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The theory of constrained best approximation in Hilbert spaces
has been systematically developed well over a decade and effec-
tive characterizations of best approximations have been known
under some qualifications on the constraints. Yet, the existing
theory does not explain how to characterize a best approxima-
tion in the face of data uncertainty in the constraints, despite the
reality that the data of the constraints are often uncertain (that
is, they are not known exactly) due to estimation errors, predic-
tion errors or lack of information. This paper explains when the
best approximation over uncertain linear constraints in a real
Hilbert space is immunized against bounded data uncertainty.
This study is done by characterizing the best approximation of
the robust counterpart of the uncertain constrained best approx-
imation problem where the constraints are enforced for all pos-
sible uncertainties within the prescribed uncertainty sets. We
show that under a new robust strong conical hull intersection
property (robust strong CHIP) the same kind of effective charac-
terizations of constrained best approximation hold for the robust
best approximation that is immunized against bounded data un-
certainty. We also establish a strong duality theorem for the ro-
bust constrained best approximation problem and its associated
dual problem under the robust strong CHIP. Some examples are
given to illustrate the obtained results.
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1. Introduction

Solutions to constrained best approximation problems [8, 9, 10, 11, 12, 13, 15] are typically
characterized in terms of qualifications on the constraints. Traditional constrained best approxi-
mation studies assume perfect information (that is, accurate values for the input quantities, data
or parameters), despite the reality that such precise knowledge is rarely available for practical
problems. The data of practical problems are often uncertain (that is, they are not known exactly)
because of estimation or prediction errors, or lack of information.

Recently, robust optimization approach has been successfully used to find solutions to finite-
dimensional constrained optimization problems under uncertainty [3, 4, 5, 6, 14]. In this approach,
a robust solution that is immunized against data uncertainty is found by choosing a solution to its
robust counterpart, where the constraints are enforced for all possible uncertainties within the pre-
scribed bounded uncertainty sets. It has now emerged as a computationally attractive approach for
dealing with optimization problems that are affected by data uncertainty.

The apparent success of this robust optimization approach presents a challenge to the field of con-
strained best approximation [7, 15] where the optimization takes place over infinite dimensional
spaces. The challenge, for instance, in constrained best approximation, is to explain how to char-
acterize and find uncertainty immunized best approximations in the face of data uncertainty in the
constraints. This problem provides the stimulus for the present study.

In this paper, we explain when a best approximation over uncertain linear constraints in a real
Hilbert space is robust in the sense that it is immunized against bounded data uncertainty. We pro-
vide explanations by characterizing a best approximation of the robust counterpart of an uncertain
constrained best approximation model problem within the framework of robust optimization and,
in some cases, by finding it in terms of the solution of an associated dual problem.

Our problem in the present work is to characterize the robust best approximation of a point x € X
from the intersection of a closed convex subset C of a real Hilbert space X and the set of uncertain
linear constraints:

D(A,b) = {Z € X:Az< b},

where the data (A, b) are uncertain and they belong to the closed and convex uncertainty set U of
L(X,Y) x Y, where L(X, Y) is the space of all continuous linear mappings from X to Y, Y is a real
Hilbert space and Y is equipped with a nonempty closed convex pointed cone S. The robust best
approximation x, of the point x from the set that is immunized against the data uncertainty is the
solution to the robust counterpart of the uncertain best approximation problem, called the robust
best approximation problem:

min{llx - 2l| : z € € N Doy}, (1.1)
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where the set
Dy ={zeX : Az<b, Y (A,b) € U}

ensures that the linear inequality constraint is realized for all possible uncertainties in the pre-
scribed uncertainty set U.

The strong CHIP [7, 8] is the key property that characterizes the constrained best approximation
in the absence of data uncertainty in the constraints. We show that under a new robust strong con-
ical hull intersection property (robust strong CHIP) the same kind of effective characterizations of
constrained best approximation hold for the robust best approximation under bounded data uncer-
tainty. We further establish a strong duality theorem for the robust constrained best approximation
problem and its associated dual problem under the robust strong CHIP. Consequently, in the case
of the ellipsoidal uncertainty set, we show how a robust best approximation can easily be obtained
from the solution of a simple finite-dimensional dual problem.

The outline of the paper is as follows. Section 2 provides preliminary results on convex analysis
that will be used later in the paper. Section 3 presents characterizations of the robust best approxi-
mation in terms of a robust strong CHIP. In Section 4, we give duality results for robust constrained
best approximation problems. By given examples we illustrate our results.

2. Preliminaries

We begin this section by fixing the notations and definitions that will be used later. Throughout
the paper, let X and Y be real Hilbert spaces. Assume that Y is equipped with a nonempty closed
convex pointed cone S (the latter means that § N (-=S) = {0}). We say that

x<yory>xifandonlyify—-xe€S.

One can easily check that “ < “ is a partial order on Y generated by S, and (Y, <) is an ordered
Hilbert space. We denote by (., .) the inner product of X or ¥, and the induced norm is denoted by
|| - || and is defined by ||x|| := V{x, x) for each x € X (or for each x € Y). Put

ST={1eY: {(y,A)>0,YVyeS}

where S * C Y is called the positive dual cone (positive polar cone) of S.

We use L(X,Y) = {A : X — Y : Aisacontinuous linear mapping} to denote the space of
all continuous linear mappings from X to Y. Let U be a closed and convex uncertainty set of
L(X,Y)x Y, and

Dqg={zeX : Az<b, Y (A,b) e U}.
It is clear that D¢, is a closed and convex set in X. For a linear mapping A € L(X, Y), we define the

adjoint of A by:
A" Y — X, (A"y, x) :=(y,Ax), YxeX, VyeY. (2.2)
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For a subset W of X, the weak closure (resp., closure) of W will be denoted by w-cl W (resp., cl W).
We denote by int A the interior of A, where A is a subset of X. For a nonempty subset D of X, the
indicator function 6p : X — [0, +o0] is defined by:

5p(x) 0, if xe D,
X) =
P +o0,  otherwise.

The support function of D, op : X — (—00, +00] is defined by:

op(u) := sup{x,u), (u € X).

xeD

Let f : X — R U {+oo} be a proper lower semicontinuous convex function. The epigraph of f,
epif, is defined by:
epif :={(x,r) €e X xR : x e domf, f(x)<r},

where the effective domain of f, domf, is defined by:
domf :={x € X : f(x) < +oo}.

The conjugate function of f is defined by f* : X — R U {+00}:

fiu) = sup {{x,u) — f(x)}, (ue€X).

xedomf

Clearly, f* is a proper lower semicontinuous convex function and « epif™ = epi(af)* for any
a > 0, where af is defined by (o f)(x) := af(x) foreach x € X. If f;, f, : X — (—00, +00] are two
proper lower semicontinuous convex functions, then we have

epi(fi + f2)" = w-cl(epif] + epif;). (2.3)
Furthermore, the closure is superfluous if (intdomf;) N domf, # (. For more details see [16].

For a nonempty subset W of X, we define the negative dual cone (negative polar cone) of W by:
We={ueX:{w,u)y<0, Ywe W},

and the convex hull (resp., conical hull) of W denoted by coW (resp., coneW) which is the inter-
section of all convex sets (resp., convex cones) containing W, and they are defined by:

coW::{Zﬂiwi:wieW, L>0,i=1,2.....m, ZA,.: 1, meN},

i=1 i=1

coneW::{Z/liw,-:w,-eW, ,=>20,i=1,2,...,m, meN}.

i=1
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Lemma 2.1. (cf. [16]) Let I be an arbitrary index set and let f; : X — (—o0,+00], i € I,
be a proper lower semicontinuous convex function. Suppose that there exists x, € X such that
sup;.; fi(xo) < 4+oo. Then

epi(sup f;)" = w-cl(co U epif;),

el iel

where sup f; : X — R U {+o00} is defined by (sup f;)(x) = sup fi(x) for each x € X.

i€l i€l i€l
The nonnegative orthant of R” is denoted by R’} and is defined by:
RY :={(x1,x2,...,x) €eR" : x; 20, i=1,2,...,n}

For a proper convex function f : X — (—o0, +00], the subdifferential of f at a point x € dom(f),
denoted by, df(x), and is defined by:

Of(x) :=={ueX: f(y) 2 f()+{y—xu), VyeX}

and if x ¢ dom(f), we define df(x) := 0. It is well known that df(x) # 0 for all x € X if
f is a continuous convex function on X. For a nonempty subset W of X and x € X, we define
d(x, W) := inf ey ||x — w||. A point wy € W is called a best approximation for a point x € X (i.e.,
wo € Pw(x)) (see [15]), if

d(x, W) = |lx — woll,

where Py(x) is defined by:

Pw(x) :={weW:|x—-w|=dx, W)}

3. Robust Best Approximations: Characterizations

In this section, let X and Y be real Hilbert spaces. We introduce a robust version of the normal
cone intersection formula, called robust conical hull intersection property (robust strong CHIP, in
short). This property is used to provide characterizations for the robust best approximations. Let
C be a nonempty closed convex subset of the real Hilbert space X, and

Dqy :={xeX:Ax<b, ¥V (A,Db) € U}, (3.4)

which is also a closed convex set in X, where U C L(X,Y) X Y.

Now, let
F(x):={((A,0), ) e UXS" : {(Ax—b, 1) =0}, (x € X). 3.5

Definition 3.1. The pair {C, Dq,} is said to have the robust strong conical hull intersection property

(robust strong CHIP, in short) at a point xo € K¢y := C N\ Dq; # 0, if

(Ky — x0)” = (C —x0)" + U {A"(D} (3.6)
(Ab).DEF (x0)
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Lemma 3.1. If the pair {C, Dy} has the robust strong CHIP at a point xy € Kq, then, the pair
{C, Dq;} has the strong conical hull intersection property (strong CHIP, in short) at the point x,
Le.,

(K — x0)° = (C = x0)° + (Dqy — x0)°.
Proof. Let

e ) 4w
((A,b),)EF (x0)
be arbitrary. Thus, there exists (4, b), 1) € F(xy) such that x* = (A)*(1). Now, let x € D¢, be

arbitrary. Therefore, in view of (3.4), Ax < b for all (A,b) € U, and so, in particular, Ax < b.
Hence, since 1 € S, it follows that

(Ax—b,2) <0, ¥ x € Dy. 3.7)

Since ((A, b), 1) € F(xy), we conclude from (3.5) that (Ax, — b, A} = 0. This together with (3.7)
and the fact that x* = (A)*(A) implies that

<.X — X0, x*> = <AX - Aan /_l>
=(Ax—b,1) — (Axg — b, )
<0, Y x € Dq.

Hence, x* € (Dq¢; — xp)°. Thus, one has

{A"(D} € (Dy — x0)°. (3.8)
(A5). DEF (x0)

Since we always have
(C = x0)° + (Dyy — x0)° € (Kqy — X0)°,
the result follows from Definition 3.1. OJ

It is worth nothing that the converse statement to Lemma 3.1 is not true. See the following exam-
ple.

Example 3.1. Let X :=R% Y :=R2, § :=R2, C :=R?> and U := V x W, where

a 0

(V::{AERZXZ:A::(
0 a

), ael-1, 1]} and W := {(0.0)}.

Let xo = (0,0). Then, (C — x0)° = {(0,0)} and

CNDy=R*N{xeX:Ax <b, Y(A,b) € U} ={0,0)},
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and so, (C N Dq; — x0)° = R2. Note that one has S* = R%, and

{A"(D) : (A,b) e U, A€ ST and (Axy — b, 1) = 0}

_ a 0\ ). — +
- {(o a)(/lz).ae[—l,l],/l.—(/ll,/lz)eS }

= R2U(-R?).

Therefore, since (Dq; — x0)° is closed and convex, by an argument similar to the proof of (3.8), it
follows that

(CADyu-x) =R = {(0,0)) +cl co(Ri U (—Ri))

(C = xp)° +clcofA* (D) : (A,b) e U, 1€ ST and

(Axo = b, 1) = 0} (3.9)
(C = x0)°" + (Dyy — x0)°

(C N Dq — x0)°.

N 1N

Hence,
(C N Dy = x0)° = (C = x0)° + (Dqy — x0)°.

That is, the pair {C, Dq;} has the strong CHIP at x,. But, the robust strong CHIP fails at the point
Xo, because in view of (3.9), one has

(C - x0)° +{A*(D) : (A,b) e U,A € S* and (Axo — b, 1) =0} = R? U (-R?)
+ R?
= (C N Dﬂ - X())o.

However, in the case of uncertainty-free data, where U = {(A, b)}, the robust strong CHIP reduces
to the strong CHIP. To see this, note that

{A*() : (A,b) e U,A € ST and (Axy — b, A) = 0}
{(A)*(1) : 1€ S* and (Axo — b, 1) = 0}
= (Dy = x0)°,

where Dq; = {x € X : Ax < b}. So, in view of Definition 3.1,

(C N Dy = x0)° = (C = x0)° + (Dyy — x0)°.

We now define the “characteristic cone M* by:

M := epid; + U (A*(), (b, 1)). (3.10)
(A,b)eU, AeS+
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Remark 3.1. It should be noted that 6. is the conjugate function of the indicator function 6¢, and
we have 6. = o ¢, where o is called the support function of C and is defined by:

oc: X — (—00,4+00], oc(u) := sup{u,y), (u € X).
yeC

As we establish below, we show that the pair {C, D¢/} has the robust strong CHIP at a point x € X,
whenever the characteristic cone M is weakly closed and convex in X X R.

Remark 3.2. If A and B are two sets in a real vector space Z such that A is convex, then,
A + co(B) = co(A + B).

Theorem 3.1. Suppose that the characteristic cone M defined by (3.10) is weakly closed and
convex. Then, for each x € C N Dq, the pair {C, Dq;} has the robust strong CHIP at the point x.

Proof. Let Ky = C N Dq. Since 0k,, = 6c + 0p,, and epidy. is a convex set, by using Lemma 2.1
and Remark 3.1, we observe that

w-cl (epid¢ + epidp,,)
= w-cl(epid; + w-clco( U (A"(2),<b, ) + {0} x R,))

epidy,,

(A,b)eU, eSS+
= w-cl(epioz +co( [ ] (A(D.¢b, ) + {0} xR,))
(Ab)EU, AeS+
= w-cleoepisy + | ] (A, (b, ) + (0} x R,)
(A,b)eU, AeS+

= w-clco(epidy + U (A™(A), (D, 2))).

(Ab)EU, AeS T

Hence, since M is weakly closed and convex, one has

M = w-clcoM
= w-clco(epidy. + U (A%(), (b, 1))
(A,b)eU, AeS+
= epidy,,-

Now, let x € Kq, be arbitrary. Then, for each a € (K¢, — x)°, we have
(a,k—x) <0, VkeKy.

This implies that (a, {a, x)) € epié’,‘(w = M. Hence, it follows that

(afa ) eepise+ | ] (@AW, b).
(Ab)eU, AeS+
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So, there exist (b, ) € epid,., (A,b") € U and A € S* such that
(a,{a, x)) = (b,B) + (A"(D), (b, ).
This gives us that, for all z € C:

b,z <B ={a,xy—b',A)
=(b+A"(D),x)— (b, )
=(b,x) + {1, Ax = by < (b, x). (3.11)

(It should be noted that for satisfying the last inequality in (3.11) one has: since x € K¢y =
C N Dq C Dq and (A, b)) € U, it follows from (3.4) that Ax < b’. Now, since A € S, it follows
that (1, Ax—>b") < 0.) Thus, we get from (3.11) that b € (C — x)°. Moreover, letting z := xin (3.11),
we conclude that (1, Ax — b’) = 0. Then, we see that

a=b+A" D) e(C-x)°+{A"(D): (A, ) e U, 1€ S  and (1, Ax - b") = 0}.
Therefore,
(Ky—x)°C(C—-x)°+{A"(D) : (A, b)) e U,2€ ST and (1, Ax - D") = 0}.
Note that the reverse inclusion always holds, because in view of (3.8), we have

(C=x)°+{A"W): (A, D) e U, 1St and (1, Ax = b') = 0}
C(C-x°+ Dy —x)°
C (Ky —x)°. (3.12)

So, the conclusion follows. ]

In the sequel, we show that the robust strong CHIP is a necessary and sufficient condition for
characterizing the robust best approximation in terms of the so-called perturbation property.

Recall first that the basic characterization property of the best approximation of a point x € X from
a closed convex set W in the Hilbert space X is that

wo = Py(x) if and only if x — wy € (W —wy)°, (3.13)

where wy € W (for more details, see [8, Theorem 4.1]). Recall also that for closed and convex sets
C and D with x € C N D # (, we always have

C-x)°+(D-x)Xc(CnD-x’. (3.14)
Theorem 3.2. Let xy € Ky = C N Dqy be given. Then, the following assertions are equivalent:

(1) The pair {C, Dq;} has the robust strong CHIP at the point x.
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(i1) Forany x € X,

Xo = Pk, (x) & xo=Pc(x—A*(Q)) for some (A,b) € U
and some A € St with (1, Axy — b) = 0.

Proof. [(i) = (i1)]. Suppose that the robust strong CHIP property holds at x,. For any x € X and
xo = Pk, (x), by the basic characterization property the equation (3.13) and robust strong CHIP,
we have

x—x9 € (Kgy — x0)° = (C—x0)° +{A" (D) : (A,b) e U, 1€ S™, (A, Axo — D) = 0}.
Thus, there exist (A,b) € U, 1 € ST with (1, Axy — b) = 0 such that x — A*(1) — xg € (C — xp)°.
Applying the basic characterization property the equation (3.13), again, we see that xy = Pc(x —

A*(A)). Therefore, the following implication holds.

X0 = P, (x) = x9 = Pc(x—A"(1)) for some (A,b) e U
and some A € S* with (1, Axy — b) = 0.

To see the reverse implication, let
M(xp) :={A" (D) : (A,b) e U, 1€ S, {1,Axy — b) = 0}.

Assume that xo = Pc(x — [) for some [ € M(xp). Then, by the basic characterization property
(3.13), x = 1 — x9 € (C — xp)°. We now show that

M(x0) € (Dyr — xp)°. (3.15)

To verify this, let a € M(x). Then, there exist (4, b) € U, A € S* with(1, Axy — b) = 0 such that
a = (A)*(2). So, for each x € Dq;, we have

{a,x — x0) = ((A)*(D), x — x0) = (1, Ax — Axy) = (1, Ax — b) < 0.

Thus, (3.15) holds. Therefore, it follows that

X—X()E(C—XQ)O-I-Z c (C_XO)O+M(XO)
C (C=x0)° + Dy —x)°
C (Ky = x)°.

Hence, x — xo € (K¢ — x0)°. Again, by the basic characterization property (3.13), we get that
Xo = Pk, (x). So, (ii) follows.

[(i1)) = (1)]. In view of (3.12), we first observe that

(C = x0)° +{A"(1) : (A,b) e U, A € S™ and (A, Axy — b) = 0} C (K¢s — x0)°.
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Now, to see the reverse inclusion, let a € (K¢ — x0)°. Then, Pk, (x) = xo, where x := xy + a. Thus
(i1) gives us that
Xo = Pc(x — A*(),

for some (A,b) € U and some A € §* with (1,Axy — b) = 0. Then, the basic characterization
property (3.13) implies that

a—A" (D) =x—A"(A) —xp € (C — xp)°.

Thus,
a =(a@a-A"D))+A VD) e(C—x)°+{A"D) : (A, b)e U, 1€ S,
(A, Axy — b) = 0}.
Therefore, the conclusion follows. O

In the uncertainty-free case where U is a singleton {(A, b)}, Theorem 3.2 reduces to the following
characterization of the strong CHIP.

Corollary 3.1. Let xy € K := C N D, where D := {x € X : Ax < b}. Then, the following assertions
are equivalent:

(i) The pair {C, D} has the strong CHIP at the point x.
(i) Forany x € X,

Xo = Pg(x) & xp = Pc(x— (A)*()) for some A € S* with{A,Axy—b) = 0.
Proof. Let U := {(A, b)} in Theorem 3.2. Then, the conclusion follows from Theorem 3.2. L]

We illustrate that the characterizations of the robust best approximations hold under a concave-like
condition whenever the characteristic cone M which defined by (3.10) is weakly closed.

Theorem 3.3. Let xy € K¢y = C N\ Dy, be arbitrary. Assume that the characteristic cone M defined
by (3.10) is weakly closed and the concave-like condition:

(V((A1,b1), A1), (A2, b2), ) e U X ST, e [0, 1N ((A3,b3),A3) e U XST)
such that (Azx — bz, A3) > u{A1x — by, A1) + (1 — w){Azrx — bs, A3),
VxeX, (3.16)

holds. Then, for any x € X,

Xo = Pk, (x) & xo=Pc(x—A"(Q)) for some (A,b) € U
and some A € S™ with {1, Axy — b) = 0.
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Proof. The conclusion will follow from Theorem 3.1 and Theorem 3.2 if we show that the char-
acteristic cone M is convex. In fact, we show that the hypothesis: ((A,b),1) — (Ax — b, 1) is
concave-like on U x S for each x € X, ensures that M is convex. To this end, note that one has

M

epio.+ ) @,¢b,)
(A,b)eU, AeS+

epio, + U (A*(), (b, 1)) + {0} x R,).
(A,b)eU, AeS+

Since epid. is convex, it is enough to show that the set

(A", (b, ) + {0} x R,)

(A,b)eU, AeS+

1s convex. Now, let

(a1, 1), (a2, ) € U (A"(D),<b, ) + ({0} X Ry)
(A,b)eU, AeS+

and yu € [0, 1] be arbitrary. Then, there exist (A}, b1),41) € U X ST and ((A2,by), ) € UX ST
such that

a; =A;(4;) and a; > (b, A;), i =1,2. (3.17)
So, for this u € [0, 1], in view of the hypothesis, we can find ((A3, b3), A3) € U X S* such that

pKai, x) = <b1, 1)) + (1 = w)({az, x) = (b2, A2))
p(A1, Arx = b1)) + (1 = (1) ({2, Azx — by))

< (Asx — b3, A3)
= (A3(13),x) — (b3, 43), Y x € X.
This gives us that
(uay + (1 = maz = A3(43), x) < by, A1) + (1 = )b, A2) = (b3, A3), (3.18)

for all x € X.
Put x = 0 in (3.18), then,

pb1, A1) + (1 = )bz, A2) = (b3, A3). (3.19)
This together with the fact that «; > (b;, 4;) (i = 1,2) implies that
pay + (1 = sy = (b3, A3). (3.20)

Let y > 0 be an arbitrary positive real number. By putting x := y[ua; + (1 — wa, — A5(13)] in
(3.18), and letting y — +o0, we conclude that

pay + (1 = pway = A3(43). (3.21)
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Therefore, (3.20) and (3.21) implies that

par, ar) + (1 —p)az, @2) € U (A"(D), (b, 1)) + ({0} X R,).
(A,b)eU, AeS+

Thus, M is convex. [

Remark 3.3. It is worth noting that if int (S) # 0, s € int(S) and 1 € §* \ {0}, then, (1, s) > 0.

In the following, we show that if Y := R”, then the characterizations of the robust best approxima-
tions hold under a strict feasibility-type condition and a concave-like condition.

Theorem 3.4. Suppose that Y = R" and U is closed, bounded and convex. Let xy € K¢y = C N Dy
be given and let, for some X € C, b — Ax € int(S) for each (A,b) € U, where S := R}. Assume
that the concave-like condition which defined by (3.16), holds. Then, for any x € X,

Xo = Pk, (x) & xo=Pc(x—A"(Q)) for some (A,b) € U
and some A € S* with (1,Axy — b) = 0.

Note that, in the case that Y = R", we have S* = R

Proof. The conclusion will follow from Theorem 3.3 if we show that the characteristic cone M
is closed. Indeed, we show that the existence of X € C with b — Ax € int(S) for all (A,b) € U,
guarantees that the characteristic cone M is closed (in view of Theorem 3.3, one has M is convex,
then, M is weakly closed if and only if it is norm closed). To see this, let (x,r) € M with
1(x, ) — (x*, )|l — 0 for some (x*,r) € X X R (note that by the definition of the product norm,
one has [[x; — x*|| — 0 and |r; — r| — 0). Then, there exist (y;, ax) € epidy, (A, by) € U and
Ar € S such that

(X 1) = Vo @) + (A (), b 4)), Yk =1,2,- -+ (3.22)

Since, in view of the hypothesis, U is bounded, so the sequences {A;},>1 and {b;};>; are also
bounded, and hence, the sequence {A;};-; is bounded. Therefore, by using [1, Lemma 2.37] and
(3.22), by passing subsequences, we may assume that there exist A € L(X,R") and b € R" such
that Ay, — A and b, — b (we use the notation — for weak convergence, for more details, see [1,
pages 33-37]). Thus, (Ax, by) — (A, b), and so, since by the hypothesis U is weakly closed (note
that U is convex), we have (A, b) € U. On the other hand, we have A, — A, i.e., Ayxx — Ax (if
and only if [|A;x — Ax|| — 0) in R" for each x € X. This implies that A;(y) — A*(y) in X for each
y € R". Now, since for each y € R" the sequences {A;(y)};>1 and {b;};»1 are bounded and converge
weakly, it follows that

IA;(y) = A*(y)I| — O for each y € R", and ||b; — b|]| — O. (3.23)

We claim that the sequence {4;};>; C S is bounded. Otherwise, we have || ;|| — +oo. Put y; :=

”j—’;” (k =1,2,---). Since {y:}=1 C S is a bounded sequence, then, by passing a subsequence,
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there exists 4 € §™\ {0} such that ||y, — A|l — 0. Since |[x;|| — [|x*||, [rx] — [r] and [|A]| —> +o0,
it is easy to see that

Il o and - o (3.24)
||/1k|| ||/1k|| ) ’

Since (y, ax) € epidy, for all k > 1, and epidy. is a cone, one has

y;: (047 ) . ok
— —— | eepid,, Yk>1. (3.25)
(nakn ) = Poe

Also, we have A* is linear and continuous, it follows from ||y;—A|| — 0 that ||A*(y,)—A*(1)|| — O.
This together with (3.23) implies that

1AL (v) — A"(DI — 0. (3.26)

Moreover, since ||b; — b|| — 0 and ||y — A|| — 0, in view of [1, Lemma 2.41(iii)], we conclude
that

KDrs yi) — (b, )| — 0. (3.27)
Now, by using (3.22), (3.24), (3 26) and (3.27) it is not difficult to show that

[ i) - v o] — o (3:28)
Since epidy. is norm closed, it follows from (3.25) and (3.28) that
—(A*(), (b, A)) € epidg. (3.29)
So,
(A, —AX) = (-=A"(2), X) < —(b, A). (3.30)

Hence, we see that (1,b — Ax) < 0. This contradicts Remark 3.3, because 4 € S§* \ {0} and
b — Ax € int(S). Therefore, {A:};>1 € S is bounded. So, by passing a subsequence, there exists
A € §* such that ||, — A|| — 0. By an argument similar to the above (the assertions (3.23)-(3.28))
and using (3.22), one has
g @) = [, 1) = (A" (D, D, T = TG, 7)) = (A5 (b, )] —
[(x", 1) = (A" (D), b, ]I — 0.
Since epidy. is norm closed, in view of (3.25)), we have
(x", 1) = (A*(2),(b, A)) € epidc,
and hence,
(x",r) € epid + (A" (1), (b, 1)) € M.
Thus, M is closed, which completes the proof. O]

Remark 3.4. The proof of Theorem 3.4 shows that the robust Slater condition that there exists
X € C with b — Ax € int(S) for each (A,b) € U, guarantees that the characteristic cone M is
closed. Moreover, the concave-like condition (3.16), ensures that the characteristic cone M is a
convex set.
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4. Robust Min-Max Duality

In this section, X and Y are real Hilbert spaces. We establish a strong duality theorem between
the robust constrained best approximation Problem (1.1) and its associated dual problem. Conse-
quently, in the case of ellipsoidal uncertainty, we show how the robust best approximation can be
found in terms of the solution of a simple dual second order cone programming problem.

Recall that xy € C N Dy, 1s a robust best approximation for the point x € X from the set C N Dy,
whenever x; solves the robust best approximation problem:

minf|lx — 2| : z € C N Dy},
zeX
where the set Dq, is defined by:
Dq:={zeX : Az<b, VY (A,b) € U}.

Equivalently, x is a solution of the following problem:
1 )
P) min{=|lx—-z||°:z€ CN Dy} =
€X 2
1

min{=|lx -zl : z€ C, Az< b, V (A,b) € U}.

€X 2
The dual problem for the Problem (P) is given by:

1 5
(D) max  minizlle— 2l +(1.Az - b)),

The related dualities for finite dimensional convex optimization problems and their inf-max duality
results can be found in [2]. It is worth noting that in the Problem (D), the function %llx — 7| +
(A,Az - b) (z € X, A €7Y)is the Lagrange function L corresponding to the Problem (P), i.e.

1
L(z, A) := 5||x — AP+ (1, Az-b), z€X, A€ Y.

We show that the robust strong CHIP characterizes strong duality between Problem (P) and Prob-
lem (D).

Theorem 4.1. For the Problem (P), we assume that Kq; = C N Dqq. Then, the following assertions
are equivalent:

(i) The pair {C, Dq;} has the robust strong CHIP at each point 7 € Kq,.

(ii) For any x € X, min(P) = max(D), i.e.,

1 1
min{=|]x—z]*>:z€e CN Dy} = max min{=|x—z||* + (1, Az - b)}.
€X 2 (Ab)eU, 1eS+ zeC 2
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Proof. [(1) = (i1)]. Suppose that the pair {C, D¢} has the robust strong CHIP at each point
7 € Kq;. Note that the weak duality:

Ix — z|I> + (1, Az — b)}.

o1 2 1
min{=|lx—z||": z€ CN Dy} > max min{—
z€X {2” I ul (Ab)eU, AeS+ zeC {2|

always holds. We only need to verify the reverse inequality:

. 1 2 . 1 2
— — . < — — —
rgm{ llx=2z|I" : z€ CN Dy} < (A,b{e%i%leS* rglcn{ [|x = z||” + {1, Az — b)}.

To this end, let x, be a solution of the Problem (P). Then, clearly x, is a robust best approximation
of x, and so, by Theorem 3.2, one has

xo = Pc(x — A*(Q)) for some (A,b) € U and some 1 € S*
with (1, Axy — b) = 0. 4.31)

This, after some simplifications implies that for each z € C,
1 1 1
Sl = 2P + (A, Az = by 2 Sl = ol + (2, Axo = b) = Sl = xoll*. (4.32)

Indeed, for proving (4.32), first note that in view of (4.31), we have xy = Pc(x — A*(1)), and so, by
using (3.13), one has x — A*(1) — xy € (C — x¢)°. This implies that

(x=A"(1) = x0,2—x) <0, VzeC. (4.33)

By a simple calculation, it follows from (4.33) that
(x — x9,2— x0) +{A,Axy — b) < {1, Az—-Db), Yz € C. (4.34)
Note that since xy € K¢,(C C) is a robust best approximation of x, thus by (3.13), we conclude that

(x=x0,2—x0) <0, VzeC. (4.35)
On the other hand, we have
1 1 1
Sl - 2P = Sl = xoll* + Sl — 2I* + (x = xo, X0 — 2)-

Therefore, this together with (4.34) and (4.35) and the fact that (1, Axo—b) = 0 (see (4.31)) implies
that

1 1 1
§||x - 7P+, Az-by = Ellx — xoll* + Ellxo — 2l* + (x = X0, X0 — 2)
+{1,Az — b)
1 1
> Sl - xol* + Sl = ZlI* + {x — X0, X0 — 2)
+{x = X0,2 — Xo) + {1, Axo — b)

1
2 5llx = ol + (2, Axo — b)

1
= 5||x — x|l (4.36)
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Then, (4.32) holds.
Since by the hypothesis, x is an optimal solution of the Problem (P), thus we get from (4.36) that

1 1 1
: 2 2 2
min{=|[x—-z||":z€e CND = —|[XxX—X < max min X—2
zeX {2” ” "U} 2” 0” (A,b)eU, AeS* zeC { ” ”

+(1,Az = b)}.

[(i1) = (1)]. Fix an arbitrary xo € K¢;. Let a € (K¢ — x)° be arbitrary. Then, P, (x) = xo, where
X :=a + xo. Then, (ii) gives us that there exist (A,b) € U and A € S such that

—||a|| = mln{ lla + xo — 2> + (1, Az — b)}.

This implies that (1, Axy — b) > 0, and so, (1, Axy — b) = 0 because xy € Kq;. This shows that for
eachz € C,

1 1
E||a +x0— 2> + (1, Az - b) > E||a||2 + (A, Axy — b).
Therefore, the convex function f(z) := %Ila+x0 —z|I>+{A, Az—b) +6¢(2) attains its global minimum

at xg. So,
0€df(xg) =—a+ A"+ (C — xp)°.

Thus, a € (C — xy)° + A*(A) for some (A, b) € U and some A € S* with (1, Axy — b) = 0. Hence,
(K¢t — x0)° € (C —x0)° +{A"(1) : (A,b) e U,A € ST and (1, Axy — b) = 0}.

Note that the reverse inclusion always holds (see (3.12)). So, the robust strong CHIP holds at each
point z € Kq,. ]

Ellipsoidal Uncertainty
Consider now the special case of the Problem (P) :

1
min{=|lx - z||* : z€ C, Az < b, V (A,b) € U},
€X 2
where U = U° is the ellipsoidal uncertainty [3] defined by:
Uu: = {(A,b) e LLX,RYxR": Ax := ({ay, x),...,{a,, x)), Yx € X,
0 =0,  w b =0
bi= BB, (@nf) = @B )+ Y Vi@ )
=1
v}, VDllRe <1, i = ln} (4.37)

where (a(l) B ) € LX,R)xR = X* xR = X X R (note that since X is a Hilbert space, so X* = X),
i=1,....,n,1 =0,...,qg and g € N. It should be noted that the continuous linear mapping
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A : X — R" is naturally defined by (4.37) because Ax € R" for each x € X. In this case, the dual
Problem (D) can be expressed as a second order cone programming problem which can easily be
solved.

To see this, define the convex function f : X — [0, +00] by:
1
fO) = Sl = I +6c0), y € X,
where d¢ is the indicator function of the closed convex set C. We observe that

(1
max  min {—le 7P+ (1, Az - b>}
(Ap)ele, 2,20 zeC |2

max inf {f(z) + Zn: Ai(a;i, 2) —ﬁi)}
i=1

(a,ﬁ,)e'u z€X
;>0
n n
= max {-f —Z/la‘ _Z/l‘ }
(%ﬁi)e%,{ (= ) ) = ) A
;=0 =1 =
n q
s —(0 L
= max {_f(‘z/lf(“g)JrZ @) - Z/l(,B Z 0 }
0! vDII<I, i=1 =1
;=20

where f* denotes the conjugate function of f. Letting z; := (z(l) ...,z(q)) z(l) =4 1=1,.
and zfo) =4;,>0,i=1,...,n, we see that

1 1 (@) 0)
IO VDR <1, 4,20 = NI, 2 D)ee < 2.

So, the dual problem can be expressed as the following second order cone problem in the finite
dimensional space R"@*D:

(=) (1)—<’>
S A E) I AR W IE

20,2 )eRa+! i=1 =0 i=1 =0 (4.38)
1 0) .
G 2l <200 = ).

It is worth noting that when C = X or C = L2[0,1] = {x(¢) € L*[0,1] : x(¢) > O, a.e.}, the
conjugate function f* can be computed explicitly [8], and so the dual problem can be efficiently
solved. For example, when C = X and f*(y) = %llyll2 + (y,x), y € X. So, in this case, the dual
problem can be explicitly written as the following concave quadratic maximization problem with

second order cone constraints:
—(1)
max H Z Z g (1) Z Z @, xy - Z Z g
0
@ i=1 1=0 i=1 =0

(9)
g JERH i=1 =0

||(Z(1) ...,Z(q))”R < Z( ) i=1,. ,n}

The following corollary illustrates how we can obtain the robust best approximation in terms of a
solution of the dual Problem (D) in the case of ellipsoidal uncertainty.
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Corollary 4.1. Let U := U°. Suppose that the pair {C, Dq;} has the robust strong CHIP at each
point 7 € Kqy = C N\ Dqq. Then, the robust best approximation x* € Kq; of x € X is given by:

X' = Pelx - Z Z 27",

i=1 [=0

where 7 = (Z(O) . ,Z(lq), ... ,sz’), e Z,(f)) is a solution of the optimistic dual problem
—(l)
w,. { e Samn-3 5
@i ?yeRE"! i=1 =0 i=1 1=0 (4.39)

1 0) .
I, 2Dl < 20, = 1,...,n},

where f(y) := 5llx =)IP + 6c(), (v € X).

Proof. First of all, Theorem 4.1 ensures that the strong duality holds (i.e., p* = ¢*, where p* is the
optimal value of the primal Problem (P) and ¢* is the optimal value of the dual Problem (D)), and
S0, we have:

1
p = mln{—llx — 7?1 z€ C N Dy}
zeX

= max mm{—llx Z? + (1, Az - b)}
(A,b)eU, AeS+ zeC

q
_ + }: }: D= }‘ }: Oy
—((O)max {_f(_ Zia,‘)_ Z,‘:Bi
Z; sl

(@)
i ERH i=1 =0 i=1 =0

1 (@) 0 *
D, 2D < 20, 1,...,n}:q.

The conclusion will follow if we show that x* = Pc(x— Y7, X7, 7a") is feasible for the Problem
(P) and ]lx — x*|* = max(D).

To verify feasibility, we first observe that x* € Kq; (and so, x* € C). Now, for each

(0 (@ 0
2:=(2) 52 v 20,29,

we define

i=1 1=0 i=1 =0
Since 7 is a solution of the optimistic dual problem, thus, 7 is a global minimizer of the function 4
over []i~, SOC,, where SOC, is the second order cone in R, i.e.,

SOC, := {(x0, x1,...,X,) € R x> ICxr, .o x)lRa -
So, we have

Vi) e - | | SOC, and Z'Vh() =0

i=1
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Note that (see [16]) f™ is differentiable and df*(y) = Vf*(y) = Pc(y + x). So, foreachi =1,...,n,

—©0) —@)

~(@”.x) =) 2= (@ 2y =B @ 1) = B )l

But, for each (a;,;)) € U (see the definition of U°), there exists (wgl),...,wl(.q)) € R? with

v ™, wD)lge < 1 such that (@, 8;) = @5, ) + 24, w@",B.). Therefore, for each i =

1,...,n,

(l)

axy—p = (@, '>—E§°))+ZW“)(<a”’ )

s(<a§°>,x*>—Ef-(”)+||(<a§“,x> “B @ xy = Bl
<0.

Thus, x* is feasible for the Problem (P).
Now, we verify %llx — x*|I> = max(D). The complementarity condition: ZTVh(Z) = 0, gives us that
S Yz (@, x) —BED) = 0. Hence,

max(D) = —f"(- i i Z,(-Z)EED) _ i i ZE”BEI)

i=1 =0 i=1 1=0
n q n q
- (- ZZZ(})EEI)) + (= Z ()= a(l)
i=l I=0 =1 1=0
= f(x)
1 %112
= EIIX - X,
where the second equality follows by the fact that x* € df*(— X1, 2.7, _fl)_(l)) and the Fenchel’s
equality f*(v) + f(x) = (v, x) & x € If*(v). O

Now, by the following example, we illustrate the results obtained in Section 3 and Section 4.

Example 4.1. Let X := * and Y := I?, where

P=PN) = {x = (o,x,..) s 6 € R, )l < oo,
i=1
endowed with the I? inner product {x,y) := Y22, x;y; for each x,y € [>. Moreover, the induced norm

is defined by:

00 1
2
] = (Z |x,-|2) L Vxi= (nuxa,.. ) € P
i=1
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Let
S:={1=U1,4,..)€Y 4,=20,Vi>1}

Note that in this case, one has S* = S. Now, for each v € (0, 1], define the function A, : X — Y
by A,x = (vx1,vxp,...) = vx for all x := (x1,x2,...) € X. It is clear that A, is a well-defined
continuous linear mapping in L(X,Y) for each v € (0,1]. Let b, := (v, %v, %v, ...) for each v €
(0,1]. Clearly, b, € Y for each v € (0,1]. Let U := {(A,,b,) : v € (0,1]}. Therefore, U C
L(X,Y)xY.

Thus, one has

Dy =1{z:=(z1,2,...) €X: Az < b,, Yve(0,1]}

1
={zeX:vz;<-v,Vi=12,...,Yve(0,1]}
i

1
=keXigs— Vi=12..) (4.40)

Now, let v € (0, 1] be arbitrary. Define A, : Y — X by (A} (1),2) := (A, A,2) forall A € Y and all
z € X. Then, we have

(A5, 2) == (L, A7) ={4,vz) = (WA, 2), Yz € X.

This implies that A}(A) = vAd = (vA;,vAy,...) forall A :== (A1, A2,...) € Yand all v € (0, 1].

In the sequel, put x, := (1, %, %, ...) € X. It is not difficult to check that ¥ (xo) = U X S*. Therefore,
Ay = U aw
((Av,by), DEF (x0),v€(0,1] (Ayby), DEUXS * ve(0,1]
= J m
AeS* ve(0,1]
=S+, (4.41)
Let C := . Then,
(C = xp)° = C° ={0}. (4.42)
Also, in view of (4.40), we have
(CN Dy —x)° =Dy — x0)°

= ({Z—Xo 1Z€ Dfu})o
= ({z—xo 1z < xo})o

:({z—xo:z—xOSO})o
=S*.
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So, it follows that
(Kru - )C())o = (C N Dru - X())O = S+. (443)

(Note that since xy € Dq; and xo € X = I> = C, we conclude that x, € Kq;.) Therefore, (4.43)
together with (4.41) and (4.42) implies that

(K = %0)° = (C = x0)° + ) o
((Ay,by), DT (x0),ve(0,1]

Thus, in view of Definition 3.1, “the robust strong conical hull intersection property“ holds at the
point xo. Consequently, by using Theorem 3.2 (the implication [(i) = (ii)]), for any x € X, we
have:
Xo = Pk, (x) & xo = Pc(x—A}(Q)) for somev € (0, 1] with (A,,b,) € U
and some A € S* such that {1,A,xo — b,) = 0.

Indeed, we have (1,A,xo — b,) =0 forall A € S* and all v € (0, 1]. Also, if
1 1
x, = (1 +V/11,§ +V/12,§+V/l3,...) eXwithd=,4,,..)€S  andv € (0,1],

then, xo = Pc(x, — A}(Q)) holds for all A € S* and all v € (0, 1], and that xo = Pk, (x,) for each
v e (0,1].

In the following, we show that the “characteristic cone M *“ which defined by (3.10):

M=epise+ [ ] (AD,¢b,)

(A,b)eU, AeS+

is closed (weakly closed) and convex. First, note that since C = [2, one can easily see that

Sp(u) = {0’ if u=0,

+o00,  otherwise,
forall u € I%. So, epio. = {0}. Therefore,

M =episy + U @w.en
(Ay,by)eU, 1S+, ve(0,1]

1
= {0} + U A, vAL + zvAr +..)
2
A=(A1. 20, )€S *, ve(0,1]
= {0} + (S™ X [0, +c0))
=S5* %[0, +00).

Thus, it is clear that M is closed and convex. Then, in view of Theorem 3.1, one has “the robust
strong conical hull intersection property“ holds at the point x,, which (in the above) was directly
shown that it holds by using Definition 3.1. Consequently, since M is closed and convex, so the
results obtained in Section 3 and Section 4 hold and illustrated by this example.



Mohebi/Mohebi/ Wavelets and Linear Algebra 12(2) (2025) 24-47 46

Remark 4.1. It is worth nothing that if we assume that
U:={a,b)} cLX,RIXR=X"XR=XxR,

and so, Dq; := {z € X : {a,z) < b} (call, the singleton case), then, all proofs of the results under
consideration hold for the Problem (1.1) (given in page 3) with the constraint set Dq; without
any change. Now, if Y is an infinite dimensional separable Hilbert space, then, by [1, Theorem
4.19(2)], there exists a; € LIX,R)(= X* = X),i=1,2,..., such that

Ax = ({ay, x),{az, x),...) for each x € X. (4.44)
Let b := (by, b, ...) € Y. Therefore, (A,b) € L(X,Y) X Y. Let
U :={(A,D) e L(X,Y) XY : Ais defined by (4.44), b € Y},
and
Dy ={z€ X:Az<b, YV (A,b) € U}.
Thus, the Problem (1.1) :

mi§1{||x—z|| :z2€C, Az<b, Y (A,b) e U}, (x e CN Dy)
ZE

is equivalent to the following Problem:

mi}?{llx -zl :z€C, {a;,z) < by, forall a;, b; for which (A,b) e U, i =1,2,...},
ZE

which is a “semi-infinite programming “. Indeed, in the particular case, the Problem (1.1) can be
inverted to a “robust semi-infinite programming “.
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