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Abstract
Tensor completion is one of the efficient methods for restoring
data such that minimizing the rank of the tensor leads to an ap-
propriate solution. However, it gives a non-convex objective
function, which generates an NP-hard problem. To overcome
this problem, instead of using the rank function, the trace norm
is applied. To solve this problem, Simple Low Rank Tensor
Completion (SiLRTC) can be used. In the methods based on
trace norm, the Singular Value Decomposition (SVD) is used,
which increases computational complexity of these methods with
increasing dimensions. In order to reduce the computational
complexity of SVD, the approximate SVD can be utilized. In
this paper, to accelerate the convergence speed of SiLRTC Al-
gorithm, the new combined method FTF-SiLRTC is presented.
On the other hand, the images recovered using the mentioned al-
gorithms are generally accompanied by horizontal and vertical
noise lines and have low accuracy. To solve this difficulty, the
total variation (TV) regularization is added to the problem and
the FTF-SiLRTC-TV Algorithm is introduced to solve it with
higher accuracy.
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1. Notation and Preliminaries

In this section, we introduce the notations required for the subsequent sections. We follow [12]
to define all notations. We use lowercase letters to denote scalars, e.g., x, capital letters to denote
matrices, e.g., X ∈ ℜI1×I2 , and boldface Euler script letters to denote higher-order tensors, e.g.,

X ∈ ℜI1×I2×···×IN . The Frobenius norm of a tensor X is defined as ∥X∥F =
√∑I1

i1=1 · · ·
∑IN

in=1 x2
i1,i2,··· ,in .

The nuclear norm (NN) of a matrix X is defined as the sum of all singular values of X, denoted by
∥X∥∗ =

∑
i σi(X), where σi(X) is the i-th largest singular value of X. The unfold operation along

the k − mode on a tensor X is defined as un f oldk(X) = X(k) ∈ ℜIk×(I1...Ik−1Ik+1...In). The opposite
operation fold is defined as f oldk(X(k)) = X. Tucker rank or multilinear rank which is introduced
by Tucker is defined as ranktc(X) = (rank(X(1)), rank(X(2)), . . . , rank(X(n))).

Definition 1.1. Let UΣVT be the SVD of A. The thresholding operator Dτ is defined as:

Dτ(A) = UDτ(Σ)VT , Dτ(Σ) = diag(max({σi − τ}, 0)).

Definition 1.2. The shrinkageα() operator is the elementwise shrinkage-thresholding operator of
a matrix, defined by

[shrinkageα(A)]i, j = [A]i, j −min(α, |[A]i, j|).
[A]i, j

|[A]i, j|
.

Definition 1.3. Let Ω be the index set of the tensor A due to the observed data. The operator PΩ
is defined as below:

PΩ(.) : ℜI1×I2×···×In −→ ℜI1×I2×···×In

PΩ(Xi1i2...in) =
{
Xi1i2...in (i1, i2, . . . , in) ∈ Ω

0 otherwise

Let X = QR where Q and R are given by QR factorization. In this paper, QR(X) = Q. Most of
notations are given in Table 1.

2. Introduction

It is well known that every day a huge amount of data is generated in a variety of fields such as
data mining, pattern detection, machine learning and image processing. Therefore, handling big
data is an interesting field for many researchers. However, working with big data usually presents
some difficulties such as incomplete or lost data. Reconstructing this information is usually very
costly and sometimes impossible, making the method of recovery very important. In the meantime,
matrix and tensor completion methods are particularly important [1, 3, 5]. Meanwhile, the rank
of a matrix (tensor) is a powerful tool to finding the general information of a matrix (tensor) when
some of its entries are missing [6, 15]. For this reason, we examine the low-rank matrix (tensor)
completion problem. In the sequel, we will briefly explain the work that has been done on low
rank matrix and tensor completion and express the corresponding algorithms.

∗Corresponding author
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Table 1: Notation
Notation Type

X A tensor in the spaceℜI1×I2×···×In

X A matrix in the spaceℜm×n

XT Transpose of the matrix X
Xi j The entry (i, j) of the matrix X
Σ(X) The diagonal matrix given by SVD of X
σi(X) The i − th largest singular value of X
∥X∥∗ The trace norm of the matrix X
∥X∥F The Frobenius norm of the matrix X

shrinkageα The shrinkage-thresholding operator
Dτ The thresholding operator
Ω The set of observed data

QR(X) The orthogonal matrix Q of QR factorization

2.1. Matrix completion
We begin with the well-known optimization problem for matrix completion (MC):

min
X

rank(X),

s.t. PΩ(X) = PΩ(A),
(2.1)

where X, A ∈ ℜm×n, and the elements of A in the set Ω are given while the remaining elements
are missing. We aim to use a low-rank matrix X to approximate the missing elements. The
optimization Problem (2.1) is non-convex, since the objective function rank(X) is non-convex.
One common approach is to replace rank(.) by the trace norm ∥.∥∗ [7]. A main advantage of the
trace norm is that it is the convex hull for the rank of matrices. This leads to the following convex
optimization problem for the MC [2, 13, 14]:

min
X
∥X∥∗,

s.t. PΩ(X) = PΩ(A).
(2.2)

Therefore, to find the answer for the MC problem, we can solve Problem (2.2) instead of Problem
(2.1). The solution to this problem using the iterative truncated SVD is given in Algorithm 1 [20].

In Algorithm 1, τ > 0 is the threshold for the singular value, δ is the step length, and Y0 is the
initial value. Due to the use of SVD decomposition, this algorithm is associated with challenges
such as being time-consuming or the inability of SVD decomposition for large matrices [20]. To
overcome this problem, Liu et al. used the approximate SVD for MC to increase the speed of SVD
and make it easier to compute the SVD of large matrices in [13], as presented in Algorithm 2. In
this method, they have used the factorization X = LMR, in which:

• M ∈ ℜr×r,
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Algorithm 1: Algorithm for matrix completion (MC)
Input : An incomplete data matrix Y0 ∈ ℜm×n, the observation index set Ω, step length δ

and thresholding value τ
Output: Completed data matrix Xk+1

1 while not convergence do
2 Xk+1 = Dτ(Yk)
3 Yk+1 = Yk + δPΩ(A − Xk+1)
4 end

• L ∈ ℜm×r, LT L = I,

• R ∈ ℜr×n, RRT = I,

• r ≪ min{m, n}.

In addition, we have [13]:
∥X∥∗ = ∥LMR∥∗ = ∥M∥∗.

Therefore, by applying X = LMR, the Problem (2.2) can be expressed as follows:

min
L,M,R

∥M∥∗,
s.t. PΩ(LMR − A) = 0,

LT L = I,
RRT = I.

(2.3)

Problem (2.3) can be solved by using the Alternating Direction Method of Multipliers (ADMM).
To do this, an auxiliary variable can be added, which allows the Problem (2.3) to be equivalently
rewritten as follows:

min
L,M,R,Z

∥M∥∗,
s.t. PΩ(Z − A) = 0,

Z = LMR,
LT L = I,
RRT = I.

(2.4)

Then, the partial augmented Lagrangian function of Problem (2.4) is given by:

Lµ(L,M,R,Z,Y, µ) = min
L,M,R,Z,Y,µ

∥M∥∗ + µ2∥Z − LMR +
Λk

µ
∥2F ,

s.t. PΩ(Z) = PΩ(A),
LT L = I,
RRT = I.

(2.5)

where Λ is the Lagrange coefficient and µ is the penalty parameter, the iterative method to solve
the Problem (2.5) can be given by [13]:
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Algorithm 2: Fast Tri-Factorization Matrix Completion (FTF-MC)
Input : An incomplete data matrix Z0 ∈ ℜm×n, the observation index set Ω, the size r of

matrix M ∈ ℜr×r and thresholding value µ
Output: Completed data matrix Zk+1

1 while not convergence do
2 Mk+1 = Dµ−1

(
(Lk)T (Zk + Yk/µ)(Rk)T

)
3 Zk+1 = LkMk+1Rk − Yk/µ + PΩ(A − LkMkRk + Yk/µ)
4 Lk+1 = QR

(
(Zk + Yk/µ)(Rk)T

)
5 (Rk+1)T = QR

(
(Zk + Yk/µ)T Lk+1

)
6 Λk+1 = PΩ

(
Λk + µ(Zk+1 − Lk+1Mk+1Rk+1)

)
7 Yk+1 = Yk + δPΩ(Z0 − Zk+1)
8 end

2.2. Tensor completion
The tensor generalizes the concept of the matrix. We extend the completion algorithm for the

matrix mode to higher-order tensors by solving the following optimization problem:

min
X

ranktc(X),

s.t. PΩ(X) = PΩ(T).
(2.6)

According to the definition of Tucker rank and using the tensor matricization along each of its
states, the above problem can be equivalently rewritten as:

min
X(i)

rank(X(i)),

s.t. PΩ(X(i)) = PΩ(T(i)), i = 1, 2, . . . , n.
(2.7)

One can replace the non-convex function rank(.) in (2.7) with a convex objective function ∥.∥∗ as
follows:

min
X(i)

∥X(i)∥∗,
s.t. PΩ(X(i)) = PΩ(T(i)), i = 1, 2, . . . , n.

(2.8)

To solve Problem (2.8), Liu et al.[12] proposed Simple Low-Rank Tensor Completion (SiL-
RTC) Algorithm.
In Alg. 3, τ > 0 is the threshold of the singular value and Y0

i is the initial value.
In this paper, by using the approximate SVD of matrices for tensor surface, we present a method to
accelerate the SiLRTC Algorithm. Additionally, to enhance the accuracy of the mentioned algo-
rithm, TV regularization was incorporated into the problem, leading to the introduction of a new
algorithm.
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Algorithm 3: SiLRTC Algorithm
Input : An incomplete data tensor X0 ∈ ℜI1×I2×···×In , the observation index set Ω and

thresholding value τ
Output: Completed data tensor Xk+1

1 while not convergence do
2 Xk+1

(i) = Dτ(un f oldi(Xk))

3 Xk+1 = 1
n

n∑
i=1

f oldi(Xk+1
(i) )

4 Xk+1
Ω
= X0

Ω

5 end

3. Main Results

It is well known that the unfolded matrices along each tensor mode are generally large scale
and the SVD decomposition for these matrices is time-consuming or sometimes unstable. In order
to accelerate the convergence speed of the SiLRTC algorithm, we use the approximate SVD. In
fact, we combine the SiLRTC Algorithm with the approximate SVD algorithm to derive the new
algorithm that converges faster than the SiLRTC Algorithm. In the following, the computational
complexity of the stated algorithms is examined in each iteration. At the end, we evaluate the
convergence of the stated algorithms.

3.1. Fast tri-factorization simple low rank tensor completion
To increase the speed of convergence in Algorithm 3, we use the approximate SVD. The Prob-

lem (2.6) can be rewritten as follows:

min
L(i),M(i),R(i),Z(i)

∥M(i)∥∗,
s.t. PΩ(Z(i) − T(i)) = 0,

Z(i) = L(i)M(i)R(i),
LT

(i)L(i) = I,
R(i)RT

(i) = I, i = 1, 2, . . . , n.

(3.1)

Then, the partial augmented Lagrangian function of Problem (3.1) is given as follows:

Lµ(L(i),M(i),R(i),Z(i),Λ(i)) = ∥M(i)∥∗ + µ2∥Z(i) − L(i)M(i)R(i) +
Λ(i)

µ
∥2F ,

s.t. PΩ(Z(i) − T(i)) = 0,
LT L = I,
RRT = I, i = 1, 2, . . . , n.

(3.2)

Since simultaneously minimizing all terms of Lµ(L(i),M(i),R(i),Z(i),Λ(i)) is hard, we apply an al-
ternating direction method of multipliers (ADMM) to solve Problem (3.2). This is computed by
successively minimizing the Lagrange function Lµ(L(i),M(i),R(i),Z(i),Λ(i)) one at a time while fix-
ing the others at their latest values.
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Updating
{
M(i)
}N
i=1: In the SiLRTC Algorithm, to find M(i), the optimization problem can be for-

mulated as follows:

M(i) = argmin
M(i)

Lµ(L(i),M(i),R(i),Z(i),Λ(i)),

= argmin
M(i)

∥M(i)∥∗ + µ2∥Z(i) − L(i)M(i)R(i) +
Λ(i)

µ
∥2F .

(3.3)

where µ is the penalty parameter. Then, based on SiLRTC Algorithm the optimal solution M(i) of
Problem (3.3) is [13]:

M(i) = Dµ−1

(
(L(i))T (Z(i) +

Λ(i)

µ
)(R(i))T

)
. (3.4)

Updating
{
Z(i)
}N
i=1: The optimal solution Z(i) of Problem (3.3) can be computed as follows:

Z(i) = argmin
Z(i)

Lµ(L(i),M(i),R(i),Z(i),Λ(i)), PΩ(Z(i) − X(i)) = 0,

= argmin
Z(i)

µ

2∥Z(i) − L(i)M(i)R(i) +
Λ(i)

µ
∥2F , PΩ(Z(i) − X(i)) = 0.

(3.5)

In addition, by deriving the KKT conditions for Problem (3.5) simply, the optimal solution Z(i)

satisfies the following equations:

PΩ(Z(i) − X(i)) = 0, PΩc(Z(i) − L(i)M(i)R(i) +
Λ(i)

µ
) = 0, (3.6)

where ΩC is the complement of Ω, i.e., the set of indeces of the unobserved entries, according to
(3.6), the solution Z(i) of Problem (3.5) can be explicitly computed as follows:

Z(i) = L(i)M(i)R(i) −
Λ(i)

µ
+ PΩ

(
X(i) − L(i)M(i)R(i) +

Λ(i)

µ

)
. (3.7)

Updating
{
L(i)
}N
i=1 and

{
R(i)
}N
i=1: To find L(i) and R(i), the following subproblems are to be consid-

ered: 
L(i) = argmin

L(i)

µ

2∥Z(i) − L(i)M(i)R(i) +
Λ(i)

µ
∥2F , s.t. LT

(i)L(i) = I,

R(i) = argmin
R(i)

µ

2∥Z(i) − L(i)M(i)R(i) +
Λ(i)

µ
∥2F , s.t. R(i)RT

(i) = I.
(3.8)

Both subproblems in (3.8) are least-squares problems with orthogonality constraints on columns
and rows, respectively. Following [13], L(i) and R(i) are updated as follows:

L(i) = QR
(
(Z(i) +

Λ(i)

µ
)RT

(i)

)
,

R(i) = QR
(
LT

(i)(Z(i) +
Λ(i)

µ
)
)
.

(3.9)
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Updating X: Finally, updating the variable X is done as follows;

X =
1
n

n∑
i=1

f oldi(Z(i)), (3.10)

such that
PΩ(X) = PΩ(T). (3.11)

Consequently, by using the ADMM method and the preceding updates for solving Problem (2.3),
we propose a new method that is explained in Algorithm 4 (FTF-SiLRTC).

Algorithm 4: FTF-SiLRTC Algorithm
Input : An incomplete data tensor X0 ∈ ℜI1×I2×···×In , the observation index set Ω, the size

r of the matrix M ∈ ℜr×r and thresholding value µ
Output: Completed data tensor Xk+1

1 while not convergence do
2 for i = 1, 2, . . . , n do

3 Mk+1
(i) = Dµ−1

(
(Lk

(i))
T (un f oldi(Xk) +

Λk
(i)

µ
)(Rk

(i))
T
)

4 Zk+1
(i) = Lk

(i)M
k+1
(i) Rk

(i) −
Λk

(i)

µ
+ PΩ(X0

(i) − Lk
(i)M

k
(i)R

k
(i) +
Λk

(i)

µ
)

5 Lk+1
(i) = QR

(
(Zk

(i) +
Λk

(i)

µ
)(Rk

(i))
T
)

6 (Rk+1
(i) )T = QR

(
(Lk+1

(i) )T (Zk+1
(i) +

Λk
(i)

µ
)
)

7 Λk+1
(i) = PΩ

(
Λk

(i) + µ(Z
k+1
(i) − Lk+1

(i) Mk+1
(i) Rk+1

(i) )
)

8 end

9 Xk+1 = 1
n

n∑
i=1

f oldi(Zk+1
(i) )

10 Xk+1
Ω
= X0

Ω

11 end

3.2. Fast tri factorization simple low rank tensor completion via TV regularization
Although the FTF-SiLRTC Algorithm is fast and convergent, it has low accuracy and the

recovered images are accompanied by vertical or horizontal lines. In order to solve this problem,
we add the total variation regularization to it. Then, problem (3.1) reformulated as follows:

min
{Z(i)}Ni=1

λ
N∑

i=1
βi

∣∣∣F(i)Z(i)

∣∣∣ + 1
N

N∑
i=1
∥Z(i)∥∗,

s.t. PΩ(Z(i)) = PΩ(T(i)),
(3.12)
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by adding the auxiliary variables X,Y and {Q(i)}Ni=1, we have:

min
{Q(i),X(i),Y(i),L(i),M(i),R(i)}Ni=1

λ
N∑

i=1
βi

∣∣∣Q(i)

∣∣∣ + 1
N

N∑
i=1
∥M(i)∥∗,

s.t. Q(i) = F(i)X(i), X(i) = Z(i),Y(i) = Z(i),

Y(i) = L(i)M(i)R(i), LT
(i)L(i) = I,R(i)RT

(i) = I,

PΩ(Z(i)) = PΩ(T(i)),

(3.13)

where F(i) is a (Jn−1)-by-Jn matrix, such that
[
F(i)
]

j, j = 1,
[
F(i)
]

j, j+1 = −1 and the other entries are
zeros. Moreover, we define the operator |.| by |A| = ∑i

∑
j

∣∣∣[A]i, j

∣∣∣ for developing TV constraint. λ is
a tunable parameter; β1, · · · , βN is 0 or 1, which indicates whether we have a smooth and piecewise
prior on the n−th mode of recovered tensor. The values of β1, β2, · · · , βN depend on the domain.
The augmented Lagrangian formulation of (3.13) can be given by:

L =
N∑

i=1
βi

(
λ
∣∣∣Q(i)

∣∣∣ + ρ1

2
∥Q(i) − F(i)X(i) +

Λ(i)

ρ1
∥2F
)
,

+
N∑

i=1
βi

(ρ2

2
∥Z(i) − X(i) +

Γ(i)

ρ2
∥2F
)
,

+
N∑

i=1

( 1
N
∥M(i)∥∗ +

ρ3

2
∥Y(i) − L(i)M(i)R(i) +

Φ(i)

ρ3
∥2F
)
,

+
N∑

i=1

(ρ4

2
∥Z(i) − Y(i) +

Ψ(i)

ρ4
∥2F
)

s.t. PΩ(Z(i) − T(i)) = 0,
LT

(i)L(i) = I,
R(i)RT

(i) = I.

(3.14)

where Λ(i),Γ(i) and Ψ(i) for i = 1, · · · ,N are the Lagrange coefficients and also ρ1, ρ2, ρ3 and ρ4

are the penalty parameters. Since simultaneously minimizing all terms of L is hard, we apply
the ADMM to solve Problem (3.2). This is computed by successively minimizing the Lagrange
function L one at a time while fixing the others at their latest values.
Updating {Q(i)}Ni=1: We update {Q(i)}Ni=1 with fixing the other variables based on the following
optimization problem:

min
{Q(i)}Ni=1

N∑
i=1
βn

(
λ
∣∣∣Q(i)

∣∣∣ + ρ1

2
∥Q(i) − F(i)X(i) +

Λ(i)

ρ1
∥2F
)
. (3.15)

Because of the independence of Q1,Q2, · · · ,QN in the optimization problem, they are updated as
follows:

Q(i) = βishrinkage λ
ρ1

(
F(i)X(i) −

Λ(i)

ρ1

)
. (3.16)
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Updating
{
X(i)
}N
i=1: We update {X(i)}Ni=1 with fixing the other variables based on the following opti-

mization problem:

min
{X(i)}Ni=1

N∑
i=1
βi
ρ1

2
∥Q(i) − F(i)X(i) +

Λ(i)

ρ1
∥2F

+
N∑

i=1
βi

(ρ2

2
∥Z(i) − X(i) +

Γ(i)

ρ2
∥2F
)
.

(3.17)

The optimizing solution of X(i) is given as follows:

X(i) = βi(ρ1F(i)FT
(i) + ρ2I)−1(FT

(i)Λ(i) + ρ1FT
(i)Q(i) + ρ2Z(i) − Γ(i)), (3.18)

where I stands for the identify matrix.
Updating

{
M(i)
}N
i=1,
{
Y(i)
}N
i=1,
{
L(i)
}N
i=1 and

{
R(i)
}N
i=1: Based on FTF-SiLRTC Algorithm updating

M(i),Y(i), L(i) and R(i) are as follow:

M(i) = Dτ
(
(L(i))T (Y(i) +

Λ(i)

ρ3
)(R(i))T

)
,

Z(i) = L(i)M(i)R(i) −
Λ(i)

ρ3
+ PΩ(T(i) − L(i)M(i)R(i) +

Λ(i)

ρ3
),

L(i) = QR
(
(Z(i) +

Λ(i)

ρ3
)(R(i))T

)
,

(R(i))T = QR
(
(L(i))T (Z(i) +

Λ(i)

ρ3
)
)
.

Updating
{
Λ(i)
}N
i=1,
{
Γ(i)
}N
i=1,
{
Φ(i)
}N
i=1 and

{
Ψ(i)
}N
i=1: By following [11], updating

{
Λ(i)
}N
i=1,
{
Γ(i)
}N
i=1

and
{
Ψ(i)
}N
i=1 are presented as follow:

Λ(i) = Λ(i) + ρ1(Q(i) − F(i)X(i)),
Γ(i) = Γ(i) + ρ2(Z(i) − X(i)),
Φ(i) = PΩ

(
Φ(i) + µ(Y(i) − L(i)M(i)R(i))

)
Ψ(i) = Ψ(i) + ρ4(Z(i) − Y(i)).

Updating Z: Finally, Z can be updated based on the following optimization problem:

min
{Z(i)}Ni=1

N∑
i=1
βi

(ρ2

2
∥X(i) − Z(i) +

Γ(i)

ρ2
∥2F
)
+

N∑
i=1

(ρ4

2
∥Y(i) − Z(i) +

Φ(i)

ρ4
∥2F
)
. (3.19)

Then, the update formulae of Z are computed as:

[Z]Ω̄ = [

∑N
i=1

(
f oldi(Γ(i) + ρ2X(i)) + f oldi(Ψ(i) + ρ4Y(i))

)
Nρ2 +

∑N
i=1 βiρ4

]Ω̄, (3.20)

such that
[Z]Ω = [T]Ω.

By these update formulas, we summarize the solution of Problem (3.12), named FTF-SiLRTC-
TV, in Algorithm 5. It is an iterative algorithm under ADMM framework [11]. In lines 3 − 8 and
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13, the auxiliary matrices {Q(i)}Ni=1, {X(i)}Ni=1, {M(i)}Ni=1, {Y(i)}Ni=1, {L(i)}Ni=1, {R(i)}Ni=1 and target output
variable Z are updated according to our derivations. In lines 9 − 11, we renew the Lagrange
multipliers {Λ(i)}Ni=1, {Γ(i)}Ni=1 and {Ψ(i)}Ni=1 as the standard ADMM framework.

Algorithm 5: FTF-SiLRTC-TV Algorithm
Input : An incomplete data tensor Z0 ∈ ℜI1×I2×···×IN , the observation index set Ω, the size

r of the matrix M ∈ ℜr×r, thresholding value ρ and tunable parameter λ
Output: Completed data tensor Zk+1

1 while not convergence do
2 for i = 1, 2, . . . ,N do

3 Qk+1
(i) = βishrinkage λ

ρ1

(
F(i)Xk

(i) −
Λk

(i)

ρ1

)
4 Xk+1

(i) = βi(ρ1F(i)FT
(i) + ρ2I)−1(FT

(i)Λ
k
(i) + ρ1FT

(i)Q
k+1
(i) + ρ2Zk

(i) − Γk
(i))

5 Mk+1
(i) = D 1

N.ρ3
((Lk

(i))
T un f oldi(Zk)(Rk

(i))
T )

6 Yk+1
(i) = Lk

(i)M
k+1
(i) Rk

(i) + PΩ
(
Z0

(i) − Lk
(i)M

k
(i)R

k
(i)

)
7 Lk+1

(i) = QR
(
(Yk

(i))(R
k
(i))

T
)

8 (Rk+1
(i) )T = QR

(
(Yk

(i))
T Lk

(i)

)
9 Λk+1

(i) = Λ
k
(i) + ρ1(Qk+1

(i) − F(i)Xk+1
(i) )

10 Γk+1
(i) = Γ

k
(i) + ρ2(Zk

(i) − Xk+1
(i) )

11 Φk+1
(i) = PΩ

(
Φk

(i) + µ(Y
k+1
(i) − Lk+1

(i) Mk+1
(i) Rk+1

(i) )
)

12 Ψk+1
(i) = Ψ

k
(i) + ρ4(Zk

(i) − Yk+1
(i) )

13 end

14 Zk+1 =

∑N
i=1( f oldi(Γk+1

(i) + ρ2Xk+1
(i) ) + f oldi(Ψk+1

(i) + ρ4Yk+1
(i) ))

Nρ2 +
∑N

i=1 βiρ4

15 end

3.3. Computational complexity
In this part, we discuss the time complexity of mentioned algorithms, SiLRTC, FTF-SiLRTC

and FTF-SiLRTC-TV Algorithms.
The computational complexity of each operator for matrix X ∈ ℜm×n is presented in Table 2 [8].

The computational complexity of SiLRTC, FTF-SiLRTC and FTF-SiLRTC-TV Algorithms in
each iteration for solving the tensor completion problem is presented in Table 3:

where K j =
n∏

i=1
i, j

Ii.

Particularly, for image tensor T ∈ ℜm×n×3, the computational complexity of the three algorithms
is given in Table 4.
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Table 2: Computational complexity of operators
Operation Computational complexity
S VD(X) 4m2n + 8mn2 + 9n3 if m ≥ n
S VD(X) 4m2n + 22n3 if m ≫ n
QR(X) 2mn2 − 2

3n3

Dτ(Σ) 2n
UDτ(Σ)VT 2m2n + n2 − mn
A ± X, A ∈ ℜm×n mn
c.X, c ∈ ℜ mn
PΩ(X) mn

Table 3: Computational complexity of algorithms
Algorithm Computational complexity

SiLRTC
N∑

j=1

(
(6K j + 8I j − 1)K jI j + I2

j (9I j + 1)
)

FTF-SiLRTC
N∑

j=1

(
59
3 r3 + (6I j + 4K j − 1)r2 + (6I jK j − 2I j − K j)r + 9I jK j

)
FTF-SiLRTC-TV

N∑
j=1

(
59
3 r3 + (6I j + 4K j − 1)r2 + (6I jK j − 2I j − K j)r

+4I3
j + 8I2

j K j + 6I2
j + 3I jK j + 2I j − 10K j

)
In the following, we show that the following relation always holds for r ≤ min{m, n}:

n(FTF − SiLRTC) ≤ n(SiLRTC), (3.21)

that means

59r3 + (4mn + 18(m + n) + 15)r2 + (53mn − 5(m + n) − 6)r − 81mn
≤ 18m2n2 + 9(m3 + n3) + 78(m2n + mn2) + m2 + n2 + 6mn + 594,

Let r = n, then we have:

(68 + 4m)n3 + 9n2 − 6n ≤ 18m2n2 + 9m3 + 7m2n + 78mn2 + m2 + 92mn + 594,

As a result, assuming that m = n

14m4 + 26m3 + 84m2 + 6m + 594 ≥ 0,

It is clear that the above relations are always established for m ≥ 1.

Remark 3.1. By a simple calculation, it can be seen that for r ≤ min{m, n}, the inequalities (3.21)
hold true.
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Table 4: Computational complexity of algorithms
Algorithm Computational complexity
SiLRTC 18m2n2 + 9(m3 + n3) + 78(m2n + mn2) + m2 + n2 + 6mn + 594
FTF-SiLRTC 59r3 + (4mn + 18(m + n) + 15)r2 + (53mn − 5(m + n) − 6)r − 81mn
FTF-SiLRTC-TV 59r3 + (4mn + 18(m + n) + 15)r2 + (55mn − 5(m + n) − 6)r + 168

+4(m3 + n3) + 24(m2n + mn2) + 6(m2 + n2) + 89mn − 28(m + n)

4. Numerical Results

In this section, we present some examples to show the efficiency of our proposed FTF-SiLRTC
and FTF-SiLRTC-TV Algorithms. Moreover, a comparison between them is presented. In all of
the examples, for corrupted images, 90 percent of the original images are randomly lost.
All codes have been run by MATLAB R2018a software on the computer 64-bit Intel(R) Core(TM)
i5-5200U CPU.
Figure 1 shows a set of coloured images in which Figure 1(a) is the original image, Figure 1(b) is
the corrupted image, Figure 1(c) is the reconstructed image by SiLRTC Algorithm and Figure 1(d)
through Figure 1(i) are the reconstructed image by FTF-SiLRTC Algorithm with r = 5, 10, · · · , 35,
respectively. Also, the stop criterion is thought of as ∥Xk+1 − Xk∥F ≤ .2 and the PSNR and RMSE
formulas used in the examples are defined by

PS NR(X) = 10 log10

( 2552

MS E(X)

)
,

RMS E(X) =
√

MS E(X),

where MS E(X) = 1
3mn

m∑
i=1

n∑
j=1

3∑
k=1

(ti jk − xi jk)2.

Tables 5, 6, and 7 show the CPU time, PSNR and RMSE for FTF-SiLRTC Algorithm with
r = 5, 10, · · · , 35, respectively.

Table 5: The CPU time of FTF-SiLRTC Algorithm with r =5, 10, 15, 20, 25, 30 and 35 on the images of
Figure 1.

Image Size FTF-SiLRTC
r = 5 r = 10 r = 15 r = 20 r = 25 r = 30 r = 35

Peppers 194 × 259 × 3 8 13 27 36 75 86 178
Dog 213 × 238 × 3 9 11 21 26 62 67 145
House 256 × 256 × 3 17 21 22 31 52 53 64
Parrot 256 × 384 × 3 5 6 15 18 27 33 37
F16 512 × 512 × 3 15 17 37 52 53 82 119
Squirrel 553 × 800 × 3 67 132 199 580 1251 1810 1531
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Table 6: The PSNR of FTF-SiLRTC Algorithm with r = 5, 10, 15, 20, 25, 30 and 35 on the images of Figure
1.

Image FTF-SiLRTC
r = 5 r = 10 r = 15 r = 20 r = 25 r = 30 r = 35

Peppers 18.70 21.71 23.78 26.11 26.17 26.64 28.21
Dog 24.04 29.06 30.76 32.16 32.66 33.95 34.45
House 22.20 24.48 27.24 28.61 30.65 30.88 32.25
Parrot 22.33 26.36 26.79 28.48 29.44 29.75 30.28
F16 21.69 23.12 25.10 25.44 26.90 27.04 27.28
Squirrel 21.63 23.05 23.74 24.31 24.19 24.79 24.68

Table 7: The RMSE of FTF-SiLRTC Algorithm with r = 5, 10, 15, 20, 25, 30 and 35 on the images of Figure
1.

Image FTF-SiLRTC
r = 5 r = 10 r = 15 r = 20 r = 25 r = 30 r = 35

Peppers 29.60 20.95 16.49 12.61 12.53 11.87 9.91
Dog 16.02 8.98 7.39 6.29 5.93 5.12 4.83
House 19.80 15.22 11.08 9.46 7.49 7.28 6.23
Parrot 19.51 12.26 11.67 9.61 8.61 8.30 7.81
F16 20.99 17.81 14.19 13.64 11.52 11.33 11.04
Squirrel 21.12 17.95 16.57 15.52 14.70 15.75 14.92

As is seen in Tables 5, 6 and 7, choosing the appropriate r (the size of matrix M) has a significant
effect on the result of the FTF-SiLRTC Algorithm. The CPU time and RMSE of FTF-SiLRTC Al-
gorithm is significantly decreased and the PSNR of the images are almost increased by increasing
the value of r.
Figure 2 shows a set of coloured images in which Figure 2(a) is the original image, Figure 2(b)
is the corrupted image and Figure 2(c) through Figure 2(f) are the reconstructed image by FTF-
SiLRTC-TV Algorithm with r = 5, 15, 25 and 35, respectively.

Tables 8, 9, and 10 show the CPU time, PSNR and RMSE for FTF-SiLRTC-TV Algorithm
with r = 5, 10, · · · , 35, respectively.

As is seen in Tables 8, 9 and 10, changing the r value does not have much effect on the recovery
result and the FTF-SiLRTC-TV Algorithm works almost independently of the r value.
Figure 3 shows a set of coloured images in which Figure 3(a) is the original image, Figure 3(b) is
the corrupted image and Figure 3(c) through Figure 3(f) are the reconstructed image by TRLRF,
HaLRTC, SiLRTC, FTF-SiLRTC and FTF-SiLRTC-TV Algorithms with r = 15, respectively.

Tables 11, 12, and 13 show the CPU time, PSNR and RMSE for TRLRF, HaLRTC, SiLRTC,
FTF-SiLRTC and FTF-SiLRTC-TV Algorithms with r = 15, respectively.
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Table 8: The CPU time of FTF-SiLRTC-TV Algorithm with r =5, 10, 15, 20, 25, 30 and 35 on the images
of Figure 2.

Image FTF-SiLRTC-TV
r = 5 r = 10 r = 15 r = 20 r = 25 r = 30 r = 35

Peppers 9.24 8.56 8.90 8.68 6.63 8.49 8.52
Dog 7.51 10.83 10.78 7.62 9.00 8.37 7.32
House 9.70 9.41 8.77 8.61 9.06 9.18 9.63
Parrot 8.36 8.64 7.64 8.01 8.89 8.45 7.96
F16 6.28 6.16 6.01 6.44 6.33 6.29 6.29
Squirrel 170 180 185 187 195 192 199

Table 9: The PSNR of FTF-SiLRTC-TV Algorithm with r = 5, 10, 15, 20, 25, 30 and 35 on the images of
Figure 2.

Image FTF-SiLRTC-TV
r = 5 r = 10 r = 15 r = 20 r = 25 r = 30 r = 35

Peppers 27.09 28.54 27.56 27.71 29.88 28.54 29.60
Dog 32.64 30.31 30.81 32.35 32.62 32.28 33.76
House 28.43 30.14 30.25 30.23 31.34 31.81 31.92
Parrot 30.15 30.52 29.99 30.93 29.62 29.89 31.16
F16 26.54 25.67 26.81 26.37 26.03 26.86 26.51
Squirrel 26.23 26.99 26.56 26.52 25.85 26.27 26.43

As is seen in Tables 11, 12 and 13, the best results are related to the FTF-SiLRTC-TV Algorithm.
FTF-SiLRTC-TV Algorithm has higher speed and accuracy compared to other algorithms.

5. Conclusion

In this paper, we presented the algorithms called FTF-SiLRTC and FTF-SiLRTC-TV to ac-
celerate the SiLRTC Algorithm. By comparison of SiLRTC Algorithm (Alg. 3 and our proposed
algorithms, it is shown that for image tensor in ℜm×n×3 the CPU time of SiLRTC Algorithm can
be reduced by FTF-SiLRTC and FTF-SiLRTC-TV Algorithms with choosing appropriate r. Also,
we can see that in general, for FTF-SiLRTC Algorithm the bigger r, the more PSNR and the less
RMSE. Therefore, it is concluded that increasing the value of r will increase the accuracy of FTF-
SiLRTC Algorithm. On the other hand, FTF-SiLRTC-TV algorithm provides higher accuracy in
less time than other algorithms. The efficiency of our proposed method will be increased if the
number of dimensions and/or the size of dimensions grow up.
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Table 10: The RMSE of FTF-SiLRTC-TV Algorithm with r = 5, 10, 15, 20, 25, 30 and 35 on the images of
Figure 2.

Image FTF-SiLRTC-TV
r = 5 r = 10 r = 15 r = 20 r = 25 r = 30 r = 35

Peppers 11.27 9.54 10.68 10.50 8.18 9.54 8.45
Dog 5.95 7.78 7.34 6.15 5.97 6.20 5.23
House 9.67 7.93 7.83 7.85 6.91 6.55 6.46
Parrot 9.55 7.59 8.07 7.24 8.41 8.16 7.05
F16 12.01 13.28 11.65 12.26 12.73 11.58 12.06
Squirrel 12.45 11.41 11.98 12.04 13.01 12.39 12.18

Table 11: The CPU time of TRLRF, HaLRTC, SiLRTC, FTF-SiLRTC and FTF-SiLRTC-TV Algorithms
with r = 15 on the images of Figure 3.

Image TRLRF HaLRTC SiLRTC FTF-SiLRTC FTF-SiLRTC-TV
Peppers 150 43 45 35 9
Dog 168 46 35 25 11
House 164 50 34 22 9
Parrot 157 46 33 15 8
F16 157 63 40 37 6
Squirrel 1817 1655 504 199 186
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(a) (b) (c) (d) (e) (f)

Figure 1: A dataset of images. The columns show (a) original image, (b) corrupted images and (c) to (f) reconstructed
by FTF-SiLRTC algorithm with r = 5, 15, 25 and 35, respectively.
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(a) (b) (c) (d) (e) (f)

Figure 2: A dataset of images. The columns show (a) original image, (b) corrupted images and (c) to (f) reconstructed
by FTF-SiLRTC algorithm with r = 5, 15, 25 and 35, respectively.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

Figure 3: A dataset of images. The rows show (a) original image, (b) corrupted images (c) to (g) reconstructed by
TRLRF, HaLRTC, SiLRTC, FTF-SiLRTC and FTF-SiLRTC-TV Algorithms with r = 15, respectively.
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