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Abstract
In this paper, a new notion of frames is introduced: ∗-operator
frame as generalization of ∗-frames in Hilbert C∗-modules in-
troduced by A. Alijani and M. A. Dehghan [2] and we establish
some results.
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1. Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [6] in the study of nonharmonic
fourier series. Frames possess many nice properties which make them very useful in wavelet
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analysis, irregular sampling theory, signal processing and many other fields. The frame theory
was quickly generalized. There were several kinds of generalization. For example: g-frames,
∗-frames, ∗-g-frames and ∗-K-g-frames in Hilbert A-modules [15].

The notion of Operator Frame for B(H) was introduced by Chun-Yan Li and Huai-Xin Cao
[12], and the notion of Operator Frames for Banach Spaces was introduced by Chun-Yan Li [11].

In this article, a new notion of frames is introduced: ∗-operator frame as generalization of ∗-
frames in Hilbert C∗-modules introduced by A. Alijani and M. A. Dehghan [2] and we establish
some results.

The paper is organized as follows:
In section 2, we briefly recall the definitions and basic properties of C∗-algebra, Hilbert C∗-

modules, frames and ∗-frames in Hilbert C∗-modules;
In section 3, we introduce the ∗-operator frame, the ∗-operator frame transform and the ∗-frame

operator;
In section 4, we investigate tensor product of Hilbert C∗-modules, we show that tensor product

of ∗-operator frames for Hilbert C∗-modules H and K , present an ∗-operator frames for H ⊗ K ,
and tensor product of their ∗-frame operators is the ∗-frame operator of their tensor product of
∗-operator frames.

2. Preliminaries

Let I be a countable index set. In this section we briefly recall the definitions and basic prop-
erties of C∗-algebra, Hilbert C∗-modules, frame, ∗-frame in Hilbert C∗-modules. For information
about frames in Hilbert spaces we refer to [3]. Our reference for C∗-algebras is [5, 4]. For a C∗-
algebra A, an element a ∈ A is positive (a ≥ 0) if a = a∗ and sp(a) ⊂ R+. A+ denotes the set of
positive elements ofA.

Definition 2.1. [8]. Let A be a unital C∗-algebra and H be a left A-module, such that the linear
structures ofA andH are compatible. H is a pre-HilbertA-module ifH is equipped with anA-
valued inner product 〈., .〉A : H ×H → A, such that is sesquilinear, positive definite and respects
the module action. In the other words,

(i) 〈x, x〉A ≥ 0 for all x ∈ H and 〈x, x〉A = 0 if and only if x = 0.

(ii) 〈ax + y, z〉A = a〈x, y〉A + 〈y, z〉A for all a ∈ A and x, y, z ∈ H .

(iii) 〈x, y〉A = 〈y, x〉∗
A

for all x, y ∈ H .

For x ∈ H ,we define ||x|| = ||〈x, x〉A||
1
2 . IfH is complete with ||.||, it is called a HilbertA-module or

a Hilbert C∗-module overA. For every a in C∗-algebraA, we have |a| = (a∗a)
1
2 and theA-valued

norm onH is defined by |x| = 〈x, x〉
1
2
A

for x ∈ H .

Example 2.2. [13] If {Hk}k∈N is a countable set of Hilbert A-modules, then one can define their
direct sum ⊕k∈NHk. On the A-module ⊕k∈NHk of all sequences x = (xk)k∈N : xk ∈ Hk, such that
the series

∑
k∈N〈xk, xk〉A is norm-convergent in the C∗-algebraA, we define the inner product by

〈x, y〉 :=
∑
k∈N

〈xk, yk〉A
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for x, y ∈ ⊕k∈NHk.
Then ⊕k∈NHk is a HilbertA-module.
The direct sum of a countable number of copies of a Hilbert C∗-moduleH is denoted by l2(H).

LetH and K be two HilbertA-modules. A map T : H → K is said to be adjointable if there
exists a map T ∗ : K → H such that 〈T x, y〉A = 〈x,T ∗y〉A for all x ∈ H and y ∈ K .

We also reserve the notation End∗
A

(H ,K) for the set of all adjointable operators fromH to K
and End∗

A
(H ,H) is abbreviated to End∗

A
(H).

Definition 2.3. [7]. Let H be a Hilbert A-module. A family {xi}i∈I of elements of H is a frame
forH , if there exist two positive constants A and B such that for all x ∈ H ,

A〈x, x〉A ≤
∑
i∈I

〈x, xi〉A〈xi, x〉A ≤ B〈x, x〉A. (2.1)

The numbers A and B are called lower and upper bound of the frame, respectively. If A = B = λ,
the frame is λ-tight. If A = B = 1, it is called a normalized tight frame or a Parseval frame. If the
sum in the middle of (2.1) is convergent in norm, the frame is called standard.

Definition 2.4. [2]. LetH be a HilbertA-module. A family {xi}i∈I of elements ofH is an ∗-frame
forH , if there exist strictly nonzero elements A , B inA, such that for all x ∈ H ,

A〈x, x〉AA∗ ≤
∑
i∈I

〈x, xi〉A〈xi, x〉A ≤ B〈x, x〉AB∗. (2.2)

The elements A and B are called lower and upper bound of the ∗-frame, respectively. If A = B = λ,
the ∗-frame is λ-tight. If A = B = 1, it is called a normalized tight ∗-frame or a Parseval ∗-frame.
If the sum in the middle of (2.2) is convergent in norm, the ∗-frame is called standard.

Lemma 2.5. [2]. If ϕ : A −→ B is an ∗-homomorphism between C∗-algebras, then ϕ is increas-
ing, that is, if a ≤ b, then ϕ(a) ≤ ϕ(b).

Lemma 2.6. [2]. LetH and K be two HilbertA-modules and T ∈ End∗
A

(H ,K).

(i) If T is injective and T has closed range, then the adjointable map T ∗T is invertible and

‖(T ∗T )−1‖−1IH ≤ T ∗T ≤ ‖T‖2IH .

(ii) If T is surjective, then the adjointable map TT ∗ is invertible and

‖(TT ∗)−1‖−1IK ≤ TT ∗ ≤ ‖T‖2IK .

3. ∗-operator frame for End∗
A

(H)

We begin this section with the following definition:
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Definition 3.1. A family of adjointable operators {Ti}i∈I on a Hilbert A-module H over a unital
C∗-algebra is said to be an operator frame for End∗

A
(H), if there exist positive constants A, B > 0

such that
A〈x, x〉 ≤

∑
i∈I

〈Tix,Tix〉 ≤ B〈x, x〉,∀x ∈ H . (3.1)

The numbers A and B are called lower and upper bound of the operator frame, respectively. If
A = B = λ, the operator frame is λ-tight. If A = B = 1, it is called a normalized tight operator
frame or a Parseval operator frame. If only upper inequality of (3.1) hold, then {Ti}i∈I is called an
operator Bessel sequence for End∗

A
(H).

If the sum in the middle of (3.1) is convergent in norm, the operator frame is called standard.

Throughout the paper, series like (3.1) are assumed to be convergent in the norm sense.

Example 3.2. Let A be a Hilbert C∗-module over itself with the inner product 〈a, b〉 = ab∗. Let
{xi}i∈I be a frame for A with bounds A and B. For each i ∈ I, we define Ti : A → A by
Tix = 〈x, xi〉, ∀x ∈ A. Ti is adjointable and T ∗i a = axi for each a ∈ A. And we have

A〈x, x〉 ≤
∑
i∈I

〈x, xi〉〈xi, x〉 ≤ B〈x, x〉,∀x ∈ A.

Then
A〈x, x〉 ≤

∑
i∈I

〈Tix,Tix〉 ≤ B〈x, x〉,∀x ∈ A.

So {Ti}i∈I is an operator frame inA with bounds A and B.

Example 3.3. LetH andK be separable Hilbert spaces and let B(H ,K) be the set of all bounded
linear operators from H into K . B(H ,K) is a Hilbert B(K)-module with a B(K)-valued inner
product 〈S ,T 〉 = S T ∗ for all S ,T ∈ B(H ,K), and with a linear operation of B(K) on B(H ,K) by
composition of operators.

Let I = N and fix (ai)i∈N ∈ l2(C).
Define: Ti(X) = aiX,∀X ∈ B(H ,K),∀i ∈ N. We have∑

i∈N

〈Tix,Tix〉 =
∑
i∈N

|ai|
2〈X, X〉,∀X ∈ B(H ,K).

Then {Ti}i∈N is
∑

i∈N |ai|
2-tight operator frame.

Now we define the ∗-operator frame for End∗
A

(H).

Definition 3.4. A family of adjointable operators {Ti}i∈I on a Hilbert A-module H over a unital
C∗-algebra is said to be an ∗-operator frame for End∗

A
(H), if there exists two strictly nonzero

elements A and B inA such that

A〈x, x〉A∗ ≤
∑
i∈I

〈Tix,Tix〉 ≤ B〈x, x〉B∗,∀x ∈ H . (3.2)

The elements A and B are called lower and upper bounds of the ∗-operator frame, respectively. If
A = B = λ, the ∗-operator frame is λ-tight. If A = B = 1A, it is called a normalized tight ∗-operator
frame or a Parseval ∗-operator frame. If only upper inequality of (3.2) hold, then {Ti}i∈i is called
an ∗-operator Bessel sequence for End∗

A
(H).
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We mentioned that the set of all of operator frames for End∗
A

(H) can be considered as a subset
of ∗-operator frame. To illustrate this, let {T j}i∈I be an operator frame for Hilbert A-module H
with operator frame real bounds A and B. Note that for x ∈ H ,

(
√

A)1A〈x, x〉A(
√

A)1A ≤
∑
i∈I

〈Tix,Tix〉 ≤ (
√

B)1A〈x, x〉A(
√

B)1A.

Therefore, every operator frame for End∗
A

(H) with real bounds A and B is an ∗-operator frame for
End∗

A
(H) withA-valued ∗-operator frame bounds (

√
A)1A and (

√
B)1B.

Example 3.5. Let A be a Hilbert C∗-module over itself with the inner product 〈a, b〉 = ab∗.
Let {xi}i∈I be an ∗-frame for A with bounds A and B, respectively. For each i ∈ I, we define
Ti : A → A by Tix = 〈x, xi〉, ∀x ∈ A. Ti is adjointable and T ∗i a = axi for each a ∈ A. And we
have

A〈x, x〉A∗ ≤
∑
i∈I

〈x, xi〉〈xi, x〉 ≤ B〈x, x〉B∗,∀x ∈ A.

Then
A〈x, x〉A∗ ≤

∑
i∈I

〈Tix,Tix〉 ≤ B〈x, x〉B∗,∀x ∈ A.

So {Ti}i∈I is an ∗-operator frame inA with bounds A and B, respectively.

Remark 3.6. The examples 3.3 and 3.4 in [1] are examples of ∗-operator frame.

Similar to ∗-frames, we introduce the ∗-operator frame transform and ∗-frame operator and
establish some properties.

Theorem 3.7. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame with lower and upper bounds A
and B, respectively. The ∗-operator frame transform R : H → l2(H) defined by Rx = {Tix}i∈I is
injective and closed range adjointable A-module map and ‖R‖ ≤ ‖B‖. The adjoint operator R∗ is
surjective and it is given by R∗({xi}i∈I) =

∑
i∈I T ∗i xi for all {xi}i∈I in l2(H).

Proof. By the definition of norm in l2(H)

‖Rx‖2 = ‖
∑
i∈I

〈Tix,Tix〉‖ ≤ ‖B‖2‖〈x, x〉‖,∀x ∈ H . (3.3)

This inequality implies that R is well defined and ‖R‖ ≤ ‖B‖. Clearly, R is a linearA-module map.
We now show that the range of R is closed. Let {Rxn}n∈N be a sequence in the range of R such that
limn→∞ Rxn = y. For n,m ∈ N, we have

‖A〈xn − xm, xn − xm〉A∗‖ ≤ ‖〈R(xn − xm),R(xn − xm)〉‖ = ‖R(xn − xm)‖2.

Since {Rxn}n∈N is Cauchy sequence inH , then
‖A〈xn − xm, xn − xm〉A∗‖ → 0, as n,m→ ∞.
Note that for n,m ∈ N,

‖〈xn − xm, xn − xm〉‖ = ‖A−1A〈xn − xm, xn − xm〉A∗(A∗)−1‖

≤ ‖A−1‖2‖A〈xn − xm, xn − xm〉A∗‖.
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Therefore the sequence {xn}n∈N is Cauchy and hence there exists x ∈ U such that xn → x as n→ ∞.
Again by (3.3) we have ‖R(xn − x)‖2 ≤ ‖B‖2‖〈xn − x, xn − x〉‖.

Thus ‖Rxn −Rx‖ → 0 as n→ ∞ implies that Rx = y. It concludes that the range of R is closed.
Next we show that R is injective. Suppose that x ∈ H and Rx = 0. Note that A〈x, x〉A∗ ≤ 〈Rx,Rx〉
then 〈x, x〉 = 0 so x = 0 i.e. R is injective.

For x ∈ H and {xi}i∈I ∈ l2(H) we have

〈Rx, {xi}i∈I〉 = 〈{Tix}i∈I , {xi}i∈I〉 =
∑
i∈I

〈Tix, xi〉 =
∑
i∈I

〈x,T ∗i xi〉 = 〈x,
∑
i∈I

T ∗i xi〉.

Then R∗({xi}i∈I) =
∑

i∈I T ∗i xi. By injectivity of R, the operator R∗ has closed range and H =

range(R∗), which completes the proof.

Now we define ∗-frame operator and studies some of its properties.

Definition 3.8. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame with ∗-operator frame transform R
and lower and upper bounds A and B, respectively. The ∗-frame operator S : H → H is defined
by S x = R∗Rx =

∑
i∈I T ∗i Tix, ∀x ∈ H .

Theorem 3.9. The ∗-operator frame S is bounded, positive, self-adjoint, invertible and ‖A−1‖−2 ≤

‖S ‖ ≤ ‖B‖2.

Proof. By definition we have, ∀x, y ∈ H :

〈S x, y〉 =

〈∑
i∈I

T ∗i Tix, y
〉

=
∑
i∈I

〈T ∗i Tix, y〉

=
∑
i∈I

〈x,T ∗i Tiy〉

=

〈
x,
∑
i∈I

T ∗i Tiy
〉

= 〈x, S y〉.

Then S is a selfadjoint.
By Lemma 2.6 and Theorem 3.7, S is invertible. Clearly S is positive.
By definition of an ∗-operator frame we have

A〈x, x〉A∗ ≤
∑
i∈I

〈Tix,Tix〉 ≤ B〈x, x〉B∗.

So
A〈x, x〉A∗ ≤ 〈S x, x〉 ≤ B〈x, x〉B∗.

This give
‖A−1‖−2‖x‖2 ≤ ‖〈S x, x〉‖ ≤ ‖B‖2‖x‖2,∀x ∈ H .

If we take supremum on all x ∈ H , where ‖x‖ ≤ 1, then ‖A−1‖−2 ≤ ‖S ‖ ≤ ‖B‖2.
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Corollary 3.10. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame with ∗-operator frame transform
R and lower and upper bounds A and B, respectively. Then {Ti}i∈I is an operator frame forH with
lower and upper bounds ‖(R∗R)−1‖−1 and ‖R‖2, respectively.

Proof. By Theorem 3.7, R is injective and has closed range and by Lemma 2.6

‖(R∗R)−1‖−1IH ≤ R∗R ≤ ‖R‖2IH .

So
‖(R∗R)−1‖−1〈x, x〉 ≤

∑
i∈I

〈Tix,Tix〉 ≤ ‖R‖2〈x, x〉, ∀x ∈ H .

Then {Ti}i∈I is an operator frame forH with lower and upper bounds ‖(R∗R)−1‖−1 and ‖R‖2, respec-
tively.

The following theorem is similar to theorem 2.3 in [2].

Theorem 3.11. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame for H , with lower and upper
bounds A and B, respectively and with ∗-frame operator S . Let θ ∈ End∗

A
(H) be injective and

has a closed range. Then {Tiθ}i∈I is an ∗-operator frame for H with ∗-frame operator θ∗S θ with
bounds ‖(θ∗θ)−1‖−

1
2 A, ‖θ‖B.

Proof. We have
A〈θx, θx〉A∗ ≤

∑
i∈I

〈Tiθx,Tiθx〉 ≤ B〈θx, θx〉B∗,∀x ∈ H . (3.4)

Using Lemma 2.6, we have ‖(θ∗θ)−1‖−1〈x, x〉 ≤ 〈θx, θx〉, ∀x ∈ H . This implies

‖(θ∗θ)−1‖−
1
2 A〈x, x〉(‖(θ∗θ)−1‖−

1
2 A)∗ ≤ A〈θx, θx〉A∗,∀x ∈ H . (3.5)

And we know that 〈θx, θx〉 ≤ ‖θ‖2〈x, x〉, ∀x ∈ H . This implies that

B〈θx, θx〉B∗ ≤ ‖θ‖B〈x, x〉(‖θ‖B)∗,∀x ∈ H . (3.6)

Using (3.4), (3.5), (3.6) we have

‖(θ∗θ)−1‖−
1
2 A〈x, x〉(‖(θ∗θ)−1‖−

1
2 A)∗ ≤

∑
i∈I

〈Tiθx,Tiθx〉

≤ ‖θ‖B〈x, x〉(‖θ‖B)∗,∀x ∈ H .

So {Tiθ}i∈J is an ∗-operator frame forH .
Moreover for every x ∈ H , we have

θ∗S θx = θ∗
∑
i∈I

T ∗i Tiθx =
∑
i∈I

θ∗T ∗i Tiθx =
∑
i∈I

(Tiθ)∗(Tiθ)x.

This completes the proof.
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Corollary 3.12. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame for H , with ∗-frame operator S .
Then {TiS −1}i∈I is an ∗-operator frame forH .

Proof. Result from theorem 3.11 by taking θ = S −1.

Corollary 3.13. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame for H , with ∗-frame operator S .
Then {TiS −

1
2 }i∈I is a Parseval ∗-operator frame forH .

Proof. Result from theorem 3.11 by taking θ = S −
1
2 .

The following theorem is a generalization of theorem 2.3 in [2].

Theorem 3.14. Let {Ti}i∈I ⊂ End∗
A

(H) be an ∗-operator frame for H , with lower and upper
bounds A and B, respectively. Let θ ∈ End∗

A
(H) be surjective. Then {θTi}i∈I is an ∗-operator frame

forH with bounds A‖(θθ∗)−1‖−
1
2 , B‖θ‖.

Proof. By the definition of ∗-operator frame, we have

A〈x, x〉A∗ ≤
∑
i∈I

〈Tix,Tix〉 ≤ B〈x, x〉B∗,∀x ∈ H . (3.7)

Using Lemma 2.6, we have

‖(θθ∗)−1‖−1〈Tix,Tix〉 ≤ 〈θTix, θTix〉 ≤ ‖θ‖2〈Tix,Tix〉,∀x ∈ H . (3.8)

Using (3.7), (3.8), we have

‖(θθ∗)−1‖−
1
2 A〈x, x〉(‖(θθ∗)−1‖−

1
2 A)∗ ≤

∑
i∈I

〈θTix, θTix〉

≤ B‖θ‖〈x, x〉(B‖θ‖)∗,∀x ∈ H .

So {θTi}i∈J is an ∗-operator frame forH .

The following theorem is similar of the theorem 3.5 in [14].

Theorem 3.15. Let (H ,A, 〈., .〉A) and (H ,B, 〈., .〉B) be two Hilbert C∗-modules and let ϕ : A −→
B be a ∗-homomorphism and θ be a map on H such that 〈θx, θy〉B = ϕ(〈x, y〉A) for all x, y ∈ H .
Also, suppose that {Ti}i∈I ⊂ End∗

A
(H) is an ∗-operator frame for (H ,A, 〈., .〉A) with ∗-frame

operator SA and lower and upper ∗-operator frame bounds A, B respectively. If θ is surjective and
θTi = Tiθ for each i in I, then {Ti}i∈I is an ∗-operator frame for (H ,B, 〈., .〉B) with ∗-frame operator
S B and lower and upper ∗-operator frame bounds ϕ(A), ϕ(B) respectively, and 〈S Bθx, θy〉B =

ϕ(〈SAx, y〉A).

Proof. Let y ∈ H then there exists x ∈ H such that θx = y (θ is surjective). By the definition of
∗-operator frames we have

A〈x, x〉AA∗ ≤
∑
i∈I

〈Tix,Tix〉A ≤ B〈x, x〉AB∗.



Kabbaj, Rossafi/ Wavelets and Linear Algebra 5(2) (2018) 1- 13 9

By lemma 2.5 we have

ϕ(A〈x, x〉AA∗) ≤ ϕ(
∑
i∈I

〈Tix,Tix〉A) ≤ ϕ(B〈x, x〉AB∗).

By the definition of ∗-homomorphism we have

ϕ(A)ϕ(〈x, x〉A)ϕ(A∗) ≤
∑
i∈I

ϕ(〈Tix,Tix〉A) ≤ ϕ(B)ϕ(〈x, x〉A)ϕ(B∗).

By the relation betwen θ and ϕ we get

ϕ(A)〈θx, θx〉Bϕ(A)∗ ≤
∑
i∈I

〈θTix, θTix〉B ≤ ϕ(B)〈θx, θx〉Bϕ(B)∗.

By the relation betwen θ and Ti we have

ϕ(A)〈θx, θx〉Bϕ(A)∗ ≤
∑
i∈I

〈Tiθx,Tiθx〉B ≤ ϕ(B)〈θx, θx〉Bϕ(B)∗.

Then
ϕ(A)〈y, y〉B(ϕ(A))∗ ≤

∑
i∈I

〈Tiy,Tiy〉B ≤ ϕ(B)〈y, y〉B(ϕ(B))∗,∀y ∈ H .

On the other hand we have

ϕ(〈SAx, y〉A) = ϕ(〈
∑
i∈I

T ∗i Tix, y〉A)

=
∑
i∈I

ϕ(〈Tix,Tiy〉A)

=
∑
i∈I

〈θTix, θTiy〉B

=
∑
i∈I

〈Tiθx,Tiθy〉B

= 〈
∑
i∈I

T ∗i Tiθx, θy〉B

= 〈S Bθx, θy〉B.

Which completes the proof.

4. Tensor Product

Suppose that A,B are unital C∗-algebras and A ⊗ B is the completion of A ⊗alg B with the
spatial norm. A⊗B is the spatial tensor product ofA and B, also suppose thatH is a HilbertA-
module andK is a HilbertB-module. We want to defineH⊗K as a Hilbert (A⊗B)-module. Start
by forming the algebraic tensor productH⊗algK of the vector spacesH ,K (over C). This is a left
module over (A⊗algB) (the module action being given by (a⊗b)(x⊗y) = ax⊗by (a ∈ A, b ∈ B, x ∈
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H , y ∈ K)). For (x1, x2 ∈ H , y1, y2 ∈ K) we define 〈x1 ⊗ y1, x2 ⊗ y2〉A⊗B = 〈x1, x2〉A ⊗ 〈y1, y2〉B.
We also know that for z =

∑n
i=1 xi ⊗ yi inH ⊗algK we have 〈z, z〉A⊗B =

∑
i, j〈xi, x j〉A ⊗ 〈yi, y j〉B ≥ 0

and 〈z, z〉A⊗B = 0 iff z = 0. This extends by linearity to an (A ⊗alg B)-valued sesquilinear form
on H ⊗alg K , which makes H ⊗alg K into a semi-inner-product module over the pre-C∗-algebra
(A ⊗alg B). The semi-inner-product on H ⊗alg K is actually an inner product, see [10]. Then
H ⊗alg K is an inner-product module over the pre-C∗-algebra (A ⊗alg B), and we can perform the
double completion discussed in chapter 1 of [10] to conclude that the completionH⊗K ofH⊗algK

is a Hilbert (A⊗B)-module. We callH⊗K the exterior tensor product ofH andK . WithH ,K as
above, we wish to investigate the adjointable operators onH⊗K . Suppose that S ∈ End∗

A
(H) and

T ∈ End∗
B

(K). We define a linear operator S⊗T onH⊗K by S⊗T (x⊗y) = S x⊗Ty(x ∈ H , y ∈ K).
It is a routine verification that is S ∗⊗T ∗ is the adjoint of S ⊗T , so in fact S ⊗T ∈ End∗

A⊗B
(H⊗K).

For more details see [5, 10]. We note that if a ∈ A+ and b ∈ B+, then a ⊗ b ∈ (A ⊗ B)+. Plainly
if a, b are Hermitian elements of A and a ≥ b, then for every positive element x of B, we have
a ⊗ x ≥ b ⊗ x.

Let I and J be countable index sets. Our next theorem is a generalization of theorem 2.2 in [2].

Theorem 4.1. Let H and K be two Hilbert C∗-modules over unitary C∗-algebras A and B, re-
spectively. Let {Λi}i∈I ⊂ End∗

A
(H) and {Γ j} j∈J ⊂ End∗

B
(K) be two ∗-operator frames for H and

K with ∗-frame operators S Λ and S Γ and ∗-operator frame bounds (A, B) and (C,D) respectively.
Then {Λi⊗Γ j}i∈I, j∈J is an ∗-operator frame for HibertA⊗B-moduleH⊗K with ∗-frame operator
S Λ ⊗ S Γ and lower and upper ∗-operator frame bounds A ⊗C and B ⊗ D, respectively.

Proof. By the definition of ∗-operator frames {Λi}i∈I and {Γ j} j∈J we have

A〈x, x〉AA∗ ≤
∑
i∈I

〈Λix,Λix〉A ≤ B〈x, x〉AB∗,∀x ∈ H ,

and
C〈y, y〉BC∗ ≤

∑
j∈J

〈Γ jy,Γ jy〉B ≤ D〈y, y〉BD∗,∀y ∈ K .

Therefore
(A〈x, x〉AA∗) ⊗ (C〈y, y〉BC∗)

≤
∑
i∈I

〈Λix,Λix〉A ⊗
∑
j∈J

〈Γ jy,Γ jy〉B

≤ (B〈x, x〉AB∗) ⊗ (D〈y, y〉BD∗),∀x ∈ H ,∀y ∈ K .

Then
(A ⊗C)(〈x, x〉A ⊗ 〈y, y〉B)(A∗ ⊗C∗)

≤
∑

i∈I, j∈J

〈Λix,Λix〉A ⊗ 〈Γ jy,Γ jy〉B

≤ (B ⊗ D)(〈x, x〉A ⊗ 〈y, y〉B)(B∗ ⊗ D∗),∀x ∈ H ,∀y ∈ K .
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Consequently we have

(A ⊗C)〈x ⊗ y, x ⊗ y〉A⊗B(A ⊗C)∗

≤
∑

i∈I, j∈J

〈Λix ⊗ Γ jy,Λix ⊗ Γ jy〉A⊗B

≤ (B ⊗ D)〈x ⊗ y, x ⊗ y〉A⊗B(B ⊗ D)∗,∀x ∈ H ,∀y ∈ K .

Then for all x ⊗ y ∈ H ⊗ K we have

(A ⊗C)〈x ⊗ y, x ⊗ y〉A⊗B(A ⊗C)∗

≤
∑

i∈I, j∈J

〈(Λi ⊗ Γ j)(x ⊗ y), (Λi ⊗ Γ j)(x ⊗ y)〉A⊗B

≤ (B ⊗ D)〈x ⊗ y, x ⊗ y〉A⊗B(B ⊗ D)∗.

The last inequality is satisfied for every finite sum of elements in H ⊗alg K and then it’s satisfied
for all z ∈ H ⊗ K . It shows that {Λi⊗Γ j}i∈I, j∈J is ∗-operator frame for HibertA⊗B-moduleH⊗K
with lower and upper ∗-operator frame bounds A ⊗C and B ⊗ D, respectively.
By the definition of ∗-frame operator S Λ and S Γ we have:

S Λx =
∑
i∈I

Λ∗i Λix,∀x ∈ H ,

and
S Γy =

∑
j∈J

Γ∗jΓ jy,∀y ∈ K .

Therefore
(S Λ ⊗ S Γ)(x ⊗ y) = S Λx ⊗ S Γy

=
∑
i∈I

Λ∗i Λix ⊗
∑
j∈J

Γ∗jΓ jy

=
∑

i∈I, j∈J

Λ∗i Λix ⊗ Γ∗jΓ jy

=
∑

i∈I, j∈J

(Λ∗i ⊗ Γ∗j)(Λix ⊗ Γ jy)

=
∑

i∈I, j∈J

(Λ∗i ⊗ Γ∗j)(Λi ⊗ Γ j)(x ⊗ y)

=
∑

i∈I, j∈J

(Λi ⊗ Γ j)∗)(Λi ⊗ Γ j)(x ⊗ y).

Now by the uniqueness of ∗-frame operator, the last expression is equal to S Λ⊗Γ(x ⊗ y). Conse-
quently we have (S Λ⊗S Γ)(x⊗y) = S Λ⊗Γ(x⊗y). The last equality is satisfied for every finite sum of
elements inH⊗algK and then it’s satisfied for all z ∈ H ⊗ K . It shows that (S Λ⊗S Γ)(z) = S Λ⊗Γ(z).
So S Λ⊗Γ = S Λ ⊗ S Γ.

The two following theorems are a generalization of Theorem 3.5 in [8].
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Theorem 4.2. If Q ∈ End∗
A

(H) is invertible and {Λi}i∈I ⊂ End∗
A⊗B

(H ⊗K) is an ∗-operator
frame for H ⊗K with lower and upper ∗-operator frame bounds A and B respectively and ∗-
frame operator S , then {Λi(Q∗ ⊗ I)}i∈I is an ∗-operator frame for H ⊗K with lower and upper
∗-operator frame bounds ‖Q∗−1‖−1A and ‖Q‖B respectively and ∗-frame operator (Q⊗ I)S (Q∗⊗ I).

Proof. Since Q ∈ End∗
A

(H), Q ⊗ I ∈ End∗
A⊗B

(H ⊗K) with inverse Q−1 ⊗ I. It is obvious that the
adjoint of Q ⊗ I is Q∗ ⊗ I. An easy calculation shows that for every elementary tensor x ⊗ y,

‖(Q ⊗ I)(x ⊗ y)‖2 = ‖Q(x) ⊗ y‖2

= ‖Q(x)‖2‖y‖2

≤ ‖Q‖2‖x‖2‖y‖2

= ‖Q‖2‖x ⊗ y‖2.

So Q⊗ I is bounded, and therefore it can be extended toH ⊗K . Similarly for Q∗ ⊗ I, hence Q⊗ I
isA⊗ B-linear, adjointable with adjoint Q∗ ⊗ I. Hence for every z ∈ H ⊗ K we have

‖Q∗−1‖−1.|z| ≤ |(Q∗ ⊗ I)z| ≤ ‖Q‖.|z|.

By the definition of ∗-operator frames we have

A〈z, z〉A⊗BA∗ ≤
∑
i∈I

〈Λiz,Λiz〉A⊗B ≤ B〈z, z〉A⊗BB∗.

Then
A〈(Q∗ ⊗ I)z, (Q∗ ⊗ I)z〉A⊗BA∗

≤
∑
i∈I

〈Λi(Q∗ ⊗ I)z,Λi(Q∗ ⊗ I)z〉A⊗B

≤ B〈(Q∗ ⊗ I)z, (Q∗ ⊗ I)z〉A⊗BB∗.

So
‖Q∗−1‖−1A〈z, z〉A⊗B(‖Q∗−1‖−1A)∗

≤
∑
i∈I

〈Λi(Q∗ ⊗ I)z,Λi(Q∗ ⊗ I)z〉A⊗B

≤ ‖Q‖B〈z, z〉A⊗B(‖Q‖B)∗.

Now
(Q ⊗ I)S (Q∗ ⊗ I) = (Q ⊗ I)(

∑
i∈I

Λ∗i Λi)(Q∗ ⊗ I)

=
∑
i∈I

(Q ⊗ I)Λ∗i Λi(Q∗ ⊗ I)

=
∑
i∈I

(Λi(Q∗ ⊗ I))∗Λi(Q∗ ⊗ I).

Which completes the proof.
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Corollary 4.3. If Q ∈ End∗
B

(K) is invertible and {Λi}i∈I ⊂ End∗
A⊗B

(H ⊗K) is an ∗-operator
frame for H ⊗K with lower and upper ∗-operator frame bounds A and B respectively and ∗-
frame operator S , then {Λi(I ⊗ Q∗)}i∈I is an ∗-operator frame for H ⊗K with lower and upper
∗-operator frame bounds ‖Q∗−1‖−1A and ‖Q‖B respectively and ∗-frame operator (I⊗Q)S (I⊗Q∗).

Proof. Similar to the proof of the theorem 4.2.
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