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1. Introduction

In the study of mathematical analysis, functions which can be represented as the upper en-
velopes of a subset of a certain class H of sufficiently simple (elementary) functions are called
abstract convex with respect to H [7, 9].

Some classes of increasing functions are abstract convex. For example, the class of increasing
and positively homogeneous (IPH) functions [4], increasing and convex-along-rays (ICAR) func-
tions [8], and increasing and co-radiant (ICR) functions [2, 5] are of this type. Also, the class of
non-positive valued affine ICR functions [1] are another class of increasing functions which are
abstract convex [1]. In this paper, the abstract convexity of positive valued affine ICR functions is
investigated, where a positive valued affine ICR function is the affine transformation of a positive
valued ICR function on a constant. Moreover, some properties of positive valued affine ICR func-
tions in the framework of abstract convexity are obtained. Finally, the maximal elements of the
support set of this class of functions are characterized.

One of the most important global optimization problems is minimizing a DC function (differ-
ence of two convex functions) [10], i.e.,

minimize f(x) subjectto x € X,

where f(x) = g(x) — p(x) and p, g are convex functions. In a general case, DC function can be
replaced by DAC function (difference of two abstract convex functions). For example, one can
observe minimizing of the difference of two increasing and convex along rays functions [8, 6],
minimizing of the difference of two ICR functions [3] and minimizing of the difference of two
non-positive valued affine ICR functions [1]. In this paper, the functions p and g are replaced by
positive valued affine ICR functions and then necessary and sufficient conditions for the global
minimum of f are presented.

The paper is organized as follows. Necessary definitions and results about the positive valued
ICR functions are provided in Section 2. Section 3 is devoted to studying the abstract convexity
of positive valued affine ICR functions. In Section 4, the maximal elements of the support set
for strictly positive valued affine ICR functions are investigated. Finally, in Section 5, necessary
and sufficient optimality conditions for the difference of two strictly positive valued affine ICR
functions are given.

2. Preliminaries

In this section, some preliminaries and notations are stated. Let X be a real topological vector
space which is equipped with a closed convex pointed cone S C X (the latter means that S N(=S) =
{0}). Inthiscase, x <yify—xe S,andx < yify—x € §\{0}. Let f : X — [0, +co] be a function.
A vector x* € X is called a global minimum of the function f over X if f(x*) = inf,cx f(x).
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Definition 2.1. A function f : X — [0, +o0] is called co-radiant if f(Ax) > Af(x) for all x € X and
all A € (0, 1]. Itis clear that f is co-radiant if f(Ax) < Af(x) for all x € X and all 1 > 1.

Definition 2.2. A function f : X — [0, +o0] is called increasing if x > y implies f(x) > f(y). A
function f : X — [0, +00] is called strictly increasing on A C X, if for each x,y € A such that x <y
implies f(x) < f(y).

Remark 2.3. A function f : X — [0, +o0] is called an ICR function if f is an increasing and
co-radiant function. In particular, we say that an ICR function f : X — [0, +oo] is strictly ICR, if
f is strictly increasing on X \ (=S) and f is co-radiant.

Definition 2.4. [7]. Let X be a non-empty set and f : X — [0, +oo] be a function. Consider
H: ={h:X — [0,+00] : his afunction}.

(1) The support set of f with respect to H is defined by
supp(f,H): ={lheH :h(x) < f(x), ¥ xe X}.

(2) The function f is called abstract convex with respect to H or H-convex if there exists a
subset A of H such that
f(x) =suph(x), VxelX.

hen

(3) The subdifferential of the function f at a point xy € domf = {x € X : f(x) < 400} with
respect to H or H-subdifferential of f is defined by

Onf(x0) : ={h e H : h(xo) € R, f(x) = f(x0) 2 h(x) — h(xo), ¥ x € X}.
Note that the set H in the Definition 2.4 is called the set of elementary functions.
The function A. : X — [0, +o0] is defined by
he(x) =h(x)+c¢c, (xeX)

is called an H -affine function, where & € H and ¢ € R. In addition, the set of all H-affine functions
is denoted by Hy :={h. : he ‘H, ¢ € R}.
The function / : X X X X R, — [0, +o0] is defined by

(x,y,a):=max{0<A<a:Ay<x},Vx,yeX, Va>0 2.1
was introduced in [2] with the convention max () = 0. We define
Ry :={adeR:a>0}.

In the following proposition, some properties of the function / are stated.
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Proposition 2.5. [2]. Forevery x, y, X', y € X; y € (0,1]; u, a, & € R,,, one has

a
l(ux, Y, a/) = ,ul(x, Y, ;)’

(G ,0) = 2123, ), 22)
x<x = Ilx,y,a) <IX,y,a),
y<y = lxy,0) <lx,y,a),
a<d = Il(x,y,a) <Il(x,ya),
llyx,y, @) 2 yl(x,y, @),
(G y3,0) < ZlCx.y.a),
(x,y,0)=a © ay < x. 2.3)
The following theorem for the class of positive ICR functions will be used later.

Theorem 2.6. [2]. Let f : X — [0, +o00] be a function. Then the following assertions are
equivalent:

(i) fisICR.
(ii) Af(y) < f(x)forall x,y € X and all A € (0, 1] such that 1y < x.

(iii) l(x,y,@)f(ay) < af(x)forall x,y € X and all @ € R, with the convention O X (+c0) = (.
We now consider the set of elementary positive valued ICR functions
L= {l(yﬂ) . Y€ X, a € R.H_} ,

where, for each (y, @) € XxR,,, the function [, ) : X — [0, +o0] is defined by [, 4(x) = I(x, y, @)
for all x € X. Then the following results are valid.

Theorem 2.7. [2]. Let f : X — [0, +00] be a function. Then f is an ICR function if and only if
there exists a set A C L such that

f(x) = sup lyq)(x), (x € X).

ly.a)€A

In this case, one can take A = {l(y,(,) elL: flay) > a/}. Hence, f is an ICR function if and only if it
is L-convex.

Theorem 2.8. [2]. Let f : X — [0, +00] be an ICR function. Then

supp(f. L) = {lpe) € L: fl@y) > af.
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Definition 2.9. Let Hy := {f : X — [0, +o0] : f is a function}. Consider H, with the natural
pointwise order relation of functions. A function f € Hj is called a maximal element of the
set Hy if

feHy, fx)>f(x), YxeX = f(x)=f(x),VxeX

The following theorem characterizes the maximal elements of the support set of f : X —
[0, +o0] with respect to L, where f is a positive valued ICR function.

Theorem 2.10. [3]. Let f : X — [0, +o0] be a strictly ICR function. Lety € X be such that
g = max{a : f(ay) > a} < +oo. Then, ) is a maximal element of the support set of f if and

only if f(ey) = .

Remark 2.1. In this paper, the class of positive valued ICR functions f : X — [0, +oc0] with
lim i(gf f(x) = 0 are considered.

3. Abstract Convexity of Positive Valued Affine ICR Functions

In this section, first the support set of positive valued affine ICR functions is characterized.
Then the abstract convexity of this class of functions in terms of H, (the set of all L-affine functions)
is investigated, where

Hy = {lyae Iy € L, c € R},

and
lyaye(X) :=lyay(X) +c, YceR, Y x e X.

Finally, the subdifferential of this class of functions is obtained.

Definition 3.1. A function f, of the form f, := f + a is called (strictly) positive valued affine ICR
functionifa € R and f : X — [0, +00] is a (strictly) positive valued ICR function.

Now the support set of positive valued ICR functions in terms of H is characterized.

Proposition 3.2. Let f : X — [0, +o0] be an ICR function. Then
supp(f,Hp) = {l(y,a),c eH, : ¢c<0, flay) 2 a + c}.
Proof. Let ) € supp(f, H). Then
lyawe(x) < f(x), VxeX (3.1)

By definition / in (2.1) and in view of Remark 2.2, lim iOr}f f(x) = 0, then ¢ < 0. Furthermore,

by setting x = ay in (3.1) and using (2.3), the inequality @ + ¢ < f(ay) is obtained. Therefore,
l(y,(y),c S {l(y,a/),c €eH; : ¢c<0, f((ly) >+ C} .

Now, suppose that [, . € {l(y,a),c €H, : c<0, flay) 2 ¢ + c} be arbitrary. By using the part
(iii) of Theorem 2.6, we have

(x,y,a)f(ay) < af(x), Vx €X.



Askarizadeh, Mohebi/ Wavelets and Linear Algebra 5(2) (2018) 47- 58

Since [y 4) € {I(W),c €eH, : c<0, flay) 2 a + c}, hence
(@+o)lx,y,@) <Il(x,y,a)f(ay) < af(x).
So, the definition of / and (3.2) imply that
al(x,y, @) + ca < af(x).

Thus, l(y0)..(x) < f(x). Hence Iy ). € supp(f, Hy).

Now, it is easy to characterize the support set of f, in terms of H; by using supp(f, Hy).

Corollary 3.3. The support set of the positive valued affine ICR function f, is the set

Supp(fa, HL) = {l(y,a),c € HL 1 c<a, fu(“y) za+ C} .

Proof. By Proposition 3.2 and since supp(f,, H;) = supp(f, H.) + a, the result follows.

52

(3.2)

]

Theorem 3.4. Let f, = f + a be a positive valued affine ICR function. Then there exists a set

A C Hj such that
Ja(x) = sup lya(x), VxekX,
l(v,a),CEA

where A = {l(y,a),c €eH,:c<a, flay) >2a+ a}.

Proof. By using Proposition 3.2, one can take A := supp(f,, H.). So

Sup ly.a)e(x) < fa(x).

ly.a).c€
Also, by Theorem 2.7,
f(x) = SUPy, yeA Ly,a) (%),

where A = supp(f, L). Therefore

Ja(x) = sup lyoy(xX) +a= sup lya.(x),
l(y,a)EA l(y,a),aEAu

where A, = A + a. Since A, C A, then

Ja(X) < sup Ly (x).

l@’a)vc-EA

So, the equations (3.3) and (3.4) imply that

ﬁl(x) = Sup l(y,a),c(x), V X € X.

lU’,a),cEA

Corollary 3.5. Any positive valued affine ICR function is H;-convex.

(3.3)

(3.4)
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In the following, the H;-subdifferential of the class of positive valued affine ICR function is
characterized.

Proposition 3.6. Let xo € domf and f, = f + a, where a € R and f is a positive valued ICR
function on X. Then

8HLfa(x0) =0.f(x0) + R.

Proof. For any c € R, one has

lyare € On, fa(X0)

& lywe(X) = lya)c(x0) < fa(X) = falxo), YxeX
& Ly (X) = lya(x0) < f(0) — f(x0), YVxeX
& ly.a) € OLf(x0),

which completes the proof. L

4. Maximal Elements of the Support Set of Strictly Positive Valued Affine ICR Functions

This section is devoted to finding the maximal elements of the support set of strictly positive
valued affine ICR functions. In the following, by concentrating on the support set of strictly
positive valued affine ICR functions some results are obtained. Note that § C X is a closed convex
pointed cone.

Lemma 4.1. Let f : X — [0, +00] be a strictly ICR function and S # {0}. Then, f(x) > 0 for all
xe X\ (-9).

Proof. Suppose that there exists x’ € X \ (=5) in a way f(x") = 0. Consider xy, € (=5) \ {0} and,
for each y > 0, put x,, := x" + yxo. If x, € =S for all y > 0, therefore, since —S is a closed cone
and lim,__,o+ x, = x’, then one can conclude that x" € —§, which is a contradiction. So, there exists
¥ > O such that x, € X'\ (=5). Because of yxy < 0, then we obtain x, < x’. Since x’, x, € X\ (=5)
and f is strictly increasing on X \ (=S), it follows that 0 = f(x") > f(x,). This is a contradiction.
Thus f(x) > 0 forall x € X\ (-5). O

Theorem 4.2. Let f : X — [0, +oo] be a strictly positive valued ICR function, and let [, o, . € H,
be a maximal element of supp(f, Hy). Then f(ay) = a and ¢ = 0.

Proof. Lety’ = % (by Lemma 4.1 f(ay) > 0) and o’ = f(ay). Since f(a'y’) = a’, then
ay
liy o0 € supp(f, Hy). Therefore, by relations (2.2) and (2.3), the following equations are valid,

ay J(@y)
Fay) flay) = —
Since ly.q) € supp(f, Hr), so f(ay) > a + c. Using (4.1) implies that [, o o(ay) > a + c. Also,
Proposition 3.2 and ¢ < 0 imply that ). € supp(ly a0, Hp), that is, 0 < Ly a0 on X.
On the other hand, [, ). is a maximal element of supp(f, Hy). Thus [y 4 . = Iy o 0. Hence, by
putting x = 0, one has ¢ = 0. So, the equality /)0 = [y and the facts that f(ay) > a and
supp(f,L) € supp(f, Hy) imply that [, is a maximal element of supp(f, L). Hence, Theorem
2.10 implies that f(ay) = a. O]

l(y’,a’),O(a'y) = l(a/y’ l(ay’ ) CY) = f(CY)’) (41)
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The next lemma states relation between maximal elements of supp(f, H;) and supp(f,, Hy).

Lemma 4.3. Let f, = f + a be a strictly positive valued affine ICR function. Then .. € Hy is a
maximal element of supp(f,, Hy) if and only if I, o) c—q is a maximal element of supp(f, Hp).

Proof. Itis easy to observe that [, ) is a maximal element of supp(f, H;) if and only if [, ) +a
is a maximal element of supp(f, H;) + a. Also, clearly, supp(f,, H)) = supp(f,H;) + a and
lya).cra = liya).c + a. Therefore the proof is complete. ]

Proposition 4.4. Let f, = f + a be a strictly positive valued affine ICR function, and I o, . € H,
be a maximal element of supp(f,, H.). Then f(ay) = a and ¢ = a.

Proof. By Lemma 4.3, a maximal element of supp(f, Hy) is of the form [ 4) ... Now, Theorem
4.2 implies that f(ay) = @ and ¢ = a. 0

Now, necessary and sufficient conditions for characterizing the maximal elements of supp(f,, Hy)
are presented.

Theorem 4.5. Let f, = f + a be a strictly positive valued affine ICR function, and let I, . € H,
y € X\ (=S), and & := max{a >0: f(ay) > a} < +oo. Then . is a maximal element of

supp(f., Hy) if and only if f(ey) = € and ¢ = a.

Proof. By Proposition 4.4, if [, . is a maximal element of supp(f,, Hy), then f(ey) = & and
¢ = a. Conversely, let € = max{a > 0: f(ay) > a}, f(ey) = € and ¢ = a. So, Theorem 2.10
implies that [, ;) is a maximal element of supp(f, L). Now, assume that [ o~ € supp(fs, Hr) is
such that

lye)e(X) < ly o e (), YxeX 4.2)

Set x = 0in (4.2), then ¢ < ¢’. Because of [y o) € supp(f,, Hy), therefore we achieve ¢’ < a.
Now, by the assumption ¢ = a, one can conclude that ¢ = ¢’ and ¢’ = a. Hence, the relation
(4.2) implies that [,y < [y o) on X and [y o € supp(f, L). On the other hand, /., is a maximal
element of supp(f,L), and then [, = [y ) on X. Therefore [, . is a maximal element of
supp(fa, H). 0

5. Characterizing Global Minimizers of the Difference of Two Strictly Positive Valued Affine
ICR Functions

In this section, necessary and sufficient conditions for the global minimum of the difference
of two strictly positive valued affine ICR functions are presented. To this end, the support set is
described by using maximal elements.

Lemma 5.1. Let f : X — [0, +00) be a strictly positive valued ICR function and S C X be a
closed convex pointed cone. Then, for any l 4. € supp(fa, Hy) with'y € X \ (=S), there exists a
maximal element iy o of supp(fa, Hp) such that

l(y,a/),c S l(y/’a/)’c/ on X,

where o’ = f(gyy), ¢’ =a,y" = ffgy) and g, := max{a > 0: f(ay) > a} forally € X \ (=5).
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Proof. It is clear that the equation f(e’y’) = @’ and [3, Corollary 4.1] leads to
' =max{a>0: f(y) > a}.

So, Theorem 4.5 concludes that /[, )~ 1S a maximal element of supp(f,, H.). Since f(x) < +oo
for all x € X, then

X) = max I 9., VrxeX
f‘a( ) [()',(Y),(:Esupp(fa’HL) (y,(l),c( )

So, every maximal element of supp(f,, H;) is a maximum element, and so [y o > lyq)c ON
X. [l

Proposition 5.2. Let f, f : X — [0, +00) be strictly positive valued ICR functions so that f, :=
f+aand f] .= f"+b. Letn, := max{a>0: f(ay) 2 a}, & = max{B>0: f'(By) =B},
fany) 2 ny and f'(g,y) = &, for ally € X \ (=S ). Then the following assertions are equivalent:
(1) supp(fa, Hr)  supp(fy, Hp).
(i1) For any maximal element ly, o), € supp(f., Hyr), there exists a maximal element I, o), €
supp(f,, Hy) such that
l(}’laal)ﬁl(‘x) < l(yz,az),cz(x)’ VxeX

(iii) a < b and f)(n,y) 2 n, + a foreachy € X \ (=§) withn, > 0.

Proof. (i) = (ii). Assume that [, ,,)., is a maximal element of supp(f,, Hr). So, ly, ae €
supp(f;, Hr). By using Lemma 5.1 there exists a maximal element [, o,)., € supp(f,,H;) such
that

lyran.e (X) < Ly a0 (%), ¥ x € X.
(i1) = (i). Consider [y, o,)¢, € supp(fs, Hr). By using Lemma 5.1 there exists a maximal

element [y, o,)c, € supp(fa, Hr) such that [y, 4,)c,(X) < liy,.00).6,(X), ¥ x € X. Also, there exists a
maximal element [y, o), € supp(f,, Hy) such that

l@z,az),cz(x) < I(Y3,6¥3),C3(x)’ VxeX
Hence
10'1,01),01 (x) < l()’z,flz),cz(x) < 1@3,&3),63(x) < fb,(x)’ VxeX

Therefore [y, o,)c, € supp(f,,Hp).
(1) = (iiD). It is clear that 7, > 0. Since f(1,y) > 1y, 80 Ly 0.0 € supp(fa, Hy). Also, L4 €
supp(f,, Hr), thus by Lemma 5.1 there exists a maximal element [ o € supp(f,, Hy) such that

l(y,n—v),a(X) < l(y’,a/),c’(x)’ VY xe X, (51)

yY

where y’ = ﬁ, o = f'(gy)and ¢’ = b. Set x = 0in (5.1), then a < b, and set x = n,y in (5.1),
then

ny +a< l(y’,a’)(nyy) + ba

My +as l(_/,z_‘y,y) ,f’(syy))(nyy) +b,

ny+a < lny,y &) +Db.
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Since [,y € supp(f’, L), therefore we get
ny +a < Iy, y, &) +b < f'(ny) +D.

Hence n, + a < f;(n,y).
(iii) = (). Leta < band n, +a < f'(nyy) + bforall y € X \ (=S) with , > 0. Consider
lyw.c € supp(fa, Hr), then ¢ < a. By the assumption a < b, therefore ¢ < b, and by Lemma

5.1 there exists a maximal element [y o) € supp(f., Hy) such that [, ). < [y o)~ On X, where

;Y
Y = Ty

a = f(n,y) and ¢’ = a. Now, set y” = f’g]y ;,) and ” = f'(nyy’). Thus

l(y”’(l”)(ny,yl) — fl(ny,y/) — a” — f’(a,’y”). (5.2)

The inequality n,+a < f'(n,y)+bforally € X\(=S) and (5.2) imply that [y o ,(1yy") > 1y +a.
So, it follows from Corollary 3.3 that

l(}"sﬂy’),a < l(y”,a”),b on X.
It is clear that [y ), € supp(f,, H;). Moreover, by [3, Corollary 4.1],

ny =max{a >0: f(ay) > a}

= a/
= f(myy).
So
lyare < liyana < loyrampy < fb' on X.
Hence [y.q) € supp(f,, Hp). [

In the sequel, necessary and sufficient conditions for the global minimum of the difference of
two strictly positive valued affine ICR functions are given.
Let f, f' : X — [0, +00) be strictly ICR functions and & := f” — f be such that

h(x)=f (x)—f(x), VxeX (5.3)

Theorem 5.3. Letn, := max {a > 0 : f(ay) > a} forally € X\ (=S), where f : X — [0, +oo] is a
strictly positive valued ICR function such that f(n,y) = n,. Also, let &, :== max{a > 0: f'(ay) > a}
forally € X\ (=S), where f' : X — [0, +o0] is a strictly positive valued ICR function such that
f'(&,y) = &,. Then an element xy € X is a global minimizer of the function h (defined by (5.3)) if
and only if h(xo) < 0 and f'(n,y) > n, + h(xo) for all y € C, where C = {y eX\(=S):n, 2 O} .
Proof. 1t is clear that x, is a global minimizer of the function 4 if and only if A(xy) < h(x) for all
x € X. By the definition of the function /4 and Proposition 5.2, it follows that

h(xp) < h(x), VY xeX,
= fup)X) < f(x), VxeX,

& supp(fuxy), Hr) S supp(f’, Hy),
& h(x0) <0, f'(nyy) 21y +h(xo), YyeC.
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Corollary 5.4. Suppose that h(xy) < 0 with xy € X. Then, under the assumptions of Theorem 5.3,
Xo is a global minimizer of the function h if and only if

hxo) = inf {/1,9) =y}

where C := {yEX\(—S):nyZO}.

Proof. Let h(xo) = infyec {'(n,y) = my} . Then f'(7,y) = 1 + h(xo) for all y € C. So, by Theorem
5.3, xp is a global minimizer of the function 4. Conversely, let x, € X be a global minimizer of
the function h. Also, assume that v := inf ¢ { f(y) — ny} and h(xg) < v (note that it follows from
Theorem 5.3 that h(xy) < v). Consider v/ < 0 such that i(xy) < v’ < v. Therefore, Proposition 5.2
implies that supp(f,,, H,) € supp(f’,Hy), 1.e., f,, < f’ on X, which yields a contradiction with
the fact that i(xp) < V. L]

Corollary 5.1. Let f, f” : X — [0, +o0] be strictly ICR functions and f, = f+aand f, = f"+bbe
strictly positive valued affine ICR functions. Then, x is a global minimizer of the function f; — f,
if and only if xj is a global minimizer of the function f’ — f.

Example 5.5. Consider two strictly ICR functions f, f' : R — [0, +00) are defined by

0, x<0O

x<0 ,
x>0 and f(x)’_{xg, x>0 -

f ) :={

py
It is easy to observe that

ny :=max{e>0: f(ay) 2 a} =y,
and
gy :=max{B>0: f'(By) > B} =),

for all y > 0. Also, f(n,y) > n, and f’(g,y) = &,. By Corollary 5.4, x, is a global minimizer of the

function h = f” — f if and only if h(xo) = inf,. {y% - y} = ;?2; if and only if xy = (%)6.

Example 5.6. Let X := {f : [0, 1] — R : f is a continuous function } and
S={feX: f(x)>0, Yxel[0,1]}.
It is clear that S is a closed convex pointed cone in X. Consider two functions
@, 1 X — [0, +00),
are defined by
¢(f) = NfF00) and () = sup Vf*(),

0<x<1
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for all f € X (yo € [0, 1] is fixed), where f*(x) := max {f(x), 0} for all x € [0, 1]. It is clear that ¢
and y are strictly positive valued ICR functions, and it is easy to see that

ny = max {a > 0: g(@f) = a) = f* (),
and

2
gri=max{a >0 :y(af) > a} = (sup f+(x)) ,

0<x<1

forall f € X\ (=5). Also, o(nsf) > nyand Y(erf) = g for all f € X\ (=5). It is not difficult to
check that

inf {w(nsf) ) = 0.

JeX\(=5)

By Corollary 5.4, f, is a global minimizer of the function 4 = ¢ — ¢ if and only if A(fy) = O if and
only if

sup [ () = [ Go)

0<x<1

if and only if y, is a maximizer of the function /£, (x).
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