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1. Introduction

Let H be a separable Hilbert space. A sequence F' = {f;};c; is called a frame for H, if there
exist two positive constants A, B such that

AllfIP < ) Kf P < BIFIP,  f eH. (1.1)

iel
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If A =B = 1in(l.1), then we say that F = {f;};; is a Parseval frame for H. Let F = {f;};; be a
frame for . In this case,

Tr: L) —H, Tr(ciie) = Z ¢ifi
iel

is a bounded and onto operator and its adjoint is T(f) = {{f, fi)}ies, for all f € H [6]. The
operators Tr, Ty and Sy = T¢T}. are called the synthesis, analysis and frame operator of F' =
{f:}ie1, respectively. If F' = {fi}ic; is a frame for H, then S £ is an invertible positive operator and
we have

F=DUESEmf feH (1.2)

i€l

A sequence F = {f;};c is called a Riesz basis for H, if span{ f;},c; = H and there exist two positive
constants A, B such that for any finite scalar sequence {c;} we have

ANl < || Y] <4l

Let F = {f;}ie; and G = {g;};; be two frames for a Hilbert space H. We say that G is a dual frame
for F, if
F=Y ek feH.
iel
From (1.2), we conclude that F = {S ;l fi}ier 1s a dual frame of F, which is called the canonical dual
of F. Itis proved in [6], each Riesz basis for H is a frame and has only one dual frame.

The concepts of disjoint frames and strongly disjoint frames introduced by Han and Larson
[7], and these notions generalized to frames in Banach spaces by Casazza, Han and Larson [5].
In 2006, more general extension of frames, the so-called g-frames, introduced by Sun [9]. Some
properties of g-frames have been investigated in papers [2, 3, 4].

Throughout this paper, H and K are separable Hilbert spaces and {H;};c; is a sequence of
separable Hilbert spaces.

Definition 1.1. We call a sequence A = {A; € B(H,H;) : i € I} a g-frame for H with respect to
{H;}icr, if there exist two positive constants A and B such that

AllIfIP < Z IASIP < BIFIP,  feH.
i€l
A and B are called the lower and upper g-frame bounds, respectively.

We call A = {A; € B(H,H;) : i € I} atight g-frame if A = B and Parseval g-frame if A = B = 1.

If there is no confusion, we use g-frame (g-frame for H) instead of g-frame for H with respect
to {Hitier-
Let A; € B(H,H;) be given for all i € I. Let us define the set

H = {{f;},-g S Hi YO MAIP < °°}

iel
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with the inner product given by ({fi}ics, {giticr) = 2ici{fi» &)- 1t is easy to show that 77 is a Hilbert
space with respect to the poitwise operations. It is proved in [8], if A = {A; € B(H,H;) : i € I} is
a g-Bessel sequence for H, then the operator

Ta:H—>H, Talfiie) = ) A (1.3)
i€l

is well defined and bounded and its adjoint is T\ f = {A,f}ie; for all f € H. Also, a sequence
A ={A; € B(H,H,) : i € I} is a g-frame for H if and only if the operator T, defined in (1.3) is a
bounded and onto operator. We call operators 7y and Ty, the synthesis and analysis operators of
A, respectively. If A = {A; € B(H,H;) : i € I} is a g-frame for H, then

SaiH—>H, Saf=) AAS
i€l
is a bounded invertible positive operator [9], and every f € H has the following representation
=) SANAS = ) AASS. (1.4)
i€l iel

S 1s called the g-frame operator of A. Let A = {A; € B(H,H; ;) : i € I} be a g-frame for H with
g-frame bounds A, B and let A; = NS, for all i € 1. Then A = {A,~ € BIHH) :iel}lisa
g-frame for H with bounds + and I [9]

Definition 1.2. Let A = {A; € B(H, H;) : i€ [} and © = {®; € B(H,H;) : i € I} be two g-frames
for H such that

=) ONf, feH,

iel

then O is called a dual g-frame of A.

By (1.4), A = {K,-},E, is a dual g-frame of {A,;};c;, which is called the canonical dual of A =
{Aitier-

Definition 1.3. A sequence A = {A; € B(H,H;) : i € I} is called

(1) a g-Riesz basis for H with respect to {H},, if there exist two positive constants A and B
such that for any finite subset /' C I we have

A lgdlP <11 Ajgll? < B llgilP, g€ H;

ieF ieF ieF
and A = {A; € B(H,H;) : i € I} is g-complete, i.e.,
(f: Aif = 0,Yi €I} = {0).
(2) a g-orthonormal basis for H with respect to {H;}ie;, if for all £ € H, X, 1A fI* = IIf*, and

(A;gisNigj) = 0i8i8))» & €M, gieH), i, jel
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2. Dilation of g-frames

The concepts of disjoint g-frames and strongly disjoint g-frames were introduced in [1]. In this
section, we investigate dilation of g-frames and we show that disjoint g-frames for a Hilbert space
have dilation property.

Definition 2.1. Let A = {A; € B(H,H;) : i € [} and ® = {®; € B(K,H,) : i € I} be g-frames for
Hilbert spaces H and K, respectively. Then A and ©® are called

(1) disjoint, if RangeT, N RangeTg = {0} and RangeT + RangeT}, is a closed subspace of H.
(2) complementary pair, if RangeT, N RangeTg = {0} and

RangeT) + RangeTg = H.
(3) weakly disjoint if RangeTy N RangeTg = {0}.

Proposition 2.2 ([1]). Two g-frames A = {A; € B(H,H;) :i € I} and ® = {O; € B(K,H;) : i € I}
are disjoint if and only if {I'; € B(H®K, H;) : i € I} is a g-frame for H &K with respect to {H}ic;,
where

F,ﬁ?‘lEB?(—)?‘(i, Fi(f@g):/\if+®,-g, (21)

foralliel.
Proposition 2.3 ([1]). Two g-frames A = {A; € B(H,H;) :i €I} and ® = {0O; € B(K,H;) : i € I}

are complementary pair if and only if {I; € B(H & K, H;) : i € 1} is a g-Riesz basis for H & K
with respect to {H;}ic;, where T'; is defined by (2.1), for all i € I.

Proposition 2.4 ([1]). Two g-frames A = {A; € B(H,H;) :i €1} and ® = {0O; € B(K,H;) : i € I}
are weakly disjoint if and only if

{feg:Ti(feg =0,Yiel} = {0},
where where I; is defined by (2.1), for all i € I.

Proposition 2.5. Let A = {A; € B(H,H;) : i € I} and © = {0, € B(?S, H;) : i € I} be Parseval
g-frames for H and K, respectively. Then RangeT, ® RangeTy = H if and only if {I'i}ie; is a
g-orthonormal basis for H ® K, where T; is defined by (2.1), for all i € I.

Proof. If {I';};c; is a g-orthonormal basis for H & K then

AP + N8l = D" IT(f @ I
i€l
= D IAAIP + > 18igl” +2Re D (Aif, Oig),

iel iel iel

and

Re Z(A,- £,08)=0, feH, gekK. (2.2)

i€l
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If we replace g by ig in (2.2), then
Im) (Aif.©ig) =0, feH gek.

i€l
Therefore RangeT L RangeTy. Since I' = {I'; € B(H @ K, H;) : i € I} is a g-orthonormal basis,
T} is onto. But RangeT + RangeT, = RangeTy, hence RangeT + RangeTg = H.
For the converse implication, we have

DUTf @I = D A + Ol = D IAAP + > 10:glP
i€l i€l i€l i€l

=IA12 +llgl? = 1If @ gl

forall fog e HOK. If {gi}ics € 77, then {g;}ic; = {Aif}ier +{0:g}ics for some f € H and for some
g € K. Therefor g; = A;f + ©,g, for all i € I. We have

2 2

e

| Sl | Sonis o0 = 3 ais
= > A+ Gig)H2 + H DO + @)ig)H2

iel
iel iel
2 2
=i+ 2inion] + e L oin]
iel iel

Since }};c; A7®;g = 0and };c; O:A;f =0,

| > rre =12+ g7 = 3 1A+ 3 lesglf

i€l iel icl
= Y AL + Ol = > gl
i€l i€l
So )
| > s = > leiP. (g e A 23)
i€l i€l
By (2.3) we have
T gl = llgil® i€l g €H. (2.4)

Again, (2.3) implies that
IT;g: + Tigill? = llgdl® + llgjl*s i.jel, g €H.geH,
or
IT;gill® + T3 g1 + 2Re(T; g1 Tig ) = llgll® + llg)il*: g € Hi.gj € H,,
for all i, j € I. Therefore, by (2.4)
<F;kgi’ l—‘jg1> = 6ij<gi’ g]>’ 8i € 7_{i’ gj € 7_[],
foralli, jel. O
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Let F = {f;}ic; be a Riesz basis for a Hilbert space HH with unique dual frame F ={ f,-},-e,.
If M c H is a closed subspace of H and P is the orthogonal projection form H onto M, then
PF = {Pf:},c; is a frame for M with dual frame PF = {Pﬁ-},-e[. In general, PF = {Pf,-},-el is not the
canonical dual of PF = {Pf},c;. But, if P commutes with the frame operator S g, then PF = {P f, Vier
is the canonical dual of PF = {Pf;},c; (see [7]). Here, we generalize this result to g-frames.

Proposition 2.6. Let P be an orthogonal projection from H onto a closed subspace M and let
A ={A; € B(H,H;) : i € I} be a g-frame for H with respect to {H;},c;. Then AP = {A;P €
B(H,H;) : i € 1} is a g-frame for M with respect to {H;};c; and

Viel, AP=AP& PS;' =S7'P,

where A = {A\; € BOH, H,) : i € I} and AP = {\,P € B(H,H,) : i € I} are canonical dual of A
and AP, respectively.

Proof. Let f € M and A, B be the g-frame bounds for A, then
AllfIP = AIIPAIP < Z IAPFIP < BIPFIP = BIfIP.
iel

If A,P = AP, for all i € I, then A,PS L =A;S'P, forall i € I. Therefore, we have PS}, = S 'P,
and so PS}, = PS ' P, which implies that S ;' P = PS ;' P. By taking adjoint we get PS ' = PS'P,
and hence PS' = S'P.

Now we assume that PS' = S 'P and f € M, then

f= Y (NPY(NP)f = 3" PAJAPS L f. 2.5)
i€l i€l
Since f € M € H, we can write f = Y, A;A: S f or
f=Pf=) PAAS,Pf.
i€l

Now, (2.5) and our assumption imply that

0= PAJA(PS3, = S3'P)f = ) PAAP(PS3), = S3'P)f
i€l i€l

=Sar(PS pf = SA'PS),
for all f € M. Therefor PS,}, = S'P, and so AP = AP, forallicl. O

Let A ={A; € B(H,H;) : i € I} and ® = {®; € B(X,H;) : i € I} be g-frames for Hilbert
spaces H and K, respectively. We recall that A and © are unitarily equivalent (similar), if there
exists a unitary (an invertible) operator U € B(H, K) such that

A =0U, i€l
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Proposition 2.7. Let A = {A; € BOH, H;) :i € I} and © = {O; € B(K,H,) : i € I} be g-frames for
non zero Hilbert spaces H and K, respectively. If A and © are unitarily equivalent (similar), then

span{l; (H)}ier # H & K,
where T; is defined by (2.1), for all i € I.

Proof. Let U € B(H,K) be a unitary (an invertible) operator such that A; = ®;U for any i € I. If
0 # g € K, then there exists f € H and Uf = —g. Then ®,(U f + g) = 0, for all i € I. Hence

{(feg:Tifog =0,icl}+{0},
consequently span{I’;(H;)}ies # H ® K, (see [8]). O

Corollary 2.8. Let A = {A; € B(H, H;) : i € I} and ® = {®; € B(K,H,) : i € I} be respective
g-frames for non zero Hilbert spaces H and K. If A and ® are unitarily equivalent (similar), then
A and © can not be weakly disjoint. Moreover, If A and ® are unitarily equivalent (similar), then
I'={I'; e BFH®K,H,) : i €I} is not a g-frame for H ® K, where T'; is defined by (2.1), for all
i€l

Let {e;;} je;; be an orthonormal basis for H;, for every i € I. It is proved in [8], {E;;}cs, jes, 1S an
orthonormal basis for H, where

(Eij = { 0. P%k (2.6)
We use the above fact in the rest of this paper.

Proposition 2.9. Let A = {A; € B(H,H;) : i € I} be a g-frame for Hilbert space H with respect to
{H.}ic1. Then there exist a Hilbert space H C K and a g-Riesz basis A = {A; € B(K,H,) : i € I} for
K with respect to {H;}ic;, such that A; = A;Py for all i € I, where Py is the orthogonal projection
from K onto H.

1

Proof. Let®; = A;S,°, foralli € I. Then ® = {®; € B(H,H;) : i € I} is a Parseval g-frames
for H and RangeT(, = RangeT . Let P be the orthogonal projection from # onto RangeT. We
define the operators

g PH = Hi, ¢i(9) = ) (8, PLEye, 2.7)

JeJi

for all i € I, where E;; is defined by (2.6). Then ¢ = {¢; € B(Plﬁ, H,) : i € I} is a Parseval
g-frame for PH. In fact

el = 3 | S PEpes| = 3> ke PENP = lglP,

i€l i€l JjeJ; i€l jeJ;
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forall g € P-H. We have

D @i 0i8) = D (Oif. ) (s, P Eipeys)

icl icl jeld;

= Z Z<®’f’ @ﬂm

iel jeJ;
{3 S0 s e End
iel jel;

=(P'Tof.8) =(0,8) =0,

for all f € H and g € P~H. So,
RangeTg L RangeT,. (2.8)

On the other hand, if g = {g;}ic; € P then we have

g = Z(g, P E;j)e;; = Z<{gi}iel, E;jpe;;

jE]l' jEJi

= Z(gi, eij)eij = &is

JeJi
80, g = {¢ig}ier- Thus
Prg = {pi(P*@))ier; g8 = Pg+T,(P'g), geH.

consequently

H = RangeTg + RangeT . (2.9)

Accordin}(\,I to the Proposition 2.5, (2.8) and (2.9) imply that {I';};c; is a g-orthonormal basis for
H & P+H, where _

IiiHePH—-H, T(fog=0f+pg. (2.10)

We define the operator F € B(H ®P-H )by F(f®g) = S} f@g, then F is invertible. Let A; = I';F,

for all i € I. In this case, {A;};c; is a g-Riesz basis for K = HePH (see [2]). Clearly, A;Py = A,
foralliel. L

Definition 2.10. Let ¥ be a family of g-frames for H with respect to {H;};c;. We say that ¥ has
dilation property, if there is a larger Hilbert space H C K such that for every A = {A;};c; € F, there
exists a g-Riesz basis I' = {I';},¢; for K such that A; = I';Py, for all i € I, where Py is orthogonal
projection from K onto H.

In the next proposition we provide some sufficient conditions, under which a family of g-
frames with two members has dilation property.

Proposition 2.11. Let A = {A; € B(H,H;) : i € I} and ©® = {®; € B(H,H;) : i € I} be two
g-frames for Hilbert spaces H with respect to {H;}ic;. If one of the following conditions holds,
then F = {A, ©} has the dilation property.
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(1) A and O are similar.
(2) A and © are disjoint.
(3) O is similar to a dual g-frame of A.

Proof. (1) Let T € B(H) be an invertible operator and ®; = A;T, for all i € 1. By Proposition 2.9,
then there exist a Hilbert space H ¢ K (K = H @ P*H , where Pg, 1s the orthogonal projection
from 7 onto RangeT}) and a g-Riesz basis I = {I'; € B(K, H;) : i € I} for K with A; = I';P4 for
alli € I. Let us define A; € B(K, H;) by A; = I'/(T & I), where

Tel:K—>K, (ToDhfog=Tfog

Since T @ I is invertible and I' = {I';};,; is a g-Riesz basis for K, then A = {A;};c; is a g-Riesz basis
for K and ©; = A;P4 foralli € I.

(2) Since A = {Aj}ic; and ® = {®,};; are disjoint, by Proposition 2.2, {¢;}c; and {¢;};c; are
g-frames for H @ H, where for all i € I, ¥;, ¢; : H & H — H; defined by

vi(feg) =ANf+0g ¢(feog)=0;f+ANg fgeH.

From the other hand, {i;},c; and {¢;};c; are similar. Hence by (1), there exist a Hilbert space
H & H c K, and two g-Riesz basis I' = {I';};c; and A = {A;};; for K with respect to {H.}c;, such
that ¥; = I';Pyae and ¢; = A;Pygqq for all i € I, where Pgegq is the orthogonal projection from K
onto H @& H. If we identify H by H & 0 @ 0 and consider Py, is the orthogonal projection from K
onto H@® 00, then A; = I';Py and ®; = A; Py foralli € I.

(3) Let ¢ = {¢:}ic; be a dual g-frame for A = {A;};c; and T € B(H) be an invertible operator so
that ®; = ¢;T, for all i € I. By Theorem 2.9 of [1], there exists a Hilbert space H{ C K and two
g-Riesz basis I = {I';};c; and A = {A;}i; for K with A; = T';Pg¢; and ¢; = A;Pg for all i € I, where
Py is the orthogonal projection from K onto H. Let us define

W,'IK—>7'{Z', Wi:Ai(T@I), i€l
Then W = {W;},; is a g-Riesz basis for K with respect to {H;};c;, and @; = W; Py, forallie I. [

Definition 2.12. Let A = {A; € B(H,H;) : i € I} be a g-frame for H. We define the deficiency of
A to be dim(RangeT)*.

In the following theorem we provide a sufficient condition for a family of g-frame ¥ such that
¥ has the dilation property.

Theorem 2.13. Let F be a family of g-frames for H with respect to {H}ic;. Then F has the
dilation property if all members of F have the equal deficiency.

Proof. Fix a g-framEA = {Aj}ic; iIn ¥ and let ©® = {®,};; be any g-frame in 7;‘\ Let K = 'H@PLQ
and M = H ® Q+H, where P and Q are the orthogonal projection from H onto RangeT and
RangeT,, respectively. We define

¢ PPH > H;,  @ilg) = Z(g, PYEjeij,

JeJi
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and
vit Q"H = M, gih) = > (h, Q" Eyey,
JeJi
for all i € I, where E;; is defined by 2.6. Then ¢ = {¢;}ie; and = {i/;};e; are respective g-frames
for P+H and Q+H. Now, we consider bounded operators

it K—->H, Tfeg=Af+qeg, (2.11)

and
O, M->H, DO(f®h) =0;f+yh (2.12)

A argument similar to the proof of Proposition 2.9 shows that

—

‘H = RangeT, + RangeT,, RangeT, L RangeT,.

So by Proposition 2.3, I' = {I';},c; is a g-Riesz basis for K with respect to {#;};;. Similarly, ® =
{®;}ies is a g-Riesz basis for M with respect to {#};c;. Since dim(RangeT ;)" = dim(RangeT)",
there is a unitary operator W from (RangeT ;)" onto (RangeTg)". In fact, if {x;};c; and {y;};c; are
orthonormal bases for (RangeT )" and (RangeTg)", respectively, then we may consider

W : (RangeT))* — (RangeTg)*:, Wf = Z(f, Xi)yi.
ieJ

It is easy to show that W is a unitary operator. Let us define
Ai:K—->H, O(feg)=0f+yWg, iel.
Since A; = @;F, for all i € I and the operator
F:K—->M, F(fog=foWg

is invertible, A = {A;};¢; is a g-Riesz basis for K. Clearly, I';P; = A; and A;P4 = ©; for ever i € 1,
therefore ¥ has the dilation property. ]
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