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1. Introduction

The concept of frames in a Hilbert space H, space was originally introduced by Duffin and
Schaeffer in the context of the non-harmonic Fourier series [11]. From the last decade, various
generalizations of the frames have been proposed such as frame of subspaces, g-frames, and so
on[7, 14]. The concept of equal norm Parseval frames on finite-dimensional Hilbert spaces was
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first introduced by Casazza and Leonhard in [8] and it been developed very fast over the last ten
years, especially in the context of wavelets and Gabor systems.

Given a n-dimensional Hilbert space H, with inner product (., .), a sequence {f;};, is called a
frame for H,, if there exist constants A > 0, B < oo such that for all f € H,,

AllfIP < Z Kf, ol < BISIF, (1.1
i=1

where A, B are respectively the lower and upper frame bounds. The second inequality of the frame
condition (1.1) is also known as the Bessel condition for { ;};,. The frame {f;}\_, is called a A-tight
frame, if A = B. A tight frame with ||fi|| = ¢, for all 1 < i < m, is called a c-equal norm tight
frame and a tight frame with frame bound 1 is called a Parseval frame. A sequence {f;}, is called
a frame sequence in H,,, if it is a frame for span {f;}:~ .

The bounded linear operator S defined by

S H, > H,  Sf=Y f)
i=1

is called the frame operator of {f;}:.,. For more information concerning frames refer to[1, 10, 13,
14, 15].

Frames are redundant sets of vectors in a Hilbert space, which yield one natural representation
of each vector in the space, but may have infinitely many different representations for any given
vector. It is this redundancy that makes frames useful in applications. In signal processing, this
concept has become very useful in analyzing the completeness and stability of linear discrete
signal representations.

The number of frame vectors per dimension is defined as the redundancy of a frame in the
finite-dimensional setting which is not an unsatisfactory definition. A more precise quantitative
notion of redundancy for finite frames (lower and upper redundancies) has been introduced in [3].
This quantitative notion of redundancy is generalized to infinite frames in [4].

The frame potential of a finite frame is introduced by Benedetto and Fickus in [2]. Actually,
the frame potential of a finite frame is a criterion to measure the orthogonality. It is shown that,
A-tight frames are the minimizers of the frame potential over K, where K is the family of frames
with lower frame bound A[5].

In this paper, we characterize all possible finite frame redundancies(Theorem 2.9). Also, we
characterize all possible frame potential of finite frames with prescribed norms in H,(Theorem
2.11). Finally, the results are presented for special cases H, and H;(Theorem 3.1 and Theorem
3.3).

2. Main results

Bodmann, Casazza, and Kutyniok introduced a quantitative notion of redundancy for finite
frames, and Cahill, Casazza, and Heinecke generalized it to infinite frames.
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Definition 2.1. [3] Let ¥ = {f;}i., be a frame for Hilbert space H,. The redundancy function of
¥ is defined on the unit sphere S := {x € H,;||x[| = 1} in H, by

DI IR,
i=1

where P_g. is the orthogonal projection onto < f; >:= span{f;}.
The upper and lower redundancy of # are defined by

Ry-!S->R+, Rg—-(x)l

Ry :=supRs (x) and Ry := ing R (x),
x€S xe

respectively.
Moreover, ¥ has a uniform redundancy, if R~ = R

The properties of lower and upper redundancy for frames can be found in [3, Theorem 2.1]
and [4, Theorem 3.1].
Since, zero vectors have no effect on redundancy, throughout this paper, we assume that f; # 0,
forall 1 <i < m. Thus

Benedetto and Fickus defined the frame potential of a frame as follows:

Definition 2.2. [2] Let ¥ = {f;}'_, be a frame for Hilbert space H,,. The frame potential of ¥ is
defined by

IGEY (38
=1

The following theorem presented a relation between the frame potential and redundancy of a
frame.

Proposition 2.3. If ¥ = {f}., is a frame for H,, then

mC*R. < FP(F) < mD*R>,
where C = mini_ | ||fi|l and D = max?" ||fill.
Proof. For any 1 < j < m, we have

= (mn] 2

i=

2
<] l><R
i)
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(e )
1711 1l

and hence

m 2

mR; < Z

i,j=1

+
S MRg.

Thus

and

m 2

mRy > Z

<i i>
=l A

m 1 1 2
= 2tz W)

> v 205

1

The following remark is immediate from Proposition 2.3:

Remark 2.4. If ¥ = {f;}I, is a c-equal norm tight frame for H,, then
R =R = LFP(T')
7T :

The frame potential of the union of two frames is bigger than of summation of their frame
potentials:

Proposition 2.5. If ¥ = {f;}| and G = {g};7, are frames for H,, then

FP(FUG) >FP()+FP(G).
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Proof. Let
fi » 1<i<m,
hi = Sicm, Mi+1<i<m+my -~
Then
mi+nmy 5
FPFUG) = . [(n)
i,j=1
mjl 2 mj+my 2
> Z (e )| + | Z (1 )|
i,j=1 ij=mi+1
m , m )
- (1) + > (22|
Lj= Lj=
=FP(F)+FP(G).
(In the above inequality used of the completeness of frames ¥ and G.) ]

The following two examples show that redundancy and frame potential of finite frames are not
necessarily stable under small perturbations of the frame set.

Example 2.6. Let 0 < € < 1 and let {¢;}!_, be an orthonormal basis for H,, ¥ = {f;}i, be the

frame defined by
ee; + V1 — €%ey, i=2,

and G = {g;};_, be the frame defined by

8i:

It is easy to show that max!_, ||f; — gill < € and Ré = Ré =1.ButR_-=1-€and R = 1+¢, by
[12, Example 2.3].

Example 2.7. Let € > 0 be given. Assume that
F o= {(1 + %) el,(l + 5) e, ..., (1 + %) en}, where & := {e}, ea, ..., €,} is the orthonormal basis for

. Then max, |Ifi - el < & but FP(F) = n(1 + €)' > n = FP(&).

For a given positive self adjoint operator S on n-dimensional Hilbert space H, and m > n,
Casazza and Leon give necessary and sufficient conditions on @y > @; > ... > @,, > 0 so that there
is a frame ¥ = {f;}, for H, with frame operator S and ||f}|| = ;, forall 1 <i < m:

=
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Theorem 2.8. [9] Let S be a positive self adjoint operator on n-dimensional Hilbert space H,,. Let
Ay = Ay > ... > A, be the eigenvalues of S. Fixed m > n and real numbers ay > a; > ... > a,, > 0.
The following are equivalent:

(1) There is a frame F = { f;};-, for H, with frame operator S and ||f|| = «;, for all 1 <i < m.
(2) Forevery 1 <k <n,

Using the above theorem, all possible finite frame redundancies is characterized in the follow-
ing theorem.

Theorem 2.9. Let 0 < u < A and positive integers m > n be given. Then there is a frame

F = {fifie) for H,, such that R = pand R = Aifand only if 1 > 1 and (n— Du + A < m <
u+m—-1)A

Proof. We first assume that ¥ = {f;}., is a frame for H, such that R~ = u and R>- = A. Then for

f‘ m
the frame G := {Ilf_ll}—l we have

A=L2h>.>d=u and ai::H”]fc—"”H:L Vie (1,2, ..m},

where A, A,, ...4, are eigenvalues of the frame operator of the frame G. Using Theorem 2.8 we
have A > 1,m=A=u,forn=1and A > 1,m = A+ yu, for n = 2. Also for n > 2, we have

I <24

JjoSA+X A 2<j<n-1,
2.1)

m :/l+ll+2?:_21/li-

Now using relationships (2.1) we have

n—1 n—1
(n=Dp< Y h=m-A-p=> 4 <mn-2)2
i=2 i=2

and hence

m-Dpu+d<m<pu+@m-1DA
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Conversely, letA > land(n—Duy+A<m<u+m-1DA Ifu<l,thenm—-pu>n-1andif
u>1,thenm—-—pu>m-2)u+A>n—-2+1=n-1. Thuswehavem—-u>n—-1.Setd; =1 =y,
forn=1,

A, j=1,
A= .
/ e j=2
forn =2 and
4, j=1
Aj = U, j=n,
mEE 2<j<n—1
for n > 2. Also set
a; =1, V1<i<m

:ﬂ+Q—Dm_f;#
_(n=1=pPA+({-1D(m—-p
B n—2
>n—1—j+(j—1)(n—1)

- n-—2

forany 1 < j <n-1. Also
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For n = 1 and n = 2, the above relations hold, obviously.

Now using Theorem 2.8, there is a frame ¥ = {f;}i, for H, with ||fj]| = 1 for 1 <i < m such
that the largest eigenvalue of the frame operator of ¥ is A and the smallest eigenvalue of the frame
operator of F is p. It follows that R = pand R = A. [

All possible finite frame redundancies with special frame potential is characterized in the fol-
lowing theorem.

Theorem 2.10. Let 0 < u < A, y > 0 and positive integers m > n be given. Then there is a

frame & = {fi}., for H, such that R = u, R = A and FP(F) = vy if and only if 1 > 1 and
m-Du+A<m<su+m-1A

Proof. If A >1and (n—1)pu+ A <m < pu+ (n—1)A4, then there is a frame ¥, = {f;}:2, for H,
such that R;O =u, Rfr,o = A, by Theorem 2.9. Now let ¥ := { 4 %ﬁ} - For any x € S we have

i=

2

m

R¢(x)::z

i=1

Y
)

2

4f Y .
FP(“FO)f’

il
=

= R‘Fo (x)

Thus R = R;O =pand RT = R;O = A. Also

J_r .
<\/ FP o) \/ FP (%)fj>

‘2

2

m

FP(Fo)= ).

ij=1

,
FP(Fo) 4 (5.5)

_ Y
FP (%)

:"y.

FP (%)

The converse of the theorem holds by Theorem 2.9. ]

All possible frame potential of finite frames with prescribed norms is characterized in the next
theorem.

Theorem 2.11. Let positive integers m > n, real numbers a; > a; > ... > a, > 0O andy > 0
be given. Then there is a frame F = {fi}i, for H, such that ||fil| = «;, forall 1 < i < m and
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FP(F) = v ifand only if there exist positive numbers 1, > A, > ... > A, such that

P a? < SE AL 1 <k<n,
Yhia; =Y A, 2.2)
2ie1 /1? =7

Proof. If there exist positive numbers 4; > A, > ... > A4, such that (2.2) is satisfied, then there
is a frame ¥ = {f;}I, for H, with ||fi]| = a;, forall 1 < i < m, suchthat ; > A, > ... > 4,

are the eigenvalues of the frame operator S with respect to an orthonarmal basis {e;};_, for H,, by
Theorem 2.8.
Using spectral mapping Theorem and equality trace (S 2) = FP (F)[6], we have

FP(F) = trace (S 2)

= Zn: X
i=1
=.

Conversely, suppose that 7 = {f;}i, is a frame for H,, such that ||f]]| = a;, forall 1 < i < m and
FP(F)=1v.Letd, > A, > ... > 4, be the eigenvalues of the frame operator S with respect to an
orthonarmal basis {e;};_, for H,,. Thus 3}, /lf = trace (S 2) =FP(¥)=",and

ko 2 k
i1 @ < 2imy Ais 1 <k<n,

2 a? =Y A

by Theorem 2.8. ]

Corollary 2.12. If ¥ = {fi}", is a frame for H, such that ||fill = a;, forall 1 < i < m and
FP(F) =, then ;a* <y <’ where @ = 3, o].

Proof. There exist positive numbers 4; > A, > ... > 4, such that
{ Thiar =Xk A
Tl =7
by Theorem 2.11. Thus

=L+ L+ ) >+ + =y
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and

=L +b+..+A)

=B+ B+t B2 N

i<j
s/lf+/l§+...+/lﬁ+2(/li2+/1§)
i<j
=n(B+L2+..+2
(1 2 n)
= ny.
]

Corollary 2.13. If y = Y1, &, then there is a frame F = {f}i_, for H, such that ||fi|| = a;, for all
l<i<nand FP(¥) =v.

Proof. Set A; := a?, forall 1 <i < n and apply Theorem 2.11. O

n i

Corollary 2.14. Ify = 1 (Z;’il az)z, such that Y, o2 < X 37" a2, forall 1 < k < n, then there is
aframe = {f;}i., for H, such that ||f)|| = «;, forall 1 <i <mand FP(F) = .

Proof. Set A; := % > a7, forall 1 <i<nandapply Theorem 2.11. ]

3. Possible frame potential of frames with prescribed norms in #, and 73

In this section, we focus on special cases n = 2 and n = 3. All possible frame potential of
frames with prescribed norms in H, is characterized in the following theorem.

Theorem 3.1. Let integer m > 2, real numbers a; > a; > ... > a,, > 0 and y > 0 be given. Then
there is a frame F = {f;}i, for Hy such that ||fi|| = a;, forall 1 < i < mand FP(F) =y if and

only if
1.2 2
st <y <a’,

N2y —-a? 2205 -’

where @ = Y1, .

Proof. It ¥ = {fi}'Z, is a frame for H, such that ||f;|| = a;, forall 1 <i < mand FP(F) = v, then
there exist positive numbers 4; > A, such that

2
G’IS/l],
/11+/12:a,

/1%+/l§:7
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by Theorem 2.11.
We have 1a? < y < @2, by Corollary 2.12. Also, using inequality a? < A; and equality

A1 + A, = a, we have
/11—/122205%—04

and hence

V2y—a? = 28 + 208 - (4 + )
= (/11 - /12)2

=4 -4

> 2a7 - a.

02§y<0/2,

V2y—a?>2ai-a ’

Conversely, if

N =

then for
L a+\2y-a?

Ay = TN

we have

A1 =>4>0
CL’%S/l],
A+ 4 =q, )

/1%+/1§:)/

Then there is a frame ¥ = {f;}\Z, for H, such that ||f}|| = a;, forall 1 <i <mand FP(F) =, by
]

Theorem 2.11.
Corollary 3.2. If F = {f;}1", is a frame for H,(n > 2) with FP (F) =y, then

%afz <y < a?,
— a2 2 _ K
V2y —a® > 2a) -«

where @ = 31", P, @ = ||Pfill and P is the orthogonal projection of H, onto H, .
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Proof. For any f € H,, we have

Sf=) (£ PP
i=1

- P(i <P*f,fi>fiJ

i=1

= PSOP*f,

where S and S are the frame operators of {Pf;}i”, and ¥, respectively. We have S = PS(P* and
hence
FP({Pf,) = trace(S?)

= trace (PS(P*PS(P")

= trace (PS (Z)P*)

= trace (S SP*P)

= trace (S g)

=FP(F)

=y.
Now the result is obtained from Theorem 3.1. ]

A similar proof as the proof of the Theorem 3.1, shows that, for m > 1, there is a frame
F = {f;}n, for H; such that ||f}]| = a;, forall 1 <i <mand FP(¥) =y if and only if y = a?.

All possible frame potential of frames with prescribed norms in HHj is characterized in the next
theorem.

Theorem 3.3. Let integer m > 3, real numbers a; > a, > ... > @,, > 0 and y > 0 be given. Then
there is a frame F = {f;}i., for Hj such that ||fi|| = «;, forall 1 <i < mand FP(F) = vy if and
only if

Y= %(3&‘]‘ +a? - ZQ%Q) , 3.1

or

y 2 1(3a} +a? - 2a%0), (3.2)




Aghaee/ Hasankhani/ Wavelets and Linear Algebra 12(2) (2025) 1-14 13

m
1

_ 2
, where a = )| a; and

a— \/67—2(12 a+ \/67—2&2]
b

U 2

a—at+\[2y-3a}-a?+2a3a
b (S 2

Proof. Using Theorem 2.11, there is a frame & = {f;}iZ, for H; such that ||fi|| = «;, for all
1 <i<mand FP(¥) =, if and only if there exist positive numbers 4; > A, > A3 such that

2
aj < A4,

2 2
A <a-a)—a;,

A+ =a-A1;,

B+ l=y- R

Now using the proof of the Theorem 3.1, there is a frame F = {f;}i2, for Hj; such that ||f;]| = @;,
forall 1 <i<mand FP(¥) = v, if and only if the system of inequalities

2
Ha-x"<y-2,

y—x* <(a-x)7,

\/Z(y—x2)—(a—x)222af—a+x,

a—x— \/2(7—x2)—(a—x)2 > x>0

2

has a solution in variable x.
It is easy to show that the above system of inequalities has a solution in variable x, if and only
if (3.1) or (3.2) hold. O
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