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1. Introduction

One of the form of non-commutative convexity is C*-convexity. Formal study of C*-convexity
was initiated by Loebl and Paulsen in [9]. Farenick and Morenz proved that each irreducible ele-
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ment of the C*-algebra M, of complex n X n matrices, is a C*-extreme point, the relative extreme
point, of the C*-convex set that it generates [6]. Also they studied the C*-extreme points of the C*-
convex space S y(A) of unital completely positive linear maps from a C*-algebra A to the algebra
B(H)of continuous linear operators on a complex Hilbert space H [5]. Moreover, in [13] Morenz
discovered a right analog of linear extreme points, called structural elements to prove a generalised
Krein Milman theorem for C*-convex subsets of M,. The author and G. H. Esslamzadeh gener-
alised the notion of C*-convexity and the relative extreme points, C*-extreme points, to *-rings
[4], see also [14]. Magajna proved that each weak® compact C*-convex set in a hyper finite factor
(in particular in B(H)) is the weak* closure of the C*-convex hull of its C*-extreme points [12],
see also [10] and [11]. It is known that a real-valued function f : R — R is convex if and only if
the epigraph of f is a convex set in R2. M. Kian extended this result for operator convex functions
and C*-convex sets in [8].

Throughout this paper R is a unital *-ring, that is, a ring with an involution which has an
identity element. An element x in R is called positive, written x > 0, if x = yjy; +y;y2 + -+ + ¥y,
for some yy,y,,---,y, in R. The self-adjoint elements of R may be ordered by writing x < y in
case y — x > 0. The involution of R is called proper if x*x = 0 implies that x = O for every x € R.
Also, it is said that R satisfies the positive square root axiom if for every positive element x € R,
there exists y € {x}" such that y > 0, and x = y>, where {x}  denotes the double commutant of {x}
in R. To study the *-rings and Baer *-rings , the reference [1] is essential.

Definition 1.1. A subset K of a unital %-ring R is called C*-convex, if

n

Z a:xa; € K,

i=1
whenever x; € K, a; € Rforalliand })7_, aja; = 1.

Definition 1.2. Let K be a C*-convex subset of R. An element x € K is called a C*-extreme point
of K if the condition
n n
x= ) axa, Y dia;=lg,x € K,q is invertible in R,n € N (1)
i=1 i=1
implies that all x; are unitarily equivalent to x in R, that is, there exist unitaries u; € R such that
x; = u;xu; for all i.
The set of all C*-extreme points of K is denoted by C*-ext(K).
In addition, if condition (1) holds, then we say that x is a proper C*-convex combination of
XlyeoesXpye

In [4] we defined the notion of C*-convex maps as the following:

Definition 1.3. Let K be a C*-convex subset of R. We say thatamap f : K — K is C*-convex if

f(i a; x;a;) < i a; f(x)a;
i=1 1

i=

wheren € N, x; € K, a; € R, and ), a’a; = 1. If — f is C*-convex, we say that f is C*-concave.
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In this paper we focuse on the equality in the above definition and we call such maps the
C*-affine maps.

Definition 1.4. Let K be a C*-convex subset of R. We say that amap f : K — K is C*-affine if
f(Z a; xia;) = Z a; f(x)ai,
i=1 1

i=

wheren € N, x; € K, a; € R, and ), a’a; = 1.
Note that if R is a *-algebra, then every C*-affine map is affine in the classical sense.

Example 1.5. The following maps are C*-affine on R.
(1) f(x) = nx where n € N.

(2) f(x) = x".
(3) f(x) = ax where @ € C and R is a =-algebra.
(4) f(x) = ax + b where a € C, b € Z(R) (the center of R) and R is a x-algebra.

Remark 1.6. The composition of two C*-affine maps, is also a C*-affine map.

Definition 1.7. The graph and epigraph of a map f : R — R that we will denote by graph(f) and
epi(f) respectively, are defined as:

graph(f) ={(x,y) : x € R,y = f(0)} SRS R,
epi(f) ={(x,y) :xeR, f(x) <y} CROR.

2. C*-extreme points of the graph and epigraph of C*-affine maps

In this section the relatin between the C*-extreme points of the graph and epigraph of a C*-
affine map and the C*-extreme points of its domain and image are investigated.

It is shawn in [3] and [4] that for every C*-affine map f on a C*-convex subset K of the unital
«-ring R, graph(f) and epi(f) are C*-convex subsets of R & R in the sense that

D (@i (xi, f(x))a, @) € graph(f),
i=1

and

D (@i @) (xi, y)(ai, ;) € epi(f),
i=1

for every (x;, f(x;)) € graph(f) and (x;,y;) € epi(f) and a; € R where }'_, a’a; = 1g. Also, the
author has proved the following theorem in [3].

Theorem 2.1. Let f ba a C*-affine map on a C*-convex subset K of the unital x-ring R. Then the
following conditions are equivalent,

1) x € C* — ext(K),

2) (x, f(x)) € C* — ext(graph(f)).
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The image of a C*-convex set under a C*-affine map is a C*-convex set. Also, injective C*-
affine maps preserve C*-extreme points ([[3], Theorem 2.3]). Indeed, the equivalence of the fol-
lowing assertions for every injective C*-affine map f on a C*-convex set K has been shawn in [3].
1) x € C* — ext(K),

2) f(x) € C" — ext(f(K)),
3) (x, f(x)) € C* — ext(graph(f)).

If A is a unital x-algebra, then every C*-convex set K in A is a convex set and every C*-
extreme point of K is an extreme point in the usual sense. So we conclude that if we replace the
C*-convexity and the concept of C*-extreme point by convexity and the concept of extreme point
in the above corollaries, respectively, we obtain the similar conclusions in the classical convexity
immediately ([[4], corollaries 2.5 , 2.6]).

The author has proved the following theorem ([[2], Theorem 2.3]) as a result about the C*-
extreme points of the epigraph of C*-affine maps on C*-convex sets.

Theorem 2.2. For every C*-affine map f on a C*-convex set K in the unital *-ring R with the
following two conditions:
1) (2.1g)7"? exists in R,
2) X{x1 + X33 + -+ + x5 x, = 0 implies that x; = x, = -+ = x,, = 0 for every x; € Rand n € N
we have
C* = ext(epi()) = graph(fle-—eui) = ((x, f(0) | x € C* = ext(K)).

3. C*-faces

P. B. Morenz extended the notion of face from linear convexity to C*-face of C*-convex subsets
of a C*-algebra in [13]. The author and G. H. Esslamzadeh generalised this notion to s-rings [4].
In this section we investigate some properties of C*-faces and specially we show that the graph of
a C*-affine map is a C*-face of its epigraph provided that it satisfies some conditions.

Definition 3.1. A nonempty subset F' of a C*-convex set K C R is called a C*-face of K, if the
condition x € F and x = }[_, a;x;a; as a proper C*-convex combination of elements x; € K,
implies that x; € F for all i.

Example 3.2. (1) Let K be a C*-convex subset of R. Then K is a C*-face of K. Thus the set of
C*-faces of every C*-convex set is nonempty.
(2) The set C*-ext(K) is a C*-face of K.

Theorem 3.3 ([4], Theorem 3.7). Suppose that Fy and F, are C*-faces of C*-convex subsets K,
and K, in R respectively. Then,

1) Fi N Fyisa C*-face of K| N K, provided that F1 N F, # 0.

2)If K| C K, then F, N K, is a C*-face of K, provided that it is nonempty.

3)IfF C Fyand F is a C*-face of C*-Co(F,), then F is a C*-face of K.

4) If K| C K5, then Ky N C*-ext(K;) C C*-ext(K,).

Theorem 3.4. Let R be a unital *-ring satisfying the positive square root axiom and x;x, + xX5x; +
<o+ Xy x, = 0 implies that x, = x, = -+ = x, = 0 for every x;, € Rand n € N and f be a C*-convex
map on R. Then graph(f) is a C*-face of epi(f).
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Proof. Suppose that (x, f(x)) € graph(f) and
(x5, F) = D (@ @) (xi, ) @i, @)
i=1

is a proper C*-convex combination of elements (x;, y;) € epi(f). We show that (x;,y;) € graph(f)
for each i (1 <i < n). Since

n

(x, f(x)) = (Zn: aixiai, ) aiyia),
i=1

i=1

SO,

=

X = Zn: a:xa;, f(x)= Z a:yia. 3.1
i=1

i=1
Since fis a C*-convex map, so we have

n

f) = £ axa) < ) al fxa; (3.2)
i=1

i=1
We conclude from (3.1) and (3.2) that

n

Z a;yia; < Zn: a; f(xi)a;
i=1

i=1

and hence

M=

a;(yi — f(x)a; < 0. (3.3)

i=1
On the other hand, (x;, y;) € epi(f), soy; > f(x;), and hence y; — f(x;) > 0. Thus

n

D @i = fOia; 2 0. (G.4)

i=1

Using the fact that every positive element in R has a positive square root, and the assumption
X[X| + X3Xp + -+ + x,x, = 0 implies that x; = x, = --- = x, = 0 forevery x; € Rand n € N, we
conclude from (3.3) and (3.4) that

n

D @G = fx)a; = 0.

i=1

and hence for each i,
a;(yi — f(xi))a; = 0.

The invertibility of a; for each i, implies that y; — f(x;) = 0. Therefore, y; = f(x;) and the proof is
complete. O]



Ebrahimi Meymand/ Wavelets and Linear Algebra 5(2) (2018) 21- 28 26

Note that with the same assumptions, the above theorem holds for C*-affine maps immediately.

Proposition 3.5. F is a C*-face of a C*-convex set K in the unital x-ring R if and only if F* is a
C*-face of C*-convex set K*

Proof. First note that if K is a C*-convex subset of R, then K* is also a C*-convex subset of R.
Suppose that F is a C*-face of K. So F* is a nonempty subset of K*. Lety € F*andy = Y| a'ya;
be a proper C*-convex combination of elements y; € K*. Then there exist x(= y*) in F and x; € K
such that y = x* and y; = x;. So

n n
* — * * — * *
X = a;x;a; = () a;xa;)",
i=1 i=1

and hence x = )7, a;x;a; is a proper C*-convex combination of elements x; € K (1 < i < n).
Thus, x; € F and hence y; = x! € F* for each i (1 < i < n). Therefore, F* is a C*-face of K*. The
converse is immediate by replacing F* and K* instead of F' and K respectively. ]

The following theorem deals with the C*-faces of invertible C*-affine maps.

Theorem 3.6. Suppopse that K, and K, are C*-convex subsets of the unital x-ring R and g :
K, — K is a bijective C*-affine map. Then

1) g7 : K, — K, is a C*-affine map.

2) F is a C*-face of K, if and only if g(F) is a C*-face of K,.

3) Fis a C*-face of K, if and only if g"'(F) is a C*-face of K.

Proof. 1) Let 3\, ay;a; be a C*-convex combination of elements y; € K, (1 <i < n). Then there
exist x; € K, such that g(x;) = y; foreach i (1 <i < n). So,

g 'O alyia) = ¢\ ajglxa) = 7@ ajxia)
i=1 i=1 i=1

= Zn: a; Xit; = an a;g ' (g(x)a; = i ag ' (ya;.
i=1 i=1

i=1
Therefore, g~! is a C*-affine map.

2) Let F be a C*-face of Ky, y € g(F)and y = )", a’y;a; a proper C*-convex combination of
elements y; € K, (1 <i < n). So there exist x € F' and x; in K such that y = g(x) and y; = g(x;)
for each i (1 <i < n). Thus,

n

g(x) = Z a;g(x;)a; = g(zn: a; xia;).
i=1

i=1

Injectivity of g implies that
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Since Fisa C*-faceof K|, x; € F (1 <i<n). Soy; = g(x;) € g(F)(1 <i <n)and g(F)is a
C*-face of K.

Conversely, let g(F) be a C*-face of K,, x € F, and x = })/, a;x;a; a proper C*-convex
combination of elements x; € K; (1 <i < n). Then

g0 = ¢ aixia) = Y aig(x)a,
i=1 i=1
where g(x) € g(F) and g(x;) € K, foreach i (1 <i < n). Thus, g(x;) € g(F) and since g is injective,
x; € F foreach i (1 <i < n). Therefore, F is a C*-face of K;.
3) Since g~! is a bijective C*-affine map, so part 3) comes from part 2). O]

Theorem 3.7. Suppose that F, and F, are C*-faces of C*-convex subsets K, and K, of R respec-
tively. Then,

1) K| X K; is a C*-convex subset of R X R with the pointwise operations. 2) F\ X F, is a C*-face
of Ki X K.

Proof. 1) Suppose that (x;,y;) € K; X K, and (a;, b;) € R for each i (1 <i < n) such that

D (@ b)'(ai b) = (Ig, 1g).
i=1

Since K; and K, are C*-convex subsets of R and

Zn: aa; = Zn:bfbi = lg,
i=1

i=1

we have
i(ai, bi)*(xi, yi)ai, b;) = i(a?xiai’ b;yib;) = (Zn: a; xa;, Zn: b;iyib;) € Ki X K;.
2) Let (x,l)_i)1 € F1 X F, and - ) - -
(x,y) = Z(aiabi)*(xi,yi)(ai’bi) (3.5
i=1

be a proper C*-convex combination of elements (x;,y;) € K; X K,. We show that (x;,y;) € F; X F;
for all i (1 < i < n). The relation (3.3) implies that x = }\/_, aix;a; and y = 3", blyb;. Also,

D (@ b (@i b) = lgug = (Iz, 1)

i=1
implies that ), aja; = X, bib; = 1g. Moreover, since (a;, b;) is invertible in R x R, we have
a; and b; are invertible in R. Thus, x = Y, aix;a; and y = ', bly;b; are proper C*-convex
combinations of elements x; € K; and y; € K, (1 < i < n) respectively. Since F; and F, are
C*-faces in K; and K, respectively, we conclude that x; € F; and y; € F;, foreachi (1 <i < n).
Therefore, (x;,y;) € F; X F, foreach i (1 < i < n) and hence F| X F, is a C*-face of K| X K, in

R X R. []
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