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1. Introduction

The study of functions with a convex concept has been of interest to researchers for a long time.
In fact, many functions have been defined derived from the concept of convexity, which can be seen
as examples such as m-convex, uniformly convex; s-convex; p-convex and etc. (see [1, 5, 9, 12]).
Inequalities are one of the important concepts that were created by these functions and were con-
sidered by many researchers as a branch of mathematics. Inequalities such as Hermite-Hadamard,
Jensen, Hermite-Fejer, Hardy and Sherman [1, 2, 3, 11, 13] are one of the most investigated in
recent years and play an important role in different areas of applied mathematics. Among these
inequalities, Jensen’s inequality has been used in information theory and entropy. The study of
entropy problems is an active research area in dynamical systems, information theory, statistics,
thermodynamics, code theory, physics, and also in some other fields of mathematics [8, 6]. The
entropy have been studied by many researchers and have done so much to calculate this criterion
[4, 6, 8]. But numerical calculations of entropy are still difficult. In Simic [16], Tapus and Popescu
[17], the authors presented a strong upper bound for the classical Shannon entropy. In [14], the au-
thor obtain upper bound and lower bound for Shannons entropy of information sources. In Simic
[14], the author obtained new and more precise bounds for Shannons entropy. An upper global
bound for a differentiable convex function was given by Dragomir in [6]. In Simic [16] introduced
the characteristic C(f) of a convex function f and improved previous results.

In this paper, we introduce Jensens inequality for p- convex functions and present some new
and strong bounds for Shannons entropy improving the results from [16], and [17]. The paper
is structured on five sections: first is an introduction where several important recent results on
the inequalities which will be studied here are recalled, then in Section 2 a brief summary of the
fundamental notions utilized here is given. Section 3 contain main results where several extensions
of Jensens discrete inequality considering the class of p-convex functions and applications for
Shannon’s entropy are proved. In Section 4 new Sherman and Hardy inequalities for p-convex
functions are established. Sections 5 and 6 contain aproximations and some applications. Last
section is dedicated to discussions and conclusions.

2. basic notions
We start by recalling the wel-known concept of convex function and then some related notions.
Definition 2.1. Let 4 : I € R — R be a function. 4 is called convex if the inequality
h(Ax + (1 = A)y) < Ah(x) + (1 = Dh(y)
holds for every x,y € I and every 4 € [0, 1].

Definition 2.2. ( [9]) f : [a,b] — R is called a p-convex function if the inequality

fax+ 1 =10y) < f(x)+ f(»)

holds for every x,y € [a, b] and every ¢ € [0, 1].
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It is known that if xi,...,x, € I are points, and py, ..., p, € [0, 1] are coefficients such that
Yy pi = 1 then the sum

n
Z DiXi
i=1

is called the convex combination of points x; (with coefficients p;) .

Theorem 2.3. (Jensen’s Inequality) Let f : I — R be a function. Then the inequality

f(znl pixi) < Zn: pif(x;)
i=1 i=1

holds for every convex combination };_, p:x; of points x; € I.
Theorem 2.4. Simic in [16] proved that if f is convex on I, then

PuXu +'pvxv)}
Put Py

0 < max {p,lf(x,l) +pf(xy) = (pu + Pv)f(

0<u<v<n

< an pif(xi) — f(zn: pixi) .
i=1 i=1

In order to prove main theorems, we need the following lemma that has been proved in [7].

Lemma 2.5. Dragomir in [7] proved that for f : I° — R a differentiable function on I°, with
a,b €1’ a < b forwhich f' € Lla,b] the following identity is satisfied:

f@+fb)
2

b 1
! f Fydr = 222 f (1 = 20)f (ta + (1 — Hb)dL.
b-aJ, 2 Jo

According to [19], we recall that y = (yy, ...,y,) € R" is majorized by x = (xi,...,x,) € R”
(v < x), when 30 xiy > Nz v, for [ = 1nand 3L, x5 = Y, yi where Xy > o = Xy, vy 2
... = Y[y are the component of x and y rearranged in decreasing order.

In addition in [19] are defined the row stochastic matrix as the n X m real matrix P = (p;;) for
which p;; > 0 fori = I,_n, j= I,_m and all row sums of P are equal to 1. Similary, the column
stochastic matrix are the n X m real matrix P = (p;;) for which p;; > 0 fori = ﬁ j= I,_m but,
this time, all column sums of P are equal to 1. P is said to be doubly stochastic matrix if P is
column stochastic and also row stochastic.

By using the n X n doubly stochastic matrix, in [19], we have that for any x,y € R", y < x/ iff
y = Px.

Theorem 2.6. (HardyLittlewoodPlya) According to Hardy et all, [10], if f : J C R — Ris a real
convex function, and x = (x1,-- , %) € J", y= (1, -+ ,ya)! € J" s0 that y < x then we have

i Jx) = if(yi)-
i=1 i=1



Barsam,Sayyari,Ciurdariu, / Wavelets and Linear Algebra 11(2) (2024) 76-87 79

The below Sherman’s theorem is a generalization of Theorem 2.6.

Theorem 2.7. Sherman [15] proved that for a real convex function f : J C R — R defined on
an interval J and a = (ay, -+ ,a,)" € R™ b = (by,---,b,) € R", x = (x1,-+-,x,) € J",
y=01- sy €J"ify=Sxand a = S"b for some n X m row stochastic matrix S = (s;;), then

m

D aif(e) = Z bif ().
i=1

J=1

3. main results
In this section, we present some new results on p-convex function.

Theorem 3.1. Let f be a p-convex function and 0 < r < s < n are arbitrary, then

0<1£rrl<asxn{f(xr)+f(xs) f("’ e 2P x)} Zf(x,) f(Zplxl}

Proof.
" " Pre + DX,
f{ ) pixi|=f piXi + (pr + py) (—)
; i:;m Pr+ Ds
C PXr F DX
>+ f(%) ,
i=1,i#r,s Pr + DPs
so, we have
C C P Xy + DX
> fy - f [Z p,-xl-) > f(x) + f(x) ~ f (%)
i=1 i=1 pr + pS
which completes the proof. O]

Theorem 3.2. Let f be a p-convex function and 0 < r < s < n are arbitrary, then

Z ) - f{Z p,x,] < (n+ D(f@) + (b)) - f(“ . b)
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Proof.
G- f [Z pixl-) = > f(da+ (1 = 2)b)
i=1 i=1 i=1
- f (Z pildia+ (1 - ﬂ»b)]
i=1
<n(f(@)+nf®) - f [a [Z M,,.] +b {1 - A,-p,-D
i=1 i=1
= n(f(a) + f(b)) - f(pa+ gb)
< (n+ 1)(f(@) + f(b)) — f(pa + qb) - f(qa+ pb)
b b
<n+ 1)(f(a)+f(b))—f(pa;q L )
b
< (n+ D(f(@) + f(b)) - f(“ . )
which p = 3L, ipi,g =1 - X, 4ipi. L

Theorem 3.3. Let f be a p-convex function and O < r < s < n are arbitrary, then

v+ - Z:lz Xi
f+ f0) = F(F5E) < D ro - f(—l)
i=1 n
+v
< e D + fo - £ (557,
Proof. In Theorem 3.1, put x, = yu, x, = v,p; = -+ = p, = ﬁ the left inequality is obtained. For
right inequality. Seta =u,b=v,py =---=p, = i in Theorem 3.2. 0

log x
X

Lemma 3.4. Assume that a > e>. The function : [a, b] — R is p-convex.

Proof. Assume that a > e%, X,y > a. Define h : [0,1] - R,

h(t) = log(tx+ (1 —1y) logx logy
T o+ (1-1y X y

Now, we have h(0) < 0, A(1) < 0. Also,

d*h > 2log(tx + (1 —1)y) -3
g = G myyax+ A -ny) (A=)
22log(tx +(1=1y) =3

(tx + (1 = n)y)’

=(x-y)

Hence, h(f) < 0. We conclude that k’% is a p-convex function. L]
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3

Lemma 3.5. Assume that 0 < p; < e 2,y =minp;,v =maxp;, P={py,---,p,} then
1 + +
H(P)—ﬂz,ulog'u V+vlogv s
n 2 2v

Proof. In Theorem 3.1 put f(x) = &% x, = # Now using Lemma 3.4 we have

X

1 + 2
—Zpilogpi—ﬂZ—,ulog,u—vlogv—v #log .
n 2 u+v
So, we have
1 + +
H(P)—ﬂz,ulog'u V+vlog'u V,
n 2 2u
which completes the proof. O]

Lemma 3.6. Assume that 0 < a < b < 1. Then the function f(x) = (x — 1)log x is p—convex.
Proof. For a < x,y < b the function 4 : [0, 1] — R define by

h(t) :=(x+ (1 -10)y—-Dlogtx+ (1 —1)y) —(x—1)logx—(y—1)logy
we have 1(0) = —(x — 1)logx < 0, A(1) = —=(y — 1) logy < 0 Also,

+ ! >0
tx+(1 -0y (@x+{A-0Dy)?|

W'(1) = (x = y)?

So, h(t) < 0foreach 0 <t < 1 hence f(x) = (x — 1)log x is a p-convex function. O

Theorem 3.7. Assume that u = min p;, v = max p; then

2
(1—”+V)1og L+ D[ = logu+(1-v)logv]
2 u+v
n—1 .
< logn+H(P)+log]—[p,~
n i=1
+ Ve + 2
< ulog K V+vlog K V+10g ,uv.
uv2 vV2 u+v

Proof. In Theorem 3.3, put f(x) = (x — 1)log x, x; = p;. Now using Lemma 3.6 we have

(- Dlogu + (v — 1)10gv—(% - 1)1og(“;v)

- 1 1
< Z(p,- —1)logp; — (— — l)log(— — 1)
— n n

< (n+1D((u—Dlogu+ (v - 1>1°gv>‘(% - l)log(”;v)’

now with some calculation, the result is obtained. ]
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An analogue of Tapus and Popescu result, see [17] for p-convex functions, which is a refine-
ment of Simic’s inequality [16], is given below.

Theorem 3.8. Let f be a p-convex function on an interval I, x; € I, 1 <i<nand )} ,p; = 1.
Then we have

0 < max [f(xy) + f(x)) —f(w)]
l<u<v<n Pyt Dy
vav + p/lxll + pﬂxﬂ
< | max [f(xl,) + f(x,) +f(x,,) —f( oot et P )]

IA

an fx)—f [Zn: pixi) .
i=1 i=1

Proof. As in the proof of Theorem in [17] we have to show that for all ¢ € {1,2, ...,n} — {r, s}

psxs+prxr
Dr+ Ds

f(xr) +f(xs) _f(

) < f(x) + f(xo) + f(x,) — f(Prxr + PsXs T p,x,)

Prt Ds+ D:

which is equivalent to

SY+ rvr rr+ SS+
f(xt)Jrf(px‘ 10)6)Z (px PsX ptxz)_

Pr+ Ds Prt Dst P:
But we have
prxr + ps-xs + ptxt — psxs + prxr pr + ps pt

+ X
pr+ps+ pr PrtDs Prtptp DetDst D

and using now the definition pf p-convex functions, we get

( DrXr + DsXs + DiX;

DXy + iy
< fu) 4 (—)
Dr+ Dy + i ) fe+f

Prt Ps

Taking into account that we consider the maximum 1 < u < v <n < n, of the expression

f(-xy)+f(-xv)+f(xn)_f(

PvXy + puX, + pnxn)
DPvt Put Py

which is greater or equal than

PrXr + PsXs + ptxt)

FO0) + Fx) + fx) - f( P

and then the maximum of first expression we check the first inequality. For the second part,

< Zf(xi) -f (2 pixi]

max | f(x,) + f(x,) + f(x,) — f(

1<u<v<n<n

DvXy + DuXy + pnxn)
Dy + Pyt Dy
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we take arbitrary three different items r, s, ¢ € {1, 2, ..., n} and we will prove that

prxr+psxs +ptxt - -
.ﬂ%)+f@0+f@n—f( b+, + P, )Sggfwo—f{g;ﬁﬂ}

Previous inequality is equivalent to

C - pr-xr + ps-x.v + pt-xt
f pixi] < S+ f( )
; Z DPrt Ds+ Dy

i=1,i#r,s,t

which results directly from the definition of p-convex functions, using the expression

PrXy + PsXs + DXy

DiXi = piXi + (pr + ps + pr)
2; 2, N

i=1,i#r,s,t

This expression thus becomes,

C C PrXe + PsXy + PiXi
f DiXxi| < fx)+ f( )
; Z Dr+ Ds+ D:

i=1,i#r,s,t

It is known that if f is p-convex then f(}\, pix;) < >0, f(x;), where Y., p; = 1. The proof can
be given by mathematical induction for example. Hypothesis is satisfied for n = 2 by the definition
of p-convexity. We suppose the affirmation true for n — 1 and we check for n. We write

n n—1
f(Z pixi) = f [Z piXxi + ann]
i=1 i=1

n—1
PiXi
= ———————(p1+ e Pul) + Pk
4ZM+WWHm pl)pd

i=1

n—1 n
Z PiXi E
< f( m(pl et pn_l)) lw = i=1 Jei

i=1

Theorem 3.9. If f is a p-convex function on an interval I, 1 <i <nand ., p; = 1 then

OSPZSP3S“.SPW1S}Ef@ﬁ—j{};pﬂJ,
i=1 =1

where

P, = max [Z f(x,) - f(Zk lpﬂkxﬂk]:i

IS <p2<...<pn-1<n n-l

and [y, 1oy ..oy u—1 € {1, 2, ..., n} are different items.
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Proof. We follows the same steps as in the proof of Theorem 3.8. 0
We consider the probability distribution F given by P(X = i) = p;, p; > 0, 1 <i < n with

>, pi = 1. The Shannon’s entropy, is given by H(P) = )i, p;log i.

Theorem 3.10. Let P = {py, ..., p,} with }i_, p; = 1. Then we have,

1< < <...<pp-1<n Z"’le
k=1 Puy

=1 _1_

k=1 7,7
H(P)—logn > max log l—“k} .
Proof. We take f(x) = k’%‘, X; = 1}, 1 < i < nin the last inequality because this function is
p-convex, see Lemma 3.4 for a > e> and after some small calculus we get the desired result. [

Lemma 3.11. (a)The function f : (0, 1] — R defined by f(x) = —log x is a p-convex function. (b)
The function f : R — R defined by f(x) = (x — 1)? is a p-convex function.

Proof. (a)If wedefine 1 : [0, 1] — R by A(t) = log(tx+(1—1)y)+log x+log y then h(0) = logx < 0
and h(1) = logy < 0. In addition,

dh _ (x-yp?
drr  (tx + (1 — 1)y)?

hence () < O i.e. f is a p-convex function. (b) If we define 4 : [0,1] — R by A(r) = (tx + (1 -
)y — 1) —(x = 1)> = (y = 1)* then h(0) = —(x — 1)> < 0 and A(1) = —(y — 1)> < 0. In addition,
d’h

W:Z(x—y)2>0

hence h(f) < 01i.e. f is a p-convex function. 0

4. Sherman and Hardy inequalities for p-convex function

Theorem 4.1. Assume thaty < x, f : J — R is a p-convex function. Also, x,y € J",y = Px then

anf()’i) < nzn:f(xi)
i=1 i=1

where P is a stochastic matrix.

Proof. Since y < x hence y = Px so,y = Y| pijx;. Now, by the definition of p-convexity, we

have
fOo) = f[z pijxj] < Zf(xj)
=1

J=1

this conclude

n n

D fon < Z Z fa)y=n )" fx).

i=1 i=1 j=1 i=1

That completes the proof. O]
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Theorem 4.2. Assume thaty < x, f : J = R is a p-convex function. Also, y € J',x € J",b €
R",y = Px then

D bifn) < (Z ]{Z f(x,)]

i=1 i=1

Proof. Since y < x hence y = Px (P is a row stochastic matrix) so, y = >, p;;x;. Now, by the
same reason, we have

fo=f (i pijxj) < 2 ),
= =
also,
bif () < ibif(xp,
J=
this conclude
Z bif () < Z] Z] bif(x)) = ( 1 b,][Z f(x»]
= =

That completes the proof. 0

5. Approximation with p-convex functions

Theorem 5.1. Let f : [a,b] — R be a function. If |f’| is a p-convex function then
@+ 10) f oo

Proof. Using Lemma 2.5 we have

f@+fb) 1 "
‘ 5 _b—al f(x)dx

L@l + 1B

<

b— 1
s—;fjﬁu—szua+a—nmwt
0

2t|dt

b_
:_ZEQfmn+ukmU

! 1
j\u—zmh:—.
0 2

Note that
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Theorem 5.2. Let f : [a,b] — R be a function and p,q € R be two positive numbers with
% + é =1landp > 1. If|f'| is p-convex then

fla@) + f(b) 1 ’
> _b—aj,; f(x)dx

b —
< "L If @+ 1F O
2(p+ 1)

Proof. In view of Holder inequality, p-convexity of |f’|? and of Lemma 2.5, we conclude that

‘f(a);rf(b) f o <_( f |1_2t|pdt) ( f |f(ta+(1—t)b)|q

—a
<230

2 ) (I @I + 1 B))7 .

p+1

! 1
le—%Wh:———
0 p+1

We used here that

That completes the proof.

6. Some applications of p-convex functions

Proposition 6.1. Let a,b € R such that 0 < a < b then

6(a‘1 + b1 )q
(p+1)7

Proof. In view of the Lemma 3.11, f(x) = x* is a p-convex function. Now using Theorem 5.2 we
have

a+b b -d _(l?—a)2

2 3b-a) 6
< DT (tat 420
2(p + )7
b —
- (a? + b7)s
S (p+ 1)y
which completes the proof. []

Proposition 6.2. Let a,b € R such that 0 < a < b < 1. Then we get

Inb-Ina a+b a—b
ab P 3 In(ab).
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Proof. Put f(x) = x — xInx in Theorem 5.1 and using Lemma 3.11(b) we find the desired result.
O

Proposition 6.3. Let a,b € R such that 0 < a < b. Then we have

(a—1)3+(b—1)3_(b—l)“—(a—l)4 <b—a
6 12(b - a) -4

(-1 +@®-1y).
Proof. Put f(x) = @ in Theorem 5.1 and using Lemma 3.11(a) we obtain the desired result. [

7. Conclusions

New refinements of Jensens discrete inequality for the class of p-convex functions were pre-
sented in this paper and then we apply this results in information theory for obtaining new and
strong bounds for Shannons entropy of a probability distribution. In addition, Sherman’s and
Hardy’s type inequalities for p- convex functions were given and also some applications.
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