|
|

)

hence we can calculate that jﬁ and jZ_E, are linearly dependent, with j = 1,2,3, and D' = C,
2C. Solving (??), we have Y; = 1,Y, = —1 and Y3 = 2 is a solution of the

equations. Thus X = [ 1 -1 2 ]T is a solution of equation (??) and by Corollary ?? the solution

D* = -C, D

is unique.

Example 3.15. Consider the tensors A € R¥>*? B ¢ R**2 C € R¥*2 and D € R®*? each
having two frontal slices as follows:

1 02 0 01220
ﬂ““[z 11 —1]’ ﬂ”z_[l 00 1]’
[1 0 0 -1 -1 0 0 1
0O 1 0 O 0O -1 0 O
6 0 1 O 6 0 -1 O 1 2 -1
B:Zl_ 1 _1 0 1 ’ B:ZZ_ _1 1 O _1 'Cill_[o _1 2 :|’
0O 1 -1 0 0O -1 1 O
| 2 0 1 -1 1 0 -1 1
1 2 —11] [ 2 -1 1
0o -1 2 1 2 -3
2 -1 1
C’::2 = [ 1 2 -3 ],Z)::l = aD::Z =
2 4 =2 4 -2 2
| 0 -2 4 | | 2 4 -6 ]
Here%:3,%:l,k:4,h:6andk:4:1.3+1,p:%:3.Thenwehave:
— 10 P~ 0 1 P~ 0 2
lﬂ::l:[z 1]’ lﬂ::Zz 1 0]’ 2 ::1:[1 1]’
— 1 2 — 2 0 - 20
Zﬂ:ﬂ:[o 0]’ 3ﬂ::1:[1 _1]’ 3*?[::2:[0 1:|a
~ 1 0 0 -1 0 6 ~ -1 00 1 06
Bl‘[1—10 1 02]’ 81:2‘[—110—101]’
_ 1 -1 _ -1 1 _ 00
IB::IZ[l 1 :|’ IB::ZZ[_l _1]’ ZB::IZ[O O:|,



Fathi/ Wavelets and Linear Algebra 13(1) (2026) 1-46 22

= 00 = 6 0 = 6 0
28212:[0 1:|7 38121:[2 _1:|, 38222:[1 1:|'

Hence D' = C, D* = -C, D* = 2C and j&?(, /B are not linearly dependent, j = 1,2,3. By
Corollary ?? the equation ?? has no solution.

4. Solvability of the tensor-matrix system (??)

In this section, we study the solvability of the tensor-matrix equation

mt/nXqt]pxr
AxX =8
XXC =9, “.1)
——

pt1/gxbty [axr

where A € C™"™" B e CPr ¢ e C* and D € C*™ are are known, and X € CP*? is an
unknown matrix. ¢ = lcm{n, p} and t; = lcm{q, a}.

In this section, we carry the same line as the last section, with the simple case m = h firstly
studied and followed by the general case.

4.1. The simple case m = hwithl = p

In this subsection, we consider the solvability of tensor-matrix Equation (??) with A € C™"",
B € C™*r  Using STP, we could obtain the following results about the dimension necessary
condition if Equation (??) has a solution.

Lemma 4.1. If the tensor-matrix Equation (??) with m = h and | = p has a solution with size
p X q, then the dimensions of the tensors ‘A, B,C, D and the integer g must satisfy

(i). 7 and % must be positive integers;

(ii). %k, 2k and g = % = &,

Proof. Suppose that X € CP*? is a solution of tensor-matrix Equation (??), By Definition ??, we
have that

mt/nXqt|pXxr

—
AxX =BeChxr,
where ¢t = lcm{n, p} and t; = lcm{q, a}.
X x C =9Dc¢ Clxdxr’
——

pt1/gxbty [axr

Then, ’”7’ =h, q;t =k, %‘ = land% =d. Since m = h with [ = p, we obtain t = n, t; = g and
%. = t=91 == ';j: Thus, p =1, q = “: and 4, % are positive integers. Moreover, g = %,
divides k and 7 is also divisible by k, which completes the proof. ]

Now, we will investigate the solvability of the tensor-matrix equation (??).
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Theorem 4.2. The tensor-matrix equation (??) has a solution X € CP*? if and only if

A

(i). Ay, Ay, A, zthB are linearly dependent in vector space C™ 7", j = 1,2, ..., q, where
A, Ay, - &*’Al are p equal-size blocks of tensor ‘A such that A = [.7(1 A, - ffl ] and

A

B, B, - , B, are q equal-size blocks of tensor B such that B = [@1 B, - Bq].

(ii). D is a tensor combination of C 1» ég, cee éa with respect to t-product, i.e.,

a
_ A xdxr A _
D= Z A; * C;, where A; € CP*2™" C; = C;.. ®I(%)><(%)><1'

i=1

Proof. By Definition ??, Equation (??) can be rewritten as

AxX=AxX@TLpo) = [A1 Ao+ A|*[X1®Tour X2® Tour+ Xy ® Lo
14 R 14 . 14 R . . . (42)
= inlﬂi XpA; - inqﬂi = [31 B, - Bq] >
i=1 i=1 i=1
X xC = aXixéi: a)%i*éi:@, (4.3)

where @ = 7, X is the j-th column of X, X; = [X(i—hl)d X i-1a 1, X<,d)] e CP¥s X=X i®T (1)x()xr
and C;. is the i-th horizontal slice of tensor C, i = 1,2,...,a. Thus the solvablhty of Equatlon

(??) implies that, for each j, we can write B in terms of a hnear combination of Ay, A,, - - .?lp,
or equivalently, the set {A;, Ay, - - ﬂ,,, B } is linearly dependent and D is a tensor combination
of Cy,C,, -+ ,C, with respect to t-product. The proof of the converse is straightforward. ]

To derive the solutions for the tensor equation (??), we will reformulate Equations (??) and
(??) into the following form:

Theorem 4.3. The tensor-matrix equation (??) is equivalent to the following matrix-vector equa-
tion with conventional matrix product:

(I, ® A) Vo(X) = V.(B),
4.4)
([l 1, [ &1, .. [G1] o) VeX) = V@™, (k)

where

R=[u(al) vl B=[uls) o vi(s)]

and .9"(51), By), éfl) and DV are the 1-mode matricization of A;, B i C, and D respectively, i =
,2,...,p, j=1,2,..,q, t=1,2,...,a
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Proof. By considering each block tensor in the equation (??), we obtain

p A A

Xijﬂ,' = .Bj. (45)
=1

1

For each j, we apply the 1-mode matricization and vector operators to Equation (??), respectively.
Thus, obtain the following equation

Ve (B7) = x1,Ve (AL) + 0, Ve (AL ) + -+ + 3, Ve (AD)

X]j

_ [ V. (»7‘(11)) T (ﬂﬁ,”) ] (4.6)
Xpj
Let us denote
A=) o) |
B=|Vv.(8") - v.(8)) ]
From (2?), we can put all j equations to get
AX = B.
Now taking the vector operator and utilizing Lemma ?? yields
Ve(B) = V.(AX) = (I, ® A) V. (X).
Similarly, we can conclude (). O

4.2. The general formm = hwithl # p

The following lemma gives a necessary condition for solvability of tensor Equation (??) with
case m = h with [ # p and figures out the dimension of the solutions.

Lemma 4.4. If tensor-matrix equation (??) has a solution with size p X q, then the dimensions of
tensors A, B, C, D and the integers p, q should satisfy

(i). % must be a positive integer;

(ii). p= é =5,q9= % = §, where a and B # 1 represent the common divisor of n with k, and [

with a, respectively. Moreover, gcd {B, %} =1L

Proof. The results presented above can be established using an argument similar to that in Lemma

??; therefore, we omit the proof. ]
Remark 4.5. Assume that o;,i = 1,...,s,1is acommon divisorof nand k,5; # 1,j =1,...,t,is a
common factor of / and %. Thus, Equation (??) may have solutions with sizes p,Xqy, p. = al = ﬂi,,’
and ¢, = £ = 2 We call them permissible sizes, and there are some properties of different

R TR bBu”
permissible sizes.
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(i). It is assumed that X?'*9' and XP>*% are two different permissible sizes of solutions, and

Zf = p 2 € Z > 1. Hence, XP?*22 = XP>*0' @ | z. Conversely, if Equation (??) has a unique

solutlon XP2*42 the solution X7 if it ex1sts ‘must be unique.

(ii). Let & = ged{n,k},B = ged{l,a). If p = 2 = é,c} = 4= Z—g, and if there is a solution
with minimum size p X g for Equation (??), then it has a solution for every permissible size
without 8 = 1.

In the following example, we illustrate the application of Lemma ?? and Remark ?? in deter-
mining the permissible sizes of solutions for equation (??). Using Lemma ??, we first compute
the possible (permissible) sizes of solutions. We then observe that a solution of the smaller size
(1 x 3) exists, and according to Remark ??, a solution of the larger size (2 X 6) can be obtained via
the Kronecker product of the smaller solution with the identity matrix (I,). This example confirms
the relationship between solutions of different permissible sizes and demonstrates how solutions
of larger dimensions can be constructed from a minimal-sized solution.

Example 4.6. Consider the tensors A € R¥*2, B € R¥>%2 C € R¥*>2 and D € R¥%*2 each
having two frontal slices as follows:

1 -1 2 0 1 -1 00 -1 1
ﬂ::l = 0 1 s ﬂ::z = 1 2 ) B;;] - O 1 0 O 0 _1 s
2 0 0 -1 20 00 =2 0
20 00 -2 0 ; (3) ‘1)‘01
B::ZZ | 2 00 -1 -2 , C::l— ) C::Z— 5
0 -100 0 1 02 0 1
-1 0 1 2
10030 =2 0 0 0 -1 0 -1
11003 0 -1 0 0 -2 -1 0
Da=lo 1100 3| P25l 0 -1 0 0 -2 -1
20100 0 1 0 -1 0 0 -2

By Lemma ??, the admissible sizes of solutions of the Equation (??) are 1 X 3 and 2 X 6. It is easy
to verify that X; = [ 1 0 -1 ] , is a solution of equation (??). Therefore, X, = X; ® I, is also a
solution for Equation (27?).

Now, we will examine the conditions for the solvability of the tensor Equation (??) assuming
that all conditions of Lemma ?? hold true. First, we will discuss the minimum admissible size pXgq,
noting that the solutions for other admissible sizes will follow a similar approach. A necessary
condition for the solvability of Equation (??) is that the tensor D is composed of block Toeplitz

tensors. For
mt/nxqt|pxr

—
AxX =8B, 4.7)

we have

AxX=|A A o A X ®Teer X2®Tour Xy ® Lous| =81 By -+ 8], 48)
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and for

pt1/gxbty Jaxr

26

4.9

if X749 be a solution of this equation, where p = é, q= %. As %’, [ are coprime. Let 5 = l3.‘;l + ly.

Then fori=1,2,...,pand j=1,2,...,b, we have that
Row;(X) x Cy; = (Row;(X) ® Ig) * (Cy;: @I )
= x1C' + xpC* + - + xi%C% + xi’%HC%” + -+ x;,Cf
= Block; (D) € CP#.

where the frontal slices of C', C?,...CY are as follows:

(4.10)



Fathi/ Wavelets and Linear Algebra 13(1) (2026) 1-46

Cljk 0 . ce 0
. . .. 0 Cl3+1,j,k 0
c]’j’k O ‘. *.
0 . 0 0 0 Cly+1,jk
' Cly+2,jk 0 . . 0
0 0 Cl,jk \
: Cl+2,jk 0 0
chik O R ¢ o 3FS
: . ’ wk T 0 0 0
: ' : ' : 0 . . 0 Cha2. ik
0 NN T 0 . 3+2,],
0 -~ 0 . 0
C ik 0 ce ce 0
0 0 Cly ik d/i%/
Cly+1,jk 0 0 . .. .. .. ..
0 R 6] 2 ik 0 0
aJb+T
0 itk 0
0 Cﬁ_]_%j,k 0
0 0 Cﬁ—lg,j,k
Ch—ly+1,jk 0 e . 0
Co-I3+1,jk 0 0
ot - o - 0 . 0
ik 0 ce ce 0 Ch-ly+1,jk ’
Cp.jk 0 . . 0
C,B,j,k 0 0
0 0
0 . e 0 CB.jk
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_ Cort i 0 ... e 0
CB+1,jk 0 0
0 0
0 0 CB+1,jk
C%H _ | Cg+i.jk 0 0
sk T : ’
0 Cﬁ+l3,j,k () 0
0 0 . . O
0 .. 0 cpey ik
Cpriye,j O oo 0
0 e C,B+l3+1,j,k O
0 conjx O
0 e e 0 Ca—13,jk
Ca-l3+1,jk 0 0
Ca—I3+1,jk 0 0
o - 0 0
vk 0 . “ e 0 Ca—l3+1,j,k
Ca,jk 0 0
0 PP Ca,j,k 0
0 - 0 :
0 e e 0 Cu,j,k

It is easy to see that Block,(D;;) is a Toeplitz tensor.
Next, we will explore the solvability conditions of Equation (??) using the process outlined
above. Consequently, by taking j.8 = lg.% + I, we can easily establish the following equations:
Cl:: C,B+1:: C’a—,/i?+1:: _Z)l::
CZ:: C,B+2:: Ca—ﬁ’+2:: D%H::

X11 . T X144 . T X gdy

9

C'l;+1:: Cﬁ+l;+l:: Ca—ﬂ+l;+1:: D114+1;;

3b



X21

X22
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Cﬁ+l;+l::
Cﬁ+l§+2::
T X : T X g4
C'ﬁ+[§+1::
CZ,B—[;::
Cz,g—1§+2::
+ dl,% :; -+ xl,q
CZﬁ::
C,B+1::
C,B+2::
T X441 . Tt Xy dy
| Cﬁ+l;+l:: ]
Cﬁ+l;+1::
Cﬁ+l§+2::
T X440 : Tt Xy din
| Cﬁ+l§+l:: ]
CZ,B—
Czﬁ—1;+2
+ dz’% : + X24
CZB::
C'a—ﬁ+1::
Ca—ﬁ+2::
+ - 4+ xp,%-i—l . =
Ca—ﬁ+lé+l::
Ca—ﬁ+1;+1::
Ca—ﬁ+l§+2::
+'..+xp,q—%+2 A =
Ca—ﬁ+l§+l::

Ca—ﬂ+l;+1::
Ca—ﬁ+l§ +2u

Ca—ﬂ+l§+ L
Ca—l;::
Ca—l; +2::

Cu::

C‘a—,/j+1 ::
Ca—ﬁ’+2::

| Ca— + 41
Bl
Ca—,B+ll+1::

3
Ca— 420
Bl

| Ca—ﬂ+l§+l:: i

_Z)(p—l)(ﬁ+g—1)+1::
z)(p—l)(ﬁ+”g—1)+g+1::

_'Z),B+l}‘::
Da

1,1..
_ Rt

D(zg—zg)g—aﬂ;;

| Z)ﬁ:r(zgﬂ)%::
Z)_2ﬁ+l;+g—1::
Dﬁ+2%—li::

5 Dﬁ+(1§—zg+1)%—1;::

Dzmz,%—z;—l::
DZﬁ+%+li::

Z_)Z,B::

]

z)(p—l)gf+g—1)+1;g+1::
_D<p—1)(ﬁ+%—1)+ﬁ+11::
D(p—l)(ﬁ+%—l)+%—1}1+l::

D(p—l)(ﬁ+g—1)+(z§—zg)g—141+1::
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C,B—l;:: C‘a—[é:: D_(p—l)(ﬁ+%—l)+ﬁ+%—li::
Cﬁ—l;+2:: Ca—zg+2:; _ D(p—l)(ﬁ+g—1)+1;+1::
Xpd ' +o Xy, = _ ,
Cg: Ca: Dip-1y(prd-1)sp-d+1:
where 9 is a tensor with a frontal slices as follow:
dy 1k dl,‘—,f+1,k T dl,d—‘—,;’+1,k
a1k dz,gu,k T dz,d—‘—,;’+1,k
dp.1.k dﬁ,gn,k T dﬁ,d—gn,k
dyok didige o digdiog
di3k dl,g+3,k Tt dl,d—g+3,k
— dl,%,k dl,z‘—b’,k T diak
-Z)::k = . . . s
dl—/f+l,l,k dl—ﬁ+1,g+1,k T dz—ﬂ+1,d—g+1,k
dl—ﬁ+2,1,k dl—/j+2,%+1,k T dl—ﬂ+2,d—‘bl+1,k
dia dz,g+1 T dz,d—gn
di-ge12k dl—ﬁ+1,g+2,k T dl—ﬁ+1,d—%+2,k
L dl—B+l,%,k dl—ﬁ+l,2%,k di-gr1.dk

30

and C;., is the i-th horizontal slice of tensor C and D,.., is the s-th horizontal slice of tensor D.

Theorem 4.7. The solvability of the tensor-matrix Equation (??) is equivalent to the following

tensor-vector equations:

~ ~ ~ T ~
Yi,l X [Clcd/bH e 'C(Q/E_l)d/b+1:| = Di,l,

- ~ - T
Yir X [CZCd/h+2 .. -C(a/ﬁ_nd/mz] =D;»,

Yiap X [éd/bCZd/b .. -éq]T = bi,d/b,
(I, ®A) Ve(X) = V(B),

(4.11)
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where
o] C
— T
C= [Clti T Cl;::CléH:: ce Cl%::cl§+1:: te Ca—lé::Ca—l;H:: T Ctlti] ’

~ - - - T
Diy = [D(i—l)(ﬁ+g—1)+1,:,:D(i—1)(/3+%—1)+g+1,:,: . -D(i—l)(ﬁ+g—1)+1;g+1,:,:] >

- _ _ T
Dis = [D(i—l)(ﬁ+g—1)+ﬁ+1;,:,:1)(i—1)(ﬁ+g—1)+%—1‘{+1,:,: : --D(i—1)(ﬁ+%—1)+(1§—1§)%—141+1,:,;] ’

A=) v B=[v(s) o (s

ﬂgl), and B;l)are the 1-mode matricization of A; and @j respectively, i =1,2,...,p, j=1,2,...,q.
D;.. and C;.. are the horizontal slices of D and C respectively. Vector Y;; could be given by Y;; =

[ Yiit Yiiz -+ Yijap) ], i=1---p,j=1...d/b, then the matrix X is as follows:
Yur yiro oo Yy Yuz Yi2ccr Yy o Yud) Yot Vi)
_ Yarr o Y221 oot Yogdy Y2120 Y2220t Vogdyp o D21(H) Y2209t V2(h(®)
Ypui Yp2r o Yyt Yp12o Yp22ttt Vpdyp o Yplh) Yp2(p) o Ye(5)(%)

The following example illustrates the application of Theorem ?? to solve the tensor-matrix
equation (??) for the permissible size 1 x 3. By constructing the required blocks D, C ; and the
matrices A and B, we solve the equivalent tensor-vector equations to obtain the solution vector Y
and consequently the matrix solution. The solution for the larger permissible size is then obtained
via the Kronecker product confirming Remark ??.

Example 4.8. Consider the tensors A € R¥>*2, B € R¥>%2 C € R¥*>2 and D € R¥®2, each
having two frontal slices as follows:

1 -1 0 1 -1 00 -1 1
A= 0 1 , Aon= 1 2 s B::l =10 1 00 O -1]1,

2 0 0 -1 20 00 =2 0

(2 0 00 -2 0 ; (3) (1) ‘01
B,r=|1 2 00 -1 =2|, C.,= . Cun= ,

0 -100 0 1 02 0 1

: -1 0 1 2

10030 =2 0 0 0 -1 0 -1

11003 0 -1 0 0 -2 -1 0

Da=lo 1100 3" P25l 0 -1 0 0 -2 -1

20100 0 1 0 -1 0 0 =2
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By Lemma ??, the admissible sizes of solutions of the Equation (??) are 1 x 3 and 2 X 6. First, for
admissible size 1 x 3, we have D, C;, C, and C; as follows;

[ 1 3 ] [ 0 -1 ]
1 0 -1 =2
_ 0 0 - 0 O ~ ~ 0 1
-Z)::l_ 2 0 ) D::Z— 1 0 ) (Cl)::1—|:2 0]’ (Cl)::Z—[l 0 ]’
0 0 0O O
| 0 -2 | 0 -1
- 2 0 ~ 1 0 ~ 0 2 <
(Cz)::1=[0 5 | (Cz):2=[0 1], (C3):1 [ 1 O]’ (C3)::2:[ 2]
T
A:[102—11021002—1],
1 02 -1 102 100 2 -17
B=| 0 0 O o 0 0 00 o0 o
-10 -2 1 -1 0 -2 -1 00 -2 1

Hence, Y;; = 1,Y;, = 0,Y;5 = —1, and then, X; = [ 1 0 -1 ] is a solution for Equation(??),
and the permissible size 2 X 6 is similar to the case 1 X 3, which we can show that X, = X; ® I, is
also a solution for Equation (?7?).

In the next example, we consider a tensor-matrix equation for which Lemma ?? yields only
one permissible size, namely 2 X 6. Applying Theorem ?? we compute the necessary blocks
and solve the corresponding tensor-vector equations. The resulting solution X is shown to be
unique, demonstrating the case where no smaller-sized solution exists and the solution is uniquely
determined.

Example 4.9. Consider the tensors A € R¥**2, B € R¥>%*2 C € R and D € R¥®*2, each
having two frontal slices as follows:

1 0 1 2 1 0 2 0 -1 3
ﬂ;]_lz 1}, ﬂzz_lo 30, B8.,=|2 1 3 2 =2 7|,
0 -1 2 -1 0 -1 1 -2 0 -1
1 0 0 1] 0 1 1 0]
01 0 1 0 0 1 1
1 0 -1 0 0 -1 -1 0
1 2 0 4 -15 12 -1 0 1 0 -1 0
B,=l0 3 =3 6 0 3|, Ca=l0 0 0 -1, Co=l0 1 0 -1],
2 -1 5 =2 -2°5 1 0 1 0 0 0 1 0
10 -1 0 1 0 -1 0
01 0 -1 0 0 2 -1
10 1 0 | 11 1 0 |
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0 0 4 3 -1 0 1 -=-3] [ -1 0 1 0 0 6 0 -3]
-3 0 0 4 3 -1 0 1 -3 -1 3 1 3 00 O
D 0O 30 0 0 3 0 Do, = 0 -3 2 3 -130 0
471 0 -2 2 1 0 0 =2 27010 0 21 30 =2
2 1 0 -2 2 1 0 O -1 1 0 0 2 10 O
o 2 0 0 0 2 1 0 | | 0 -1 -1 0 0 21 O |
By Lemma (??), the only admissible size of solution is 2 X 6, and
[ 0 4 -1 1 | [ -1 1 0 0 |
-3 0 3 O -3 3 3 0
0O 0 0 O 0 2 -1 0
= 0 3 0 -3 - 0 0 o6 -3 1 001
DZZ] - 1 _2 1 0 ’ 1)122 - 1 0 1 0 ’ (C]) 1= [ 0 1 0 1 ]a
2 0 2 0 -1 0 2 0
0 0 0 1 0 -1 0 1
| 0 2 0 -2 | 0 2 3 -2
5 0 1 0 5 0 0 1 0 0 1
(CI)ZZZ - [ O 0 1 1 :|’ (02)111 - [ 1

~ -1 2 -1 0 < -1 0 -1 O < 00
(C3)::l :[ 0 0 0 -1 :|’ (C3)::2:[ 01 0 -1 ]’ (04)::1 :[ 1 0

0
e Rl T I el MCERE I Gl
e[ 2303 e 202 7] w21 3]
o210 8] @] 30 3] w508 7]
(Do) = (1) _02 (l) (1)], (@2,1)::2:[(1) _01 (1) (1)], (@2’2)“1:[2 (2) g _02],
0

- 2 3 =2
(1)2,2):12_|:_1 O 2 0 :|

It follows that the permissible solution size 2 X 6, is

102 0 -13
X‘[01—120 1]’

and the uniqueness of X is readily apparent.

Now we give a necessary condition for the solvability of the Equation (??).
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Theorem 4.10. If Equation (??) has a solution XP*4, tensors B and D are composed of block
tensors, where each block of B is a common block and the block for tensor D is a Toeplitz tensor.
Tensors B and D are limited to the following form:

Bl;; Block 11(@) te Block 1b(1))
B = S ’ Z) = : I 5 H
By, Block, (D) --- Block ,;,(D)
where B,.., is the t-th horizontal slice of D,t = 1, ..., h; and Block;;j(D) € CPaIbxr s q Toeplitz
tensor, i = 1,...,p,j = 1,...,b. Moreover, the solvability of Equation (??) is equivalent to the
one of
ﬂl:: X X = Bl::’
ﬂh:: X X = Bh::,
[ BlOCk(Z))ll ]
Block(D
X x C:l: = ( )21 )
| Block(D),1 |
[ BlOCk(Z))lb ]
Block(D
X X C:b: = ( )2b s
| Block(D),, |

where A,.. and B,.., t = 1,..., h, are the t-th horizontal slices of ‘A and B, respectivly. And C. is
the k-th lateral slice of C; Block(D);; € CP<5>" is a Toeplitz tensor; i=1,...,p;j=1,...,q.

Proof. The proof is analogous to that of Theorem ??; thus, we omit it. O]

4.3. The general formm + hwithl = p

In this subsection, we delve into the solvability of the tensor Equation (??), where the tensors
A, B, C and D are invariant. Building on the framework established in Lemma ??, we will outline
the necessary conditions for the existence of a solution to Equation (??) and specify the dimensions
of such solutions.

Lemma 4.11. The necessary conditions for the existence of a solution X € CP*? of Equation (??)
are as follows:

(i). Both % and ‘—,f must be positive integers;
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(ii). The dimensions of the solution matrix are given by p = | = gﬁ, q= “7‘1 = 5, where « is a

common factor of n and k. Moreover, gcd {a, rl_:;} = 1, under these conditions, the solution is
unique.

Proof. The proof follows a similar approach to that of Lemma ??; therefore, we omit it for brevity.
[

We continue our investigation into the solvability of Equation (??). To solve this equation, we
first need to determine the permissible dimensions p X q. Therefore, we proceed by calculating
these dimensions;

AxX=AxX,....X,| =|B1.8.....8,].

where X; is the j-th column of X, B; € C"™® is a block of B,j = 1,...,q. Therefore, it is
equivalent to solving g tensor-vector equations under STP, and by reiterating subsection ??, we

obtain
Block(8),

Block(B),;

ﬂD(Xj:Bj: ,j: seees{,

Block(8),,;

where Block (8),,; is a Toeplitz tensor. Similarly, Equation (??) could be further described as:

Yl Yl Dl::
XxC=| : |xC=]| : (C®I%): .
Y, Y, D,

which is equivalent to solving p matrix-vector equations under the STP, where Y; is the i-th row of
X and O;..,i = 1,..., p is the i-th horizontal slice of D.

YxC=9D, i=1,...,p. (4.12)

Thus, we have:

Theorem 4.12. If Equation (??) has a solution XP*4, tensors B and D are composed of block
tensors, where each block of B is a Toeplitz tensor and the block for tensor D is a common block.
Tensors B and D are limited to the following form:

Block 11(8) --- Block 1,(8) D..
. . . , D:

B = : .. : :
Block,,;(B) --- Blockmq(B) Z)p;;

where Block;(B) € Chim<klexr js q Toeplitz tensor, s = 1,...,m, j = 1,...,q, and D;.., is the i-th
horizontal slice of D,i = 1,..., p. Moreover, the solvability of Equation (??) is equivalent to the
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c Chxaxr’

= Chxaxr’

one of
[ Block(B);; |
Block(B
AxX =B = .( )21
L BlOCk(B)ml J
[ Block(8B),, |
Block(8B)
Ax X, =8, = ) 5
| Block(8),, |
Yl X C — Dl:: c Clder,
Yp X C — D[):: c CleXr’

where X is the j-th column of X, Block(8);; € Cwxe*" js g Toeplitz matrix; Y; is the i-th row
of X and D,.., is the i-th horizontal slice of D,s = 1,....m;j=1,...,q;i=1,...,p.

Proof. The proof is analogous to that of Theorem ??; thus, we omit it. ]

The following example verifies the correctness of Theorem ?? for the tensor-matrix equation

endowed with a special tensor structure.

Example 4.13. Consider the tensors A € R¥>*? B € RO*®2 C € R?*2 and D € R¥**2, each

having two frontal slices as follows:

2 01 2 1
ﬂl:: - [ _1 1 3 0 :|’ ﬂ222_|: 0
2 2 0 0 -2 4
0O 2 2 0 0 =2
1 0 2 2 2 0
Bl“‘—100110
0 -1 0 0 1 1
3 0 -10 6 1
1 -1 0 0 -1 -2 2 0
O 1 -1 0 0 -1 -2 2
3—201_140_1_2
710 0 0 2 0 0 -1 =27/
O 0 0 0 2 0 0 -1
-1 0 0 0 =2 2 0 0 |
3 -2 2
1 2 3
sz[o_ll],ﬂl— -1 2 —1,
3 2 1

0 2 -1
2—10]’
10
4 1
2 4
3 -1
0 3
10
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%:3,‘—;:l,anda/:4.Thus,p:3:j{~3,q:§:2-%,and
1 -1
X=|0 1
1 2

is a unique solution.

4.4. The general form m + hwith | # p

The solvability of the tensor equation (??) is investigated under the conditions m # h and
p # [, where the tensors A € C™™" B ¢ C»Pr C € C»™ and D € C*Pr are given. A
necessary condition for solvability is derived based on Definition ??.

Lemma 4.14. The necessary condition for the existence of a solution to tensor Equation (??) is
that the ratios % and % are positive integers. Furthermore, the parameters p and q are given by

k a d
, and q=—=—"-—,

a B b
where a and B # 1 denote the greatest common divisors of n with k, and a with [, respectively. In
addition, the following coprimality conditions must be satisfied:

h d
gcd {a, —} =1, and gcd {,8, —} =1.
m b

S

Proof. By Definition ??,

t t b
Mo Lok 22212 — 4 wheret = lemin, p), s = lemig, a)
n p q a
Then, = ’n—’1,§ = % are positive integers, andﬁ = % = a/,é = 1% = B, thus, p = é =4 %,6] =
§ = % . %. Moreover, if 8 = 1, then [ = p, which does not satisfy the condition. Furthermore, we
have L J
t t
_:a9_:_; E:ﬂ,ﬁz_.
p n m q a b
Consequently, gcd {a, %} =1 and gcd {,8, %} = 1, which completes the proof. O]

Remark 4.15. Assume that the solution size p X g satisfies the condition specified in Lemma ??,
thereby qualifying as an admissible dimension. In analogy with Remark ??, suppose that the ratios
% = Z—f > 1 hold, and let X € CP*?' be a solution to the tensor equation (??). Then, the matrix
X, = X ® I« also constitutes a solution, where X; € CP2*,

Further;rllore, if the solution X; with the admissible dimension p, X g, is unique, it follows that
the solution X with dimension p; X g; must also be unique.

Summarizing the above discussion, we can derive a necessary condition for the solvability of
the tensor equation (??). For the subsequent analysis, we assume that m divides 4 and b divides d.
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Theorem 4.16. Suppose the tensor equation (??) admits a solution X € CP*4. Then, it is necessary
that the tensors B and D possess a block-partitioned structure, where each block corresponds to
a Toeplitz tensor. More precisely, the tensors B and D must be decomposable into partitioned
tensors of the following forms:

Block;1(B) --- Block,(B) Block 1 (D) --- Block,(D)
: : , D= : : ,

B: : : : .
Block,,1(B) --- Block,,,(8) Block, (D) --- Block,,(D)

where Block;(B) € C#*" and Block, (D) € C¥ are Toeplitz tensors, with s = 1,...,m,
j=1...,q¢i=1,....,p,t=1,...,b

Proof. Consider the tensor equation (??) expressed as
AxX=AK [Xl,. . .,Xq] = [81,82,...,8(]],

where X; denotes the j-th column of X, and B; € C"™® corresponds to the j-th block of B,
for j = 1,...,q. This formulation is equivalent to solving ¢g tensor-vector equations under the
STP framework. By applying the approach outlined in Section ?? to each of these tensor-vector
equations, we obtain the following result:

BlOCk(B)U
Block(8B),;
Ax X, =B; = =1
Block(B),,;
where Block(8),, .. ., Block(8),,; are Toeplitz tensors, and Equation (??) can be rewritten as:
Yl Z)1
XxC=| ! |[xC=D=| : i=1,...,p,
Y, Dp

where Y; is the i-th row of X and D; € CP*¥" is a block of D. Then, repeating Equation (??) we
have
Y, x C=(Y,®1)(C®I4) = Ci = [Block (D), ..., Block;(D)]

where Block;, (D) is a Toeplitz tensor, i = 1,..., p;t = 1,...,b. The proof is completed. ]
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Theorem 4.17. The solvability of the tensor Equation (??) is equivalent to the one of

BlOCk(B)“
Block(B
ﬂ X X] = Bl = ( )21 c Cth/Xr’
Block(8)1
BlOCk(B)lq
Block(8
A X Xq = Bq = ( )2q c (ChX(er’
Block(8B),,,"
Y, X C = D, = [Block, (D), ..., Block;,(D)] € CPdxr,
Y, x C = D, = [Block,(D)...... Block,,(D)| € ¢,

where X; is the j-th column of X, Block(8B),; € Cnxer js g Toeplitz tensor; Y; is the i-th row of
X and Block (D), € CP<5> s also a Toeplitz tensor, r = 1,...,m,j=1,...,q;s =1,...,b,i =
I,...,p.

Proof. The proof is analogous to that of Theorem ??; thus, we omit it. U

The following example clearly shows an application of this theorem and confirms the unique-
ness of the solution.

Example 4.18. Consider the tensors A € R¥>*? B8 € R*12%2 ¢ € R?*2 and D € R®**? each
having two frontal slices as follows:

1 012 01 2 1
ﬂl‘[—1203]’ ﬂz_[lO—lO]’
1 =2 0 0 0220-10 1 0
0 1 =2 0 0022 0 -1 0 1
g |10 1 210020 0 -1
=1 =30 2 0300 1 0 0 =21/
0 -1 -3 0 4030 2 1 0
0 0 -1 304030 2 1 0|
0 -1 0 1 01 4 0 0 0 2 -1
0 0 -1 0 201 4 1 0 0 2
g |20 0 -1220 1 0 1 0 0
1 0 0 0 0 0 -2 0 -1 0 -1 0
0O 1 0 0 0 0 0 -2 0 -1 0 -1
|1 0 1 0 -1 0 0 0 0 0 -1 0
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1 0 2 32 1
C:ZIZ[O _1 1:|’ 0212:[0 1 _1:|’

1 0 0 0 1 2 -1 0 ]
0 1 0 O 1 0 -1
Do = o 0 2 0 -1 0 0 1 4
7o 00 -2 0 -1 2 1|
-1 0 1. 0 0 0 -2 0 2
| 0 -1 0 -1 0 0 1 -2 0 |
3 0 0 2 -1 0 1 1 0]
O 3 0 0 2 -1 0 1 1
D O 0 6 0 1 4 0 -1 2
2710 002 0 1 -2 0 -1
-3 0 3 -2 0 2 -1 0 1
| 0 30 1 -2 0 -1 -1 0O |
a=4and B =2, thus p = g = ;—‘-gandq = % g = %, so the permissible size is 3 x 3. It can be

easily demonstrated that

is the unique solution.

5. Solvability of the tensor-tensor system (??)
In this section, we study the solvability of the tensor-tensor equation

mt/nXqt/pxr

AnX =8

X =

XxC =9, .
——

pt1/gxbty [axr

where A € C™™" B e Cs, C e C*P4 and D e C* are are known, and X € CP*?/ is an
unknown tensor. ¢ = Icm{n, p} and t; = Icm{q, a}. The problem is to find a third order tensor X
satisfying tensor equation (??). We have the following theorem.

Theorem 5.1. If the tensor equation (??) has a solution, then both % and Z—i must be positive
integers. Moreover, if a tensor of size p X q X f is a solution to equation (??), then the following

relations hold:
nh l ad k

p:a/m:ﬁ’ q a

:%:a,

where a is a common divisor of n and k, and 8 is a common divisor of a and |, satisfying

h d
gcd {a, —} =1, gcd {ﬁ, —} = 1.
m b
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Additionally, 3 and * must be positive integers, and f is a common divisor of s and v such that

ged{r, f} =, gcd{f,u} =v.

Proof. Suppose that X is a solution of tensor equation (??), and its dimension is p X g X f, by
Definition ??, we have that

B = Ax X = (A® Lumxumnnin) * (X ® Luipsmcnp) € TP,
where ¢t = [cm{n, p} and w = lcm{r, f}. And
b
D=XK C= (X ® I(Zl/q)X(tl/q)X(Z/f)) * (C ® I(ll/a)X(tl/a)X(z/u)) c C(l’fl/Q)X( fl/a)X(Z)’

where t; = lcm{q, a} and z = lcm{f, u}.
On the other hand, it is assumed that 8 € C>* and D € C*®V, Then, h = mt/n, k = gt/p,
w=ys,1= pt/q,d = bt;/a, and z = v, where t = lcm{n, p}, w = lcm{r, f}, t; = lcm{q, a} and

z = lem{f,u}. Consequently ¢t = ’fn—h, H = %1, é = la‘ and %‘ = Ié Hence % and % must be positive
integers. Denote
_nhim _t  k ﬁ_ad/b_tl_l
p p 4 g g9 p
then we have p = % = é and g = ;—Z = § On the other hand,
h h d d
n—:t:lcm{n,p}:lcm n,n— , a—:tlzlcm{a,q}:lcm a,a— .
m ma b bp

Then ’n—11 must be a factor of :1—2 and ;;1 must be a factor of % So we have that = and % must be
positive integers, Therefore « is a common divisor of n and &, and S is a common divisor of b and
[. Furthermore,

@—lcm nﬁ = lem aﬁ a—d—lcm aa—d =4 lem ﬁg
m ‘ma| @ ‘m|’ b b8l B b’

Consequently,
h h d d
lemsa,—p=a-—, IlemiB,—r=B-—-,
m m b b

h
gcd{cy, —} = l,gcd{ﬁ,c—l} =1.
m b

Since s = lem{r, f} and v = lem{u, f}; 3 and 5 must be positive integers and f is a common divisor
of s and v. The proof is completed. [

thus,

Remark 5.2. Suppose thata;,i = 1,--- , L are all the common divisors of n and k satisfies gcd {a,-, %} =

I, Bj,j =1,---,M are all the common divisors of a and [ such that ged {,8 s 2—1} = 1. Moreover,

fi-t = 1,--- N are all the common divisors of s and v satisfies gcd {r, f} = s; ged{f,u} = v.

By Theorem ??, tensor equation (??) may have solutions of sizes p; X g; X f;, where p; = ﬁ,
ad

qi = bﬁ,,i =1,---,L; j=1,---,M. We refer to the sizes as permissible, and there are some
J
relationships between the solutions of different permissible sizes.
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(1). Itis assumed that p; X g1 X fi and p> X g, X f> are two different permissible sizes of solutions,

l<2=%2¢cZand1 < £ € Z. Hence, Xr>*@*~ = Xpra<h @ T ,, . . . Conversely,
p1 q1 h (ﬂ)(ﬂ)(ﬁ)
if equation (??) has a unique solution X??*%*/2_ the solution XP"*1*/iif it exists, must be

unique.

(ii). Denote & = ged{n, k}, B = ged{a, 1}, f = min{f,,t=1,--- ,N}, p = % and g = Z—‘BJ, if there
is a solution with minimum size p x g X f for equation (??), then it has a solution for every
permissible size.

The following example emphasizes that the admissibility condition on the dimensions accord-
ing to the Theorem ?? is not sufficient for the existence of a solution, and it is possible that only
some of the admissible sizes actually admit a solution. Furthermore, by presenting an explicit
solution, it demonstrates the practical application of the theorem in determining the possible di-
mensions and finding the solution.

Example 5.3. Consider the tensors A € R¥*2, B8 € R¥*2 C € R¥>2 and D € R¥*2, each
having two frontal slices as follows:

210 3 6 1 1 5
011 3 1110 7 4 4 6 10 4 5 1
“7‘“1‘[0201]’“7‘“2‘[0102]’ Bazlg o004l P27 4 0 -1 3
5 4 4 3 4 3 4 4

(00 0 2] (0 -1 0 0]

210 4 0 2 42

102 4 1 2 20

10 02 012 2 11 02
C;;]—|:O 2:|a C::Z_[IO]- ‘@1_1102 a'Z)ZZZ_O 1 22'

314 0 2 0 6 2

012 0 1 0 02

20 4 4 | 2 2 4 0]

By Theorem ??, the admissible sizes of solutions are 8 X 4 X 1, 8 X 4 X 2. We can verify that the
equation has no solution for permissible sizes 8 X 4 X 1 and it is easy to verify that X, is a solution
for permissible sizes 8 x 4 x 2, where the fontal slices of X are as follows:

(10 0 —1] (00 -1 0]
010 1 01 2 0
100 2 10 0 0
011 0 01 0 0
Xa=lo 10 1] %=loo0 1 ol
210 0 20 1 0
000 O 10 0 1
100 2 | (20 1 0]
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6. Application to Pinning Control of a Boolean Network

In this section, we demonstrate the practical relevance of our theoretical results through the
pinning control of a Boolean gene regulatory network. Pinning control refers to the strategy of
applying control inputs to only a subset of nodes in order to steer the entire network toward a de-
sired state. While the semi-tensor product (STP) of matrices has been widely used for the analysis
and control of Boolean networks, the presence of higher-order interactions between control inputs
naturally leads to a tensor formulation. In such cases, the resulting system cannot be represented
in a structurally transparent manner using only matrix-based STP without substantial dimensional
lifting. The tensor-based STP framework developed in this paper provides a direct and natural
modeling and solution approach.

6.1. Model Formulation

Consider a simplified Boolean gene regulatory network consisting of three genes G, G,, Gs.
Each gene takes values in {0, 1}, representing inactive and active expression states, respectively.
Following the standard STP representation of Boolean networks, each Boolean variable is identi-
fied with its canonical vector form:

19(5;:((1)), 0952:((1)).

Thus, the global state vector is represented in vector form as x(¢), and logical dynamics become
multilinear algebraic equations under the STP framework.

In addition to the gene states, the system is influenced by two external Boolean control inputs
u; and u,. A key feature of this model is that the control inputs do not act independently on indi-
vidual genes; rather, their combined action produces a regulatory rule depending on their pairwise
interaction. This induces an inherently third-order interaction structure.

The state update equation can therefore be written as

X(t+1) = A x x(¢) x u(z), (6.1)

where u(t) = [u (1), u>(t)]”, and A € R¥>3>2 is a third-order system tensor. The three modes of A
correspond to: (i) next state, (ii) current state, and (iii) control-input interaction.
The objective of pinning control is to design a state-feedback control law

u(®) = X x x(0),

such that the closed-loop system stabilizes to the desired fixed point [1, 0, 0]”, which may represent
a prescribed cellular differentiation phenotype.
Substituting the control law into (??) yields

x(t+1) = AxX x(t) X (X X x(7)),

which is a bilinear tensor expression in x(¢). Rather than attempting to reduce this to a matrix
equation through dimensional augmentation, we directly enforce that the closed-loop dynamics
coincide with a desired tensor 8. This leads to the tensor system

{ﬂxX:B,

XxC=9D, 6.2
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where the second equation imposes structural constraints on the controller.
Here:

o A e R332 s the system tensor;

e X is the unknown controller tensor;

e Bis the desired closed-loop tensor satisfying 8 x [1,0,0]” = [1,0,0];
e C and D encode actuation constraints.

Although it is possible in principle to convert such a model into a matrix STP representation
through dimensional augmentation, doing so merges distinct interaction modes and significantly
increases system size. The tensor formulation preserves the natural multi-mode structure.

Second, the constrained controller design problem is naturally expressed as a coupled tensor-
tensor system. Matrix STP methods typically address equations of the form A x X = B with
matrix variables. In contrast, the present framework accommodates higher-order controller tensors
subject to structural constraints.

In summary, this model illustrates a realistic Boolean control scenario in which the tensor
STP framework offers a structurally transparent modeling approach, explicit solvability conditions,
and constructive controller design. This demonstrates the applicability and significance of the
theoretical results developed in this paper.

Conclusion

In this paper, we explored the solvability of the tensor system A x X = B, X X C = D under
the STP framework. We established necessary and sufficient conditions for solutions, proposed
explicit solution methods, and introduced tensor partitioning techniques to reduce the problem to
linear systems via the t-product. Our results extend classical matrix equation systems to higher-
order tensors, providing a unified approach to multidimensional data problems. We apply the STP
framework to model and control Boolean gene regulatory networks with pinning control inputs.
The examples demonstrated the effectiveness of our methods. Future work may focus on numeri-
cal algorithms and applications in various fields involving tensor computations.
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