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1. Introduction

Optimization problems involving eigenvalues are widely applicable in various mathematical
disciplines. These disciplines include structural analysis, combinatorial optimization and many
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others. The problems in these disciplines involve finding optimal solutions based on the eigen-
values of matrices. Eigenvalues are essential quantities that determine the behavior of the system
being studied.[5, 10]

The use of real symmetric matrices as variables in optimization problems has become increasingly
prevalent in a variety of industries and scientific fields. One reason for this rise in popularity is
that such matrices often encode valuable information about the system or process being modeled.
For example, in engineering, the eigenvalues of these matrices may provide critical insight into
the stability characteristics of a mechanical or electrical system.

Advances in the study of spectral optimization have demonstrated that convex spectral functions
can always be expressed as symmetric convex functions of the eigenvalues. This result provides
a strong foundation upon which to build more sophisticated techniques for solving optimization
problems involving real symmetric matrices. As such, this area of research holds great promise
for uncovering innovative ways to tackle challenging problems across a range of domains. (see
[5, 10], and references therein).

A function F is said to be spectral when for any matrix A belonging to the set S, of all n X n real
symmetric matrices and any matrix U belonging to the set O, of all real orthogonal matrices, F
satisfies the condition F(UTAU) = F(A).

It is straightforward to verify that every spectral function on S, can be represented as the compo-
sition of a symmetric function f on R” and the eigenvalue mapping 4 : S, — R",. i.e.,

F(A) = (fo A)(A), VA € S,.

There is a one-to-one correspondence between the set of spectral functions F defined on the S,
and the set of symmetric functions f defined on the real vector space R". Recently, it has been
shown that many results in mathematics concern this relationship: understanding properties of f
can be used to understand properties of F, and conversely, understanding properties of the spec-
tral function F can be used to understand properties of the symmetric function f. This work has
become an active area of research in recent years[5, 10, 12, 14].

The maximal monotone operators play a key role in optimization because which include both
the subdifferential operator of a convex, lower semicontinuous and proper function, and any con-
tinuous linear positive operator. Recently, it was found that many fundamental results on maximal
monotone operators can be proven more easily using Fitzpatrick functions[5, 7, 9].

Next, we move on to defining some important mathematical objects and notation. We consider the
Euclidean space R" with the inner product (., .) and the induced norm ||.||. The set of all proper
lower semi-continuous (l.s.c) and convex functions defined on R" with values in R is denoted by
['o(R"™). The Fenchel-Moreau conjugate of a function f : R” — R is defined by f* : R" — R

f7(0) = sup{(x,y) = fO)}, VY x e R".

yeR"
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Let f : R* — R be a function and xy € dom(f). Recall [1] that the subdifferential of f is the set
valued mapping df : R" =2 R” defined by

0f(xp) :={u e R" : (u, x — x9) < f(x) — f(xg), VY xeR"}.
and for given & > 0, the g-subdifferential of f is the set valued mapping defined by
O0:f(xp) :={u e R" : (u,x — x0) < f(x) — f(xp) +&, VxeR",
The Fenchel-Young function ' : R* x R" — R associated with f, is defined by
M xu) = f)+ ffw),  Y(x,u) e R"xR".

Moreover, f¥ also completely characterizes the graph of the subdifferential and &-subdifferential
of f. Namely,
uedf(x) = Fx,u) = (x,u). (1.1)
Also, for € > 0 we have
u€ i, fx) = fx,u) < {x,u) +e. (1.2)

For set valued mapping 7 : R" = R”, we consider the graph of T by
GT):={(x,u) e R"xR" : u e Tx},
and T is called monotone, if
x=-y,u-v)y>0, V(xueGT), VY@,v)eG),

A set valued mapping 7T : R" = R” is called maximal monotone, if 7" is monotone and 7' = 7" for
any monotone mapping 7’ : R" == R” such that G(T) € G(T").
Let T : R" = R" be monotone. We say that the convex function 4 : R” X R" — R represents 7 if

h(x,u) = {(x,u), Y(x,u) e R" x R".

with equality holds when u € Tx.
The set of all lower semi-continuous convex functions which represent 7 is denoted by H(T).
Fitzpatrick in [9] proved that if 7" is the maximal monotone operator, then the family H(7T') is non-
empty. Indeed, in Correspondence to the maximal monotone operator 7', he defined the function
Fr: R"xR" —>Rby

Frx,u) = sup {{v)+{yu) =yl V() e R"XRY, (1.3)

)EG(T)

and showed that F7 € H(T).
The following theorems are well-known in convex analysis and monotone operator theory.

Theorem 1.1. [6, 8] Let T : R" = R” be maximal monotone operator. Then ¥ is the smallest
element in H(T') and the conjugate of F7 is the biggest element in H(T'). In other words, for every
h € H(T), we have

Fr(x,u) < h(x,u) < (Fr)"(x,u), Y(x,u) € R" x R".
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Theorem 1.2. [6, 8] Let f € I'((R"). Then, df : R*" = R" is a maximal monotone operator. Also,
we have Fy, f;‘f € H(T), and

Far(x,u) < 7 (x,u) < (Fap)(x, u), Y(x,u) € R" x R". (1.4)

Theorem 1.3. [6, 7, 13] Let f : R* — R be a lower semi-continuous and sublinear function.
Then, H(Jf) is singleton and we have

Far(x,u) = 1 (x,u) = (Fop) (x, u), Y(x,u) € R" x R".

Suppose that 7 : R* = R” is the maximal monotone operator such that H(T') is a singleton
set. Then, we have 7 = 7. In this case, we say that #7 is autoconjugate. Also, If #7 is autocon-
jugate, Then we can conclude H(T) is singleton. In view of theorem 1.3, sublinear functions have
autoconjugate Fitzpatrick function associated with their subdifferential. The autoconjugate repre-
sentative function of the maximal monotone operator has been studied in [3, 7, 8].

In the following, we will express the definition and some properties of the spectral function.
We define an inner product on the set S, of n X n real symmetric matrices as follows: the inner
product of two matrices A and B is given by

(A,B) :=tr(AB), VA,B€ S,,

where tr denotes the trace of a matrix. This inner product gives rise to the Frobenius norm of a
matrix A, which is denoted by ||Al|r = +/tr(A?).

For any vector x € R", we define the diagonal matrix Diag(x) whose entries on the diagonal are
the components of x and zeros elsewhere. For a scalar value x € R”, we define the column vector
x" € R", obtained by stacking copies of x on top of each other, that is x" := (x, x,- - , X).

We introduce the eigenvalue function 4 : S, — R”, mapping each element A € §,, to an
ordered tuple of its eigenvalues 4;(A), - - - , 4,(A) arranged in decreasing order. The following two
inequalities involving eigenvalue mappings are quite well-known [5, 10]

1A(A) = AB <A - Bllp, VYA,BeS,,

and
(A,B) <{A(A),A(B)), VYA,B€S,. (1.5)

furthermore, In (1.5) equality holds if and only if A and B are simultaneously diagonalizable.
Every element in the symmetric matrices S, has a spectral decomposition given by the formula
A = UDiag(A(A))UT, where U belong to the orthogonal matrices O,. Given an element A € S,,,
we can define its corresponding orthogonal group O, as follow

O, :={U €0, : U'AU = Diag(A(A))).

It is easy to see that O, is non-empty for each A € S,,.
It is worth noting that A, B € S, is said to be simultaneously diagonalizable whenever O, NOp # 0.
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Previously, we discussed the significance of spectral functions in this article. Having estab-
lished the necessary background knowledge, we now turn our attention towards defining spectral
functions in greater detail.

A function F : S, — R is called spectral if F is O,-invariant, i.e.,[5, 10]

F(UTAU) = F(A), VY A € dom(F), Y U € O,.

By examining the properties of spectral functions, we observe that any such function F defined
on S, can be expressed as a composition of f and the eigenvalue mapping A, provided that f is a
symmetric function on R". Let us mention that a function f : R” — R is called symmetric if
f(x) = f(Px) for all permutation matrices P and for all x € R".

To illustrate how spectral functions relate to symmetric functions, consider the following example.
Let A € §, be arbitrary. It can be easily proved

IAll7 = Z[/L~(A)]2 = lAA)II,
i=1
that is
lAllF = (.1l o D(A).

The above equality implies that the Frobenius norm represents a spectral function associated with
the Euclidean norm on R".

The following theorems present some properties of spectral functions in point of view convex
analysis.

Theorem 1.4. [1,5, 10] Let f : R* — R be a symmetric function. Then, f € I'y(R") if and only
if foAeTl((S,). Also, one has

(f o )" (A) = f*o AA), VA €S, (1.6)

Remark 1.1. In view of theorem 1.4, one has if f : R” — R is a symmetric function. Then the
Fenchel-young function associated with f is equal to the Fenchel-Young function associated with
f oA, thatis

T AA), AB)) = (f o (A, B), YA,B€S,.
Theorem 1.5. [1, 5, 10] Let f € T')(R") be symmetric function. Let A € S, be arbitrary. Then,
O(f o )(A) = {UDiagU" : v € 0f(A(A)), U € Oy).

Also, if B € d(f o A)(A), Then A and B are simultaneously diagonalizable.
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2. Fitzpatrick function of subdifferential of the spectral function

We first present some properties of subdifferential of the spectral function. These properties are an
immediate consequence of Theorem 1.5.

Lemma 2.1. Let f : R — R be a symmetric function. Let A,B € §,. Then the following
assertions are true:

1) If B € 8(f o A)(A), then A(B) € Af(A(A)).

2) If B € 8(f o )(A) and U € O,, then UBU” € 8(f o A)(UAUT).
3) y € 0f(x) if and only if Diag(y) € 8(f o )(Diag(x)).

4) Letv € f(A(A)) and U € Oy. Then, UDiag)UT € 8(f o A)(A).

5) Suppose that A(B) € df(A(A)), and A, B are simultaneously diagonalizable. Then, B €
O(f o D)(A).

Proof. 1)Let B € d(f o A)(A). In view of (1.1) one has (f o )Y(A,B) = (A, B). Thus from
Fenchel-Young inequality, (1.5) and (1.6) we have

(AA), AB)) < fAA)) + f*(AB)) = f(A(A), A(B))
= (f o ™(A, B) = (A, B) < (A(A), AB)).

Hence fFY(A(A), A(B)) = (A(A), A(B)). Therefore in view of (1.1) the proof is complete.

2) Let B€ d(f o A)(A) and U € O, be arbitrary. Therefore

(UAUT,UBUTY = (A, B) = (f o )'Y(A, B) = fFY(A(A), A(B))
= FIYAUAUT), \UBUT)) = (f o )Y (UAUT, UBUT).

Which completes the proof.
3)Since x = A(Diag(x)), therefore in view of (1.1) the proof is clear.

4)Let v € df(A(A)) and U € O,. Therefore f7Y(A(A),v) = (A(A),v) and UTAU = Diag(A(A)).
Hence
(A, UDiag)U"y < (f o DFY(A, UDiag(v)U")
= fT1(AA), v) = (A(A), v)
= (UTAU, Diag(v)) = (A, UDiag(v)U").

Therefore UDiag(v)UT € d(f o 1)(A).

5) Since A and B are simultaneously diagonalizable, hence equality holds in (1.5). Also, we have
FEY(A(A), A(B)) = (f o D)FY(A, B). In view of (1.1) the proof is clear. O
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The following lemma is an immediate consequence of Theorem 1.2 and Theorem 1.4.

Lemma 2.2. Let f € T')(R") be a symmetric function. Then, d(f o 1) is a maximal monotone
operator on S,,.

Now, we investigate the Fitzpatrick function of the subdifferential of the spectral function. First,
it is worth noting that if f : R” — R is a symmetric function, then the Fitzpatrick function
associated with the subdifferential of spectral function is so spectral. In other words, It is easy to

see that (o) and F ;) are spectral, in the following sense:

Foroay(UAUT,UBU") = Fyipon(A,B), VYA,B€S,, YU€O,. .1)

Similarly (2.1) holds for 7-79*( Fol):
Theorem 2.1. Let f € I'o(R") be a symmetric function. Let A, B € S, be arbitrary. Then

Foron(A, B) < Fop(A(A), A(B)). (2.2)
Furthermore, suppose that one of the following assertions holds:
(i) A and B are simultaneously diagonalizable.
(ii) G@f) ={(x",y") 1 x,y e R}
Then, equality holds in (2.2).
Proof. First, note that it follows from (1.3) that

%(foﬁ)(A’ B) = sup {<A’ Y> + <Xa B) - <X’ Y>}’
Yei(fol)(X)

and

For(A(A), A(B)) = Sauf]?)Kx, A(B)) + {A(A),y) = (x, »}.
yEOf(x

Let Y € 9(f o A)(X) be arbitrary. Theorem 1.5 implies that there exists U € Oy N Oy such that
X = UDiag(AX))U”, Y = UDiag(A(Y))U".
Now, consider

(A, YY) +(X,B) —(X,Y) =(A,Y) + (X, B) — (UDiag(A(X))U", UDiag(A(Y))UT)
=(A,Y) + (X, B) — (Diag(A(X)), Diag(A(Y)))
< (A(A), AY)) + AUX), AB)) = (A(X), A(Y))
< For(A(A), A(B)).

By taking supremum over all (X, Y) € G(O(f o 1)), we get

Foron (A, B) < Fyp(A(A), A(B)). (2.3)
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Now, suppose that assertion (i) holds. Let U € O, be such that
A = UDiag(A(A)U", B = UDiag(A(B))U".
Let y € df(x) be arbitrary. Consider

(X, A(B)) + {A(A),y) — (x,y)

= (Diag(x), Diag(A(B))) + (Diag(A(A)), Diag(y)) — (Diag(x), Diag(y))
= (Diag(x), U' BU) + (U" AU, Diag(y)) — (Diag(x), Diag(y))

= (UDiag(x)U", B) + (A, UDiag(y)U") — (UDiag(x)U", UDiag(y)U")
< Forory(A, B).

Taking supremum over all (x,y) € G(df). We conclude that the reverse of the inequality (2.2)
holds.

Now, assume that assertion (ii) holds. Let (x, y") € G(df) be arbitrary. Since

ey Cii = 2y Ai(C), for each C = (¢;;) € S,,. Hence

(T AB)) + (AA), YT = (x",y")

= (Diag(x"), Diag(A(B))) + (Diag(A(A)), Diag(y")) — (Diag(x"), Diag(y"))
= (Diag(x"), B) + (A, Diag(y")) — (Diag(x"), Diag(y"))

< Focron)(A, B).

Now, by taking supremum over all (x*,y") € G(df), we have
For(A(A), A(B)) < Facror(A, B),
which completes the proof. []

Corollary 2.1. Let f : R" — R be a symmetric and sublinear function. Let A and B be simulta-
neously diagonalizable. Then,

Foron(A, B) = (f o D(A) + (f o )'(B).
Proof. Since A and B are simultaneously diagonalizable, In view of theorem 1.3 and 2.1 one has

Facron(A, B) = For(A(A), A(B)) = fT7(A(A), A(B)) = (f o D™ (A, B).

Theorem 2.2. Let f € I'o(R") be a symmetric function. Then,
For(X.¥) < Fpop(Diag(x), Diag(y)),  Vx,y € R
Also, suppose that A, B € S, are simultaneously diagonalizable. Then,

For (AA), ABB)) < Fyo (A, B).
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Proof. First note that, in view of theorem 2.1 one has

Focron(Diag(x), Diag(y)) < For(A(Diag(x)), A(Diag(y))) < For(x,y), Vx,y € R

Let (x,y), (u,v) € R" x R" be arbitrary. Consider

(6, 9), W, v)) = For(u, v) = (x,u) + (y,v) — Far(u,v)
< (Diag(x), Diag(u)) + (Diag(y), Diag(v)) — Faron(Diag(u), Diag(v))
= sup {(Diag(x),U) +(Diag(y), V) — Forony(U, V)}

(U,V)ES, XS,
= (fa*(fo,l)(Diag(x)a Diag(y)).
Now, by taking supremum over all (u,v) € R"” X R", we conclude that

For(X,¥) < F o (Diag(x), Diag(y)).

For the second part, since A and B are simultaneously diagonalizable, we consider U € O4 N Ogp.
Therefore

For(A(A), A(B)) < Fy po(Diag(A(A), Diag(A(B)))
= Tﬁ*(f@/l)(UAUT’ UBU") = 7:a*(fo/l)(A’ B).

Hence the proof is complete. 0

1
Example 2.1. Consider symmetric function f : R” — R is defined by f(x) = §||x||2, for all

1
x € R™. It can be easily concluded the spectral function corresponding to f, is F(A) = <||A||%, for

all A € §,. Itis easy to see that f = {Vf} = Ig» and F = {VF} = Is., where Iz and Ig: are
identity matrices on R” and S, respectively.
From ([2],example 3.10), we have

1
Flgn (X, 1) = lex +ull’, Y(x,u) e R"x R",
and similarly
1
7:1&, (A9 B) = Z”A + B”%«“a V(Aa B) € Sn X Sn
In view of (2.2) one has

IA + Bl <IA(A) + AB)I, V(A,B) €S, XS,,

and equality holds whenever A and B are simultaneously diagonalizable.
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3. e-subdifferential and &-enlargement of spectral functions

Let f : R" — R be the lower semi-continuous convex function. From theorem 1.2, df :
R" = R”" is the maximal monotone operator. Let 2 € H(Jf) be arbitrary. For x € R" and & > 0,
the e-enlargement of f at x is defined by(see [6, 8])

E'(x, &) := {u € R" : h(x,u) < (x,u) + &).

fFY

Let x € R" and € > 0 be given. From (1.2), we have 9. f(x) = E
one has

(x,&). Also, in view of (1.4)

E o (x,&) CO.f(x) C E" (x, &).
If F5¢ is an autoconjugate function. From theorem 1.3, we conclude
E’or(x, &) = 0.f(x) = B (x,8), VxeR" Ve>0.

It might be interesting to check the properties of e-subdifferential and e-enlargement of the spectral
function f o A and its relation to the e-subdifferential and e-enlargement of symmetric function f.
The following theorem states the properties of the e-subdifferential of the spectral function.

Theorem 3.1. Let f : R" — R be a symmetric function. Let A,B € S,. Then the following
assertions hold:

1) If Be€ d.(f o 1)(A), then A(B) € d.f(1(A)).
2) Letv € 8,.f(A(A)) and U € Oy4. Then, UDiag(v)UT € 8,(f o D)(A).

3) Suppose that A(B) € 9.f(A(A)), and A, B are simultaneously diagonalizable. Then, B €
0:(f o D(A).
Proof. 1) Let B € 0.(f o A)(A) be arbitrary. From (1.2) and (1.5), one has
ST AA), AB) = (f 0 (A, B) < (A, B) + & < (A(A), A(B)) + &.
Hence, the proof is complete.
2) Letv € ,f(A(A)) and U € O4. Hence fFY(A(A),v) < (A(A),v) + € and UTAU = Diag(A(A)).
Therefore
(f o DY(A, UDiag(v)U") = fFY(A(A),v) < (A(A),v) + & = (U" AU, Diag(v)) + ¢.
Since A(Diag(v)) = A(UDiag(v)UT), Therefore UDiag(v)UT € 8,(f o A)(A).
3) Let A(B) € 0.f(A(A)). Since A and B are simultaneously diagonalizable, therefore in (1.5)
equality holds. Hence
(f o D™(A, B) = fT(AA), A(B)) < (A(A), A(B)) + £ = (A, B) + &.

which completes the proof.
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The following theorem expresses properties of the e-enlargement of the spectral function.

Theorem 3.2. Let f : R* — R be a symmetric function. Let A,B € S,. Then the following
assertions hold:

1) Let u € E”4(x, ). Then Diag(u) € E"av(Diag(x), €).

2) Let A, B be simultaneously diagonalizable. Then, B € E7%-0(A, g) if and only if A(B) €
E7or(A(A), &).

Proof.
1) Since u € E7#(x, &), in view of (2.2) one has
Focrory(Diag(x), Diag(u)) < For(x,u) < (x,u) + & = (Diag(x), Diag(u)) + &.
Hence Diag(u) € ET»(Diag(x), €).
2) Since A and B are simultaneously diagonalizable. Therefore
B e ETW0(A, &) & Forony(A, B) < (A, B) + &
& Far(A(A), AB)) < (A(A), A(B)) + & & A(B) € ET7(A(A), o).
[

Corollary 3.1. Let D, be a set of all simultaneously diagonalizable matrices in S,,. Let f : R" —
R be a symmetric and sublinear function. Then for each £ > 0, the graph of d.(f o 1) coincides
with to graph of E7a>0(., £) on D,. That is

Bed(fod)A) < Be E%V"‘)(A,a), YA,Be D, VYe>0.

Example 3.1. Consider symmetric function f : R" — R is defined by f(x) = ||x]|, for all x € R".
It is clear that the spectral function corresponding to f, is F(A) = f o A(A) = ||Al|r, forall A € S,.
From ([2], example 3.3), we have

_ Y _ e _ ) AR, if IBllF<1
For(A, B) = F™(A, B) = F(A)+ F'(B) = { v herwise, (3.1)
Lete > 0and A € S, be given. In view of (1.2) and (3.1) one has
E"r(A,8) = 8,F(A) ={B€S, : |IBlr <1, |Allr < tr(AB) +&}. (3.2)

Lets = 1 and

B =

S

Il

S N
R B SRR
S NI
W= O

From (3.2), it is clear that B € d.F(A). In view of theorem 3.1 (1), we have A(B) € 9. f(1(A)).
Letv = (%, 0) € R2. Itis clear that v € 9, f(A(A)). Consider U € O,, from theorem 3.1 (2), one has
UDiag()UT € 0.F(A).
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Example 3.2. In the setting of example 2.1, let A, B € S, be arbitrary. Then B € 0.F(A) if and
only if

1 1
§||A||% + §||B||% < tr(AB) + e. (3.3)

Also, B € E"o (A, ¢) if and only if
1 2
leA + Bl|n < tr(AB) + ¢. (3.4)
Therefore (3.4) is equivalent to the following equation
1IIAII2 + 1IIBII2 = (AB) + (3.5)
— — < <tr E. .
4747

Lete =7 and

{3 -2 o
S s

It is easy to see that A and B are simultaneously diagonalizable. Also from (3.3) and (3.5) we have
B e E% (A, ), but B ¢ 0,F(A). Therefore in this case

9:F(A) S E'" (A, ).

It is worth noting that f(x) = %lell2 is a convex function on R”, but f is not sublinear. Hence, the
assumption of sublinearity in collorary 3.1 is necessary.

Optimizing the difference of convex functions is a significant application of studying e-subdifferentials.
The following theorem is known in the topic of optimization of the difference of convex functions.

Theorem 3.3. [11] Let f,g : R" — R be two convex functions. xy € R”" is global minimum of
f —gifand only if 9.g(xp) € 9.f(xp), for all € > 0.

Remark 3.3. For every convex function f : R" — R, we have (.., 0.f(xo) = df(xp). Therefore,
we can state the above theorem as follows:

Xo € argRr:]in(f —g) & 0g(xp) C If(xp). (3.6)

In the following theorem, we investigate the optimization of the difference between spectral
convex functions and its connection to optimizing the difference in the corresponding symmetric
functions

Theorem 3.4. Let f,g : R" — R be two convex symmetric functions. Then, the following
assertions hold:

1) LetA € S, and A € argming (f o A — g o A). Then, A(A) € argming.(f — g).

2) Let xo € R" and xq € argming.(f — g). Then, Diag(x,) € argming (f o1 —go A).
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3) LetA € S, and A € argming (fod—goA). Let U € O,. Then, UAUT € argming (fod—goA).

Proof. 1)Let A € argming (f o1 — g o A). In view of (3.6) one has d(g o 1)(A) C I(f o )(A). We
must show that dg(A(A)) € df(A(A)). To this end, Let v € dg(A(A)) be arbitrary and let U € Oj,.
From lemma 2.1(4) we have UDiag(v)U” € (g o 1)(A). Therefore UDiag(v)UT € d(f o 1)(A).
Now by theorem 2.1(1) we have A(UDiag(v)UT) € df(A(A)). Hence the proof is complete.

2)Let xy € argming.(f — g). From (3.6) we have dg(xo) € df(xy). Now, we show that d(g o
D (Diag(xp)) S O(f o A)(Diag(xy)). Suppose B € d(g o 1)(Diag(xy)). Hence from lemma 2.1(1)
we have A(B) € 0g(A(Diag(xy))). Also, in view of throem 1.5 B and Diag(x,) are simultane-
ously diagonalizable. Therefore A(B) € df(A(Diag(xy))). Now, from lemma 2.1(5) we conclude
B € d(f o )(Diag(xy)), which completes the proof.

3) Since A € argming (fod—goA), hence d(goA)(A) C d(foA)(A). Now, Let B € d(go )(UAUT).
Itis easy to see that UT BU € d(goA)(A). Therefore U BU € d(foA)(A). Thus B € d(foA)(UAUT)
and the proof is complete. O]

Example 3.4. Consider the following optimization problem
. 2 _
min {JIAI; - r(4)}

Let F(A) = ||A||2F and G(A) = tr(A), for each A € §,,. It is clear that F and G are convex spectral
functions on S,. For each x € R”, put f(x) = [Ix||> = ¥, x? and g(x) = Y, x;. It is clear that
f and g are convex symmetric functions on R” corresponding to F' and G, respectively. That is
F(A) = foA(A) and G(A) = go A(A), foreach A € S,,.

Leté = (%, % e, %) € R". It can be shown by simple calculations & € argming.(f — g). Therefore,
in view of theorem 3.4(2) Diag(¢) € argming (F — G). Also, from theorem 3.4(3), we have
UDiag(é)U" € argming (F — G), for each U € O,

Example 3.5. Consider the following optimization problem

- r(A)
min {e —tr(A)}.
AESz { ( )}

Let f(x1,x) = e and g(x;, x») = x| + X, for each (x;,x,) € R?. It is clear that f and g are
convex symmetric functions on R? corresponding to F(A) = "™ and G(A) = tr(A), respectively.
After solving the optimization problem ming2{f — g}, we get

{(&,-8) : £ e R} C argmin{f — g}.
RZ

Hence in view of theorem 3.4(2),(3), we conclude

{UDiag)U" v = (£,-6) € R, £€R, UeO,)Cargmin(F -G}.
S
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