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1. Introduction

Frames were first introduced in 1952 by Duffin and Schaeffer [6] in the study of nonharmonic
fourier series. Frames possess many nice properties which make them very useful in wavelet
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analysis, irregular sampling theory, signal processing and many other fields. The frame theory
was quickly generalized. There were several kinds of generalization. For example: g-frames,
x-frames, *-g-frames and *-K-g-frames in Hilbert A-modules [15].

The notion of Operator Frame for B(H) was introduced by Chun-Yan Li and Huai-Xin Cao
[12], and the notion of Operator Frames for Banach Spaces was introduced by Chun-Yan Li [11].

In this article, a new notion of frames is introduced: #-operator frame as generalization of *-
frames in Hilbert C*-modules introduced by A. Alijani and M. A. Dehghan [2] and we establish
some results.

The paper is organized as follows:

In section 2, we briefly recall the definitions and basic properties of C*-algebra, Hilbert C*-
modules, frames and *-frames in Hilbert C*-modules;

In section 3, we introduce the s-operator frame, the *-operator frame transform and the #-frame
operator;

In section 4, we investigate tensor product of Hilbert C*-modules, we show that tensor product
of x-operator frames for Hilbert C*-modules H and K, present an s-operator frames for H ® K,
and tensor product of their #-frame operators is the *-frame operator of their tensor product of
x-operator frames.

2. Preliminaries

Let I be a countable index set. In this section we briefly recall the definitions and basic prop-
erties of C*-algebra, Hilbert C*-modules, frame, *-frame in Hilbert C*-modules. For information
about frames in Hilbert spaces we refer to [3]. Our reference for C*-algebras is [5, 4]. For a C*-
algebra (A, an element a € A is positive (a > 0) if a = a* and sp(a) C R*. A" denotes the set of
positive elements of A.

Definition 2.1. [8]. Let A be a unital C*-algebra and H be a left A-module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A-module if H is equipped with an A-
valued inner product (., .)# : H X H — A, such that is sesquilinear, positive definite and respects
the module action. In the other words,

(1) (x,x)# > 0 for all x € H and (x, x) s = 0 if and only if x = 0.
(i) (ax+y,2)0a = alx,y)a +(y,z)a foralla € A and x,y,z € H.
(iil) {x,y)a = (y, x)}z forall x,y € H.

For x € H, we define ||x|| = [|{x, x) Jqll%. If H is complete with ||.||, it is called a Hilbert A-module or

a Hilbert C*-module over (A. For every a in C*-algebra A, we have |a| = (a*a)% and the A-valued
1

norm on H is defined by |x| = (x, x), for x € H.

Example 2.2. [13] If {H,}ien is a countable set of Hilbert A-modules, then one can define their

direct sum @peyH;. On the A-module &, nH, of all sequences x = (xx)en © Xk € Hy, such that
the series ) n{Xx, Xx)a 1S norm-convergent in the C*-algebra A, we define the inner product by

(x,y) = Z(xk,ykm

keN



Kabbaj, Rossafi/ Wavelets and Linear Algebra 5(2) (2018) 1- 13 3

for x, y € ®renH:.
Then &nH is a Hilbert A-module.
The direct sum of a countable number of copies of a Hilbert C*-module H is denoted by I*(H).

Let H and K be two Hilbert A-modules. A map T : H — %K is said to be adjointable if there
exists amap T* : K — H such that (T'x,y)z = (x, T*y)# forall x € H and y € K.

We also reserve the notation End(H, K) for the set of all adjointable operators from H to K
and Endy(H, H) is abbreviated to Endz(H).

Definition 2.3. [7]. Let H be a Hilbert A-module. A family {x;};c; of elements of H is a frame
for H, if there exist two positive constants A and B such that for all x € H,

A{x, x)q < Z(x, XD alxi, X)a < B{x, x)#. 2.1

i€l

The numbers A and B are called lower and upper bound of the frame, respectively. If A = B = 4,
the frame is A-tight. If A = B = 1, it is called a normalized tight frame or a Parseval frame. If the
sum in the middle of (2.1) is convergent in norm, the frame is called standard.

Definition 2.4. [2]. Let H be a Hilbert A-module. A family {x;},; of elements of H is an *-frame
for H, if there exist strictly nonzero elements A , B in A, such that for all x € H,

A, X)aA” <4 x) 2l X < BOx, 1) 2B 2.2)

iel

The elements A and B are called lower and upper bound of the *-frame, respectively. If A = B = 4,
the =-frame is A-tight. If A = B = 1, it is called a normalized tight «-frame or a Parseval -frame.
If the sum in the middle of (2.2) is convergent in norm, the *-frame is called standard.

Lemma 2.5. [2]. If ¢ : A — B is an x-homomorphism between C*-algebras, then ¢ is increas-
ing, that is, if a < b, then ¢(a) < ¢(b).

Lemma 2.6. [2]. Let H and K be two Hilbert A-modules and T € Endy(H,K).

(i) If T is injective and T has closed range, then the adjointable map T*T is invertible and

(T T) [ Iy < T*T < ||T)P Iy

(ii) If T is surjective, then the adjointable map TT" is invertible and

WTTH N g < TT* < |ITIP .

3. =-operator frame for End}((?—l )

We begin this section with the following definition:
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Definition 3.1. A family of adjointable operators {T;};c; on a Hilbert A-module H over a unital
C*-algebra is said to be an operator frame for End?(H), if there exist positive constants A, B > 0
such that
Ax,x) £ ) (Tix, Tix) < B(x, x), Vx € H. (3.1)
i€l
The numbers A and B are called lower and upper bound of the operator frame, respectively. If
A = B = A, the operator frame is A-tight. If A = B = 1, it is called a normalized tight operator
frame or a Parseval operator frame. If only upper inequality of (3.1) hold, then {7}, is called an
operator Bessel sequence for End(H).
If the sum in the middle of (3.1) is convergent in norm, the operator frame is called standard.

Throughout the paper, series like (3.1) are assumed to be convergent in the norm sense.

Example 3.2. Let A be a Hilbert C*-module over itself with the inner product {a, b) = ab*. Let
{xi}ic; be a frame for A with bounds A and B. For each i € I, we define 7; : A — A by
Tix = {x,x;), Yx € A T;is adjointable and T}a = ax; for each a € A. And we have

A{x, x) < Z(x, xi)x;, x) < B{x, x),¥x € A.
i€l
Then
AGx,x)y < 3 (Tix, Tix) < B(x, x),Vx € A,
iel

So {T}ic; 1s an operator frame in A with bounds A and B.
Example 3.3. Let H and K be separable Hilbert spaces and let B(H, K) be the set of all bounded
linear operators from H into K. B(H,K) is a Hilbert B(K)-module with a B(K)-valued inner
product (S, 7T) = ST* forall S, T € B(H, K), and with a linear operation of B(K) on B(H,K) by
composition of operators.

Let I = N and fix (a;);en € I*(C).

Define: Ty(X) = a;X,YX € B(H,K), Vi € N. We have

D (Tix, Tix)y = Y laif (X, X), VX € B(H, K).
ieN ieN
Then {T}ien is X ;e lail*-tight operator frame.
Now we define the x-operator frame for End’(H).

Definition 3.4. A family of adjointable operators {T;};c; on a Hilbert A-module H over a unital
C*-algebra is said to be an x-operator frame for End (), if there exists two strictly nonzero
elements A and B in A such that

A, AT < Y (Tix, Tix) < B(x, )B", Vx € H. (3.2)
i€l
The elements A and B are called lower and upper bounds of the x-operator frame, respectively. If
A = B = A, the =-operator frame is A-tight. [f A = B = 14, itis called a normalized tight *-operator
frame or a Parseval s-operator frame. If only upper inequality of (3.2) hold, then {7}, is called
an *-operator Bessel sequence for End’,(H).
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We mentioned that the set of all of operator frames for End’;(H) can be considered as a subset
of x-operator frame. To illustrate this, let {T';},c; be an operator frame for Hilbert A-module H
with operator frame real bounds A and B. Note that for x € H,

(VA Lagx, ) a( VAY L < > (T, Tyxy < (VB)Ladx, ) VB) L.
i€l
Therefore, every operator frame for End;(H) with real bounds A and B is an *-operator frame for
Endy(H) with A-valued *-operator frame bounds ( VA)1 4 and (VB)13.

Example 3.5. Let A be a Hilbert C*-module over itself with the inner product (a,b) = ab".
Let {x;}ic; be an x-frame for ‘A with bounds A and B, respectively. For each i € I, we define
T;: A—> Aby Tix = (x,x;), Yx € A T;is adjointable and T;a = ax; for each a € A. And we
have
A, AT <Y, K, x) < BGx, X)BY, Vx € A,
iel
Then
A, AT < Y (Tix, Tix)y < B(x, B, Vx € A
i€l

So {T}ie; 1s an *-operator frame in A with bounds A and B, respectively.
Remark 3.6. The examples 3.3 and 3.4 in [1] are examples of s-operator frame.

Similar to *-frames, we introduce the *-operator frame transform and #-frame operator and

establish some properties.

Theorem 3.7. Let {T;}ie; C Endy(H) be an *-operator frame with lower and upper bounds A
and B, respectively. The %-operator frame transform R : H — I*(H) defined by Rx = {T;x}ic; is
injective and closed range adjointable A-module map and ||R|| < ||B||. The adjoint operator R* is
surjective and it is given by R*({x;}ic) = Xic; T} x; for all {x;}ier in P(H).

Proof. By the definition of norm in *(H)
IRxI* = || Z(Tix, Tl < IIBIPIICx, 0l Vx € H. (3.3)
i€l

This inequality implies that R is well defined and ||R|| < ||B||. Clearly, R is a linear A-module map.
We now show that the range of R is closed. Let {Rx,},cn be a sequence in the range of R such that
lim,_,., Rx, = y. For n,m € N, we have

||A<-xn = Xm> Xn — .X,,,)A*” < ||<R(xn - Xm),R(Xn - xm))” = ”R(-xn - -xm)||2-

Since {Rx,},en is Cauchy sequence in H, then
||A<xn = Xms Xn — )Cm>A*|| - 0, asn,m — oo,
Note that for n,m € N,
”(xn — Xms Xn — xm>|| = ”A_lA(xn = Xms Xn — xm>A*(A*)_1”
< ”A_l”z”A(xn — Xms Xn — -xm>A*||
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Therefore the sequence {x,},cn 1s Cauchy and hence there exists x € U such that x, — xasn — oo.
Again by (3.3) we have [|R(x, — x)|I* < IBIP[I{x, — x, x, — x)].

Thus ||Rx, — Rx|| — 0 as n — oo implies that Rx = y. It concludes that the range of R is closed.
Next we show that R is injective. Suppose that x € H and Rx = 0. Note that A(x, x)A* < (Rx, Rx)
then (x, x) = 0 so x = 0 i.e. R is injective.

For x € H and {x;};; € I*(H) we have

(Rx, {xihier) = AT ixbiers {xidier = D (T xiy = > (6 Ty = (x, Y Tix),
i€l i€l i€l
Then R*({xi}ier) = Xie; Tixi. By injectivity of R, the operator R* has closed range and H =
range(R*), which completes the proof. ]

Now we define *-frame operator and studies some of its properties.

Definition 3.8. Let {7};c; C End;(?{ ) be an x-operator frame with *-operator frame transform R
and lower and upper bounds A and B, respectively. The #-frame operator S : H — H is defined
by Sx=R'Rx =Y T:Tix, Vxe€H.

Theorem 3.9. The x-operator frame S is bounded, positive, self-adjoint, invertible and ||A~"||7> <

IS1I < lIBIP.

Proof. By definition we have, Yx,y € H:

<S-x’y> = <Z Ti*Tix’y>

i€l

Then S is a selfadjoint.
By Lemma 2.6 and Theorem 3.7, § is invertible. Clearly S is positive.
By definition of an #-operator frame we have

Ax, x)A™ < Z(T,-x, T:x) < B{x, x)B".
iel
So
A{x, x)A" < (Sx,x) < B(x,x)B".

This give
A2l < IS x, 01l < IBIPIIXP, Vx € H.

If we take supremum on all x € H, where ||x|| < 1, then |JA~!||"2 < ||S|| < ||BI*. O
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Corollary 3.10. Let {T;}ic; C Endy(H) be an *-operator frame with -operator frame transform
R and lower and upper bounds A and B, respectively. Then {T},c; is an operator frame for H with
lower and upper bounds ||(R*R)™'||"! and ||R|?, respectively.

Proof. By Theorem 3.7, R is injective and has closed range and by Lemma 2.6
IR R)II™ Iy < R'R < |IRIP Ly

So
R R 0, x) < (T, Tixd < IRIKx, ), Vix € H.
iel
Then {T};c; is an operator frame for H with lower and upper bounds ||(R*R)~!||"! and ||R||?, respec-
tively. [
The following theorem is similar to theorem 2.3 in [2].

Theorem 3.11. Let {T}}ic; C End%(H) be an x-operator frame for H, with lower and upper
bounds A and B, respectively and with x-frame operator S. Let § € Endy(H) be injective and
has a closed range. Then {T;0}ic; is an =-operator frame for H with =-frame operator 6*S 0 with
bounds ||(6°6)"I2 A, [|6|B.

Proof. We have
Afx, 0)A* < Z(T,-Hx, T.0x) < B(0x, 0x)B",¥Vx € H. (3.4)
iel
Using Lemma 2.6, we have [[(6*0)7!||"(x, x) < (0x, 6x), ¥x € H. This implies
||(9*6’)_1||_%A(x, x)(||(9*6’)_1||_%A)* < A{Ox,0x)A*,Vx € H. 3.5)
And we know that (fx, 8x) < ||6]|*(x, x), Yx € H. This implies that
B{6x,0x)B™ < ||0]|B{x, x)(||0]|B)",Yx € H. (3.6)
Using (3.4), (3.5), (3.6) we have

16" 0) 172 ACx, )@ I A) < Y (T, Ti6x)
i€l

< |l6llB{x, x)(|16I1B)", ¥x € H.

So {T;6};c; is an x-operator frame for H.
Moreover for every x € H, we have

g°S0x = 6" Z T:Tfx = Z 0T Tifx = Z(Tie)*(Tie)x.

iel iel iel

This completes the proof. []
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Corollary 3.12. Let {T;}ic; C End(H) be an x-operator frame for H, with -frame operator S.
Then {T;S '}ic; is an x-operator frame for H.
Proof. Result from theorem 3.11 by taking § = S . ]

Corollary 3.13. Let {T;}ie; C End(H) be an x-operator frame for H, with *-frame operator §.
Then {T;S -3 }ier is a Parseval x-operator frame for H.

Proof. Result from theorem 3.11 by taking 8 = S -1, U
The following theorem is a generalization of theorem 2.3 in [2].

Theorem 3.14. Let {T;},c; C End;(ﬂ) be an x-operator frame for H, with lower and upper
bounds A and B, respectively. Let 6 € Endz(H) be surjective. Then {6T}i¢; is an *-operator frame

for H with bounds A||(99*)‘1||‘%, Bl|4||.
Proof. By the definition of #-operator frame, we have
A, YA < 3 (Tix, Tix) < B(x, VB, Vx € H. 3.7)
iel
Using Lemma 2.6, we have
166*)I7(Tx, Tix) < (OTx, 0T;x) < |01 (Tix, T;x),Vx € H. (3.8)
Using (3.7), (3.8), we have

166" 172 AGe, 0(1©00") 77 A) < > (0T, 0T ;)
i€l

< BlI6lKx, x)(BIlOID", Vx € H.
So {6T}cy is an x-operator frame for H. ]

The following theorem is similar of the theorem 3.5 in [14].

Theorem 3.15. Let (H, A, {., .)a) and (H, B,{., .)g) be two Hilbert C*-modules and let ¢ : A —>
B be a x-homomorphism and 6 be a map on H such that (6x,0y)g = ¢({(x,y)a) for all x,y € H.
Also, suppose that {T;}ic; C Endy(H) is an x-operator frame for (H, A, (., .)a) with x-frame
operator S 4 and lower and upper *-operator frame bounds A, B respectively. If 0 is surjective and
0T; = T.0 for each i in I, then {T;};c; is an x-operator frame for (H, B, <., .)g) with x-frame operator
S g and lower and upper *-operator frame bounds ¢(A), ¢(B) respectively, and (S g0x, 0y)g =
oS ax, y)a).

Proof. Let y € H then there exists x € H such that Ox = y (6 is surjective). By the definition of
x-operator frames we have

Ax, x)g4A" < Z(Tix, Tix)a < B{x,x)aB".

iel
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By lemma 2.5 we have

PAG, ) AAT) < 9O (Tix, Tix) 2) < 9(Bx, X)aB").

iel

By the definition of *-homomorphism we have

P(A)p((x, X)) (A7) < Z o((Tix, Tix)z) < @(B)p((x, x))(B").

iel

By the relation betwen 6 and ¢ we get

P(AXOx, Ox)pp(A)" < Z(QTix, 0Tix)g < @(B)(Ox, Ox)gp(B)".

iel

By the relation betwen 6 and 7; we have

P(A)Ox, 6x)gp(A)" < Z(Tﬂx, Ti0x)g < @(B)(0x, 0x)gp(B)".
iel
Then
@AY, M8(P(A))" < Z(T > Tiy)s < p(BXY, y)s(p(B))", Vy € H.

iel

On the other hand we have

PUS %, 37) = (O T Tix, ¥)7)
i€l
= > e(Tix. T))
i€l
= Z<9TiX, 0T;y)s
i€l
= ) (T, Tz
i€l
= () T/ T6x.0))s
i€l

= (S g0x, 6y)s.

Which completes the proof. O]

4. Tensor Product

Suppose that A, B are unital C*-algebras and A ® B is the completion of A ®,, B with the
spatial norm. A ® B is the spatial tensor product of A and B, also suppose that H is a Hilbert ‘A-
module and K is a Hilbert 8-module. We want to define H ® K as a Hilbert (A® $)-module. Start
by forming the algebraic tensor product H ®,;, K of the vector spaces H, K (over C). This is a left
module over (A®,;, B) (the module action being given by (a®b)(x®y) = ax®by (a € A,b € B,x €
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H,y € K)). For (x1,x, € H,y1,y, € K) we define (x; ® yi, x> ® y2)ass = (X1, X207 ® (y1,2)8-
We also know that for z = 3., x; ® y; in H ®,, K we have (2, D aes = X i{Xi X)a ® Vi, yj)g = 0
and (z, 2)ags = 0 iff z = 0. This extends by linearity to an (A ®,, B)-valued sesquilinear form
on H ®,, K, which makes H ®,;, K into a semi-inner-product module over the pre-C*-algebra
(A ®ug B). The semi-inner-product on H ®,, K is actually an inner product, see [10]. Then
H ®q, K is an inner-product module over the pre-C*-algebra (A ®,, B), and we can perform the
double completion discussed in chapter 1 of [10] to conclude that the completion H®K of H®,;, K
is a Hilbert (A®B)-module. We call H®XK the exterior tensor product of H and K. With H , K as
above, we wish to investigate the adjointable operators on H ® K. Suppose that S € End’;(H) and
T € Endy(K). We define a linear operator S®7 on H®K by S ®T (x®y) = Sx®Ty(x € H,y € K).
Itis a routine verification that is $*® 7™ is the adjoint of S ® T, so in fact S ® T € Endy,(H ®K).
For more details see [5, 10]. We note thatifa € A" and b € B*, thena® b € (A® B)*. Plainly
if a, b are Hermitian elements of ‘A and a > b, then for every positive element x of 8, we have
a®x>b®x.

Let I and J be countable index sets. Our next theorem is a generalization of theorem 2.2 in [2].

Theorem 4.1. Let H and K be two Hilbert C*-modules over unitary C*-algebras ‘A and B, re-
spectively. Let {Ai}ie; C Endz(H) and {T';}je; C Endy(K) be two x-operator frames for H and
‘K with *-frame operators S n and St and *-operator frame bounds (A, B) and (C, D) respectively.
Then {A;®T j}ic; jes is an *-operator frame for Hibert A® B-module H @ K with *-frame operator
S A ® St and lower and upper *-operator frame bounds A ® C and B ® D, respectively.

Proof. By the definition of x-operator frames {A;};c; and {I';} c; we have

Alx, x)zA" < Z(A,-x, Aix)a < B{x,x)zB*,Yx € H,

iel

and
Clp,sC” < ) (T, T s < Dy, y)sD", ¥y € K.
jeJ

Therefore

(Ax, x)7A™) ® (C(y, y)8C")

< ) (Ax A2 ® D (T, s

iel jeJ

< (B{x, x)aB") @ (D{y, y)gD*),¥x € H,Vy € K.

Then

(A® O)(x, 1) ® (1, ¥)5)(A" ® C)
< > A A2 STy, Tiy)s

i€l jeJ

< (BRD){x,x)a @y, »g)(B*®D"),Yx € H,¥y € K.
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Consequently we have

(A®CHx®Y,x8 ) aen(A® C)'
< > (Ax®Ty, Ax®T Y)es
iel,jeJ

<(B®D)Xx®Yy,x®V)ags(B® D)",¥Yx e H,Vy e K.
Then for all x® y € H ® K we have

(A®C)x®@y, X® Maen(d ® C)°

< D AT HE®Y), (A ®T)(x®) e
iel, jeJ

<(B®D)x®Yy,x®y)ags(B® D)".

The last inequality is satisfied for every finite sum of elements in H ®,;, K and then it’s satisfied
forall z € H ® K. It shows that {A;®T j}ic; jes is *-operator frame for Hibert A® B-module H @K
with lower and upper *-operator frame bounds A ® C and B ® D, respectively.

By the definition of *-frame operator S 5 and St we have:

Sax = Z AN Aix,Vx e H,

iel

and
Sry= ) Ty, ¥y e K.

jeJ
Therefore
SA®SHxX®y) =SAx®Sry

=Y AjAx® ) Ty

i€l JjeJ

D AAx®TIT)y

i€l,jeJ

D (A eTHAXST )
iel,jeJ

D (AT eTHA®T)(x®))
iel,jeJ

DT (A®T)NA®T)(x®Y).

iel,jeJ

Now by the uniqueness of x-frame operator, the last expression is equal to S xgr(x ® y). Conse-
quently we have (SA®S1)(x®y) = S aer(x®y). The last equality is satisfied for every finite sum of
elements in H ®,, K and then it’s satisfied for all z € H ® K. It shows that (S A®S1)(2) = S aer(2).
SOSA®r:SA®Sr. ]

The two following theorems are a generalization of Theorem 3.5 in [8].
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Theorem 4.2. If QO € Endy(H) is invertible and {A;}ic; C Endy, (H ® K) is an x-operator
frame for H ® K with lower and upper =-operator frame bounds A and B respectively and x-
frame operator S, then {A;(Q* ® I)}ic; is an x-operator frame for H & K with lower and upper
x-operator frame bounds ||Q*~'||"'A and ||Q||B respectively and *-frame operator (Q®1S (Q*®1).

Proof. Since Q € Endiy(H), Q®1 € Endy,,(H ® K) with inverse Q™' ® I. It is obvious that the
adjoint of Q ® I is Q" ® I. An easy calculation shows that for every elementary tensor x ® y,

Q@ ® Dx@ VI = 10(x) ® I
= IQIPIyIP?
< QPP
= lQIPIIx @ yII*.

So Q®1 is bounded, and therefore it can be extended to H ® K. Similarly for Q* ® I, hence Q® I
is A ® B-linear, adjointable with adjoint Q* ® I. Hence for every z € H ® K we have

10" el < Q" ® Dzl < 11Qll.I2l.

By the definition of #-operator frames we have

A2, D esA” < ) (M2, Addsen < B 2)menB'.

iel

Then .
A(Q" 8 Dz, (Q° & D) aA’
< ) (ALQ ® )2, A(Q" © 1)) e
i€l
< B(Q" ® Nz, (Q" ® N2)menB".
So
1017 Az, D e (1Q" 7 A)°
< ) (ALQ ® D)2, A(Q" © 1)) e
i€l
< IQIIBz 2) 7=s(IQIIB)".
Now

(QenS eh=eN) AA)Q @)
iel
= D (Q®DAAQ ®D)
i€l
= > (MA@ @ D)'A(Q" & ).
i€l

Which completes the proof. U
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Corollary 4.3. If O € Endy(K) is invertible and {A;}ic; C Endy,,(H ® K) is an x-operator
frame for H ® K with lower and upper x-operator frame bounds A and B respectively and -
frame operator S, then {A;(I ® Q%)}ic; is an x-operator frame for H ® K with lower and upper
x-operator frame bounds ||Q*~'||"'A and ||Q||B respectively and *-frame operator (I1® Q)S (I1® Q).

Proof. Similar to the proof of the theorem 4.2. ]
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