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1. Introduction and Preliminaries

Two-wavelet localization operators in the setting of homogeneous spaces with respect to a left
invariant measure are studied in [11, 2]. We have studied the localization operators in the setting
of homogeneous spaces with an admissible wavelet in [5]. In this manuscript we continue our
investigation on localization operators with two admissible wavelets in a completely different and
more general approach, by considering a relatively invariant measure on the homogeneous space
G/H. A reason for the extension of the results from the one wavelet case to the two wavelet case
comes from an extra degree of flexibility in signal analysis and imaging when the localization
operators are used as time-varying filters (see [2, 3]).

To make the point clear, let us first review some basic concepts of strongly quasi invariant measures
on homogeneous spaces (for more details see [8, 9, 7]).

Let G be a locally compact group and H be a closed subgroup of G. Consider G/H as a
homogeneous space on which G acts from the left. Let 4 be a Radon measure acting in G/H. A
strongly quasi invariant Borel measure ¢ on G/H is translation-continuous if there exists a positive
real valued continuous function 4 on G X G/H such that

duy(kH) = A(g, kH)du(kH),

for all g,k € G. If the functions A(g, .) reduce to constants, then yu is called a relatively invariant
measure under G and if A(g,.) = 1, for all g € G, the measure u is said to be G-invariant. A
rho-function for the pair (G, H) is defined to be a continuous function p : G — (0, c0) which
satisfies

Ap(h)

" Ag(h)
where Ag, Ay are the modular functions on G and H, respectively. It is well known that (see [8]),

any pair (G, H) admits a rho-function and for each rho-function p there is a strongly quasi invariant
measure ¢ on G/H such that

p(gh) p(g) (g€G,heH),

A Hy = P80 (2,k € G).

du — pk)
As has been shown in [8], every strongly quasi invariant measure on G/H, arises from a rho-

function and all such measures are strongly equivalent. That is, i and y” are strongly quasi invariant
measures on G/H, then ‘Zi# is a positive continuous function.

The paper is organized as follows. In section 2, we introduce a two-wavelet localization op-
erator on a homogeneous space with a relatively invariant measure. We show that it is a bounded
linear operator. Section 3 investigates the compactness and the Schatten p-class properties of the
two-wavelet localization operators. The section is concluded by examples supporting our argu-
ments.

2. Boundedness of Two- Wavelet Localization Operators on G/H

In this section we define the localization operators for pairs of admissible wavelets in the
setting of homogeneous spaces with relatively invariant measures and show that they are bounded
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operators. For this, we need to review some basic concepts from [4, 6] concerning the square
integrable representations in the case of homogeneous spaces with relatively invariant measures.

A continuous unitary representation of a homogeneous space G/H is a map o from G/H into
the group U(H) of all unitary operators on some nonzero Hilbert space H, for which the function
gH — (o (gH)x,y) is continuous , for each x,y € H and

o(gkH) = o(gH)o(kH), o(g"'H) = o(gH)’",

for each g, k € G. Moreover, a closed subspace M of H is said to be invariant with respect to o if
o(gH)M C M, for all g € G. A continuous unitary representation o is said to be irreducible if the
only invariant subspaces of H are {0} and H (in the sequel we always mean by a representation,
a continuous unitary representation). An irreducible representation o of G/H on H is said to be
square integrable if there exists a nonzero element £ € H such that

[ 28 [eomef dut <o @
G/H p(g)

where u is a relatively invariant measure on G/H which arises from a rho function p : G — (0, o).
If ¢ satisfies (2.1), it is called an admissible vector. An admissible vector € H is said to be
admissible wavelet if ||{|| = 1. In this case, we define the wavelet constant ¢, as

C; = f ple) '<§,G(gH)§>‘2du(gH). (2.2)
G/Hp(g)

We call ¢, the wavelet constant associated to the admissible wavelet £. For a given representation
o, two vector £, x € H and g € G define the linear operator W, : H — C(G/H) by

(W)(gH) = ——(
Vee
The linear operator W, is called the continuous wavelet transform and it is a bounded linear oper-
ator from H into L?>(G/H) when o is a square integrable representation of G/H on H and ¢ is an
admissible wavelet for o. Note that we assume H is a compact subgroup of G.
The reconstruction formula and orthogonality relations for square integrable representation o of
homogeneous spaces G/H with relatively invariant measure have been studied in [4, 6]. For the
reader’s convenience we state them here which are used in our results.

ple)

1/2
p(g)) (x, 0 (gH)L).

Theorem 2.1. (reconstruction formula) Let o be a square integrable representation of G/H on
H. If { is an admissible wavelet for o, then

1
() = — f PO (o (gH)E) ((gH)C, ) du(gH), 23)
¢ Jom p(g)

where c; is as in (2.2) and y is a relatively invariant measure that arises from a rho-function p.
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Theorem 2.2. (Orthogonality Relations) Let o be a square integrable representation of G/H on
H and ¢, & be two admissible wavelets for o. Then
forall x,y inH,

1
L[ PO aem) (oghE.y) dutgH) = (x. . 2.4
cre Jom p(&)
where ©
Cre = f fi(éﬂ(r(gH)é“) (o(gH)¢, {) du(gH), (2.5)
G/H p(g)

in which c; ¢ is called two-wavelet constant.

Now, we are ready to define two-wavelet localization operators in the setting of homogeneous
spaces with a relatively invariant measure and we establish their boundedness property.

Definition 2.3. Let o be a square integrable representation of G/H and £, ¢ be two admissible
wavelets for o with respect to a relatively invariant measure 4 on G/H. The operator L ¢y, : H —
H defined as follows:

1 (e)

(LegyX,y) = — f P y(gH)(x, o (gH)C) (o (gH)E, y) du(gH), (2.6)
cre Jom P(8)

for all y € LP(G/H), x,y € H and c;¢ is two-wavelet constant defined as in (2.5). The linear

operator L, is called two-wavelet localization operator.

We intend to show that L., is a bounded linear operator for ¢ € LP(G/H), 1 < p < oo . But
first, we show that the localization operator L, ¢ is bounded, for ¢ € L*(G/H).

Proposition 2.4. Let ¢ € L*(G/H). Then L; ¢ is a bounded linear operator and

(c§c§)1/2

|C§,.§|

L gull < [[¥lco

in which £, & are two admissible wavelets.
Proof. Using the reconstruction formula (2.3) and the Schwarz inequality we get,
‘<L§7§sw'x’ y)‘

L[ e

<o) e W] [ otetno] (e | duts)

1
< i [ 28 [wotemaf dusm)
ezl 6/m P(8)

(/ /H% ko (ez. | dutsin)”

1 1/2 1/2
< —c ¢}l Iyl 1o
|c§’§| . é

(C(Cg)l/z

for all x,y € H. Then ||L; ¢l <
‘ |Cg,§|

[llco.- O
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Now, let y € L'(G/H) in which G/H is equipped with a G-invariant measure y’. Note that,
since H is compact, G/H admits such a G-invariant measure.

Proposition 2.5. Let y € L'(G/H). Then L; ¢, is a bounded linear operator and

(e)
ILeeoll < 2 0l
|Cg,g|

Proof. Consider G/H with a G-invariant measure ¢ which arises from the rho-function p’ = 1.
Since u, 1’ are strongly equivalent, there exists a positive function 7 on G/H such that

d
d“, =1, plg) = 1(gH),
u

where p is a relatively invariant measure which arises from p. Thus
’<L,:,f,wx, y)’

< [ BOer| [anatemno] fotse. )] dutsi)
cel Joym p(8)

1 p(e)
B |C§,§| G/H T(gH)

wiet| [x o) [ erne, w]remdu o)

< o [l o oo
& JG/H

< Pl bl

B |C(,§|
_ , p(e)
where |/, = W (gH)|du' (gH). Then ||Lygyll < ——Wll:. O
G/H |Cg,.§|

Finally, we show that if y € L?(G/H), 1 < p < oo, then L, ¢, is a bounded linear operator.

Theorem 2.6. Let € LP(G/H), 1 < p < oo. Then there exists a unique bounded linear operator
Li¢y : H — H such that

(e)!/P 1/2(1-1/p)
ILceull < 22— (ccce) 111, 2.7)
lczél
where L; ¢ is given for a simple function  on G/H for which
u({gH € G/H; y(gH) # 0}) < o0. 2.8)

Proof. LetT : H — L*(R") be a unitary operator and € L'(G/H). Then the linear operator
Lyce s P(R") — L2A(R") defined by

Lyce=TLysel, (2.9)
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is bounded and ||I:¢,§,§|| < &Ilwlll. If y € L*(G/H), then the linear operator Zw,gﬁf on L*(R")

ezl

defined as (2.9) is bounded and |1y ¢ll < = 1y

leg.el
Denote by U the set of all simple functions ¢ on G/H which satisfy (2.8). Let g € L*(R") and @,
be a linear transformation from U into the set of all Lebesgue measurable function on R” defined
as @ () = Ly £(g). Then for all y € L'(G/H)

oo, = [occtol, = [ocd I, < 50, e,

Similarly for all € L*(G/H),

1/2

oo, < Sl ],

By the Riesz Thorin Interpolation Theorem we get,

Jtsccto], = o, = 22 ) ™o, B,

So,

p(e)!/r 1/2(1-1/p)
|Eoce] < S leecd) ™ o],

for each ¢ € .
Now, let ¢ € LP(G/H), for all 1 < p < oco. Then there exists a sequence {{;},>, of functions in

A such that ¥, is convergent to ¥ in L’(G/H) as k — oo. Also, {lek{,g} is a Cauchy sequence in
B(L*(G/H)). Indeed,

1/p _
p(e) 1/2(1-1/p)
Hkagf meggf” czd (ccce) Hlﬂk - lﬂm'p

— 0.

By the completeness of B(L*(IR")), there exists a bounded linear operator Lw e 0n L*(R™) such that
ka ¢, converges to Lw re1n B(L*(R™)), in which

1/p _
p(e) 1/2(1-1/p)
|oce] < S leecd) ™ o],

Thus the linear operator L, ;¢ is bounded, where Ly ;s = T"'L, /I', and

p(e)l/P (Cgcg)l/Z(l—l/P)HwH _ (2.10)

crél

For the proof of uniqueness, let ¢ € L’(G/H), 1 < p < oo, and suppose that P, . is another
bounded linear operator satisfying (2.10). Let ® : L?(G/H) — B(H) be the linear operator
defined by

JEocd] <

@(lp) = Ll//,{,f — Pw’g’g, l,[/ € LP(G/H)
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Then by (2.10),

o] < 25 e} o

Moreover O(y) is equal to the zero operator on H for all y € A. Thus, O : L(G/H) — B(H)
is a bounded linear operator that is equal to zero on the dense subspace U of L”(G/H). Therefore
Lys¢ = Pyseforally € LP(G/H). O

3. Compactness and Schatten p-class Properties of Ly ;.

In this section we show that the two-wavelet localization operators on homogeneous spaces

with relatively invariant measure defined in (2.6) are compact and they are in Schatten p-class.
For the reader’s convenience we introduce basic preliminaries on Schatten p-class and for more
details see [10, 11] .
Let T : H — H be a compact operator. Then the linear operator |T| : H — H is positive and
compact. Assume that {&,,n = 1,2, ...} is an orthonormal basis for H consisting of eigenvectors
of |T| and s,(T) is the eigenvalue of |T| corresponding to the eigenvector {£,,n = 1,2,...}. The
eigenvalue s,(T),n = 1,2, ... is called the singular value of 7. A compact operator 7 is in Schatten
p-class §,,1 < p < oo, if 377 (5,(T))” < oo. It can be shown that §,,1 < p < oo is a Banach
space in which the norm [, ||s, is defined by

7], = (Slurm)”. s
n=1

Let S, be the C*-algebra B(H) of all bounded operators on H. Then the norm ||, ||s_ is the same
as the operator norm in B(#). The Banach spaces S| and S, are known as the trace and the
Hilbert-Schmidt classes, respectively. Note that S, is a Hilbert space. It is worthwhile to note that
if the operator 7 on H is a compact operator such that for all orthonormal sets {&,}, and {{,}7,
inH 32 KT&,,4) < oo, then T isin §. For any T € S and any orthonormal basis {{,,} of
H we write

tr(T) = D (TLw &),
n=1

which is called the trace of 7. Moreover, if T is a bounded operator such that },° | ITE N < o0,
for all orthonormal bases {£,}>2, for H, then T is in Hilbert Schmidt class S, (see [11, Section
2]). Throughout this section L”(G/H) denotes the Lebesgue space L”(G/H, "), where ' is a G-
invariant measure on G/H.

The following theorem show that the two-wavelet localization operator Ly ; -, for two admissible
wavelets £, & and ¢ € LP(G/H),1 < p < oo is compact.

Theorem 3.1. For € LP(G/H),1 < p < oo, the two-wavelet localization operator Ly ;¢ is
compact.

Proof. Lety € LP(G/H,u'). There exists ¥, € C.(G/H) such that ||, — ¢, — 0. Let {{i};2, be
an orthonormal basis for . Then by Fubini’s theorem and the Schwarz inequality, we have
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Z ‘<Lwn,z,§§k, Lwn,z,f§k>|
k=1

BRI ple)
= |C(£|Zf/1{ g

()| [ (@O (o @HE, Ly, 00| dua(HD)

<P < o0
B |Cg,_g| ‘

.o .. . . . 1/p
Thus Ly, ;¢ is in S, and it implies that Ly, ; + is compact. Since ||Ly s s—Ly, sl < 2 l(f[)fll (cee) 211D y—
Yll,- Then the localization operator Ly ;+ is compact. h O

Proposition 3.2. Ify € L'(G/H), then Ly ;¢ is in S and
p( )
e =6l

Proof. Let {{};2, and {&};2 | be any two orthonormal sets of H. Then

i ‘(Lw,affk, fk)‘
k=1

: i f POyt [ otstn0)| |ioige &0] dutst)

L
|C§g| /m P(8)
AN 2 j<§k,a<gH>§>| S fotsme.eof ) an ey
ez ¢l :1
<20 Jocstnlau e
& JG/H
< 2o, <

SoLy;: €S8 and
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trLyce) = Y (Lygeli &0
k=1

1
= — i f &w(gH)@k,cT(gH)é) (o(gH)&, {i) du(gH)
Cre G/u P(&)

_ P fG Wt > i (gH) (o (SHDE, &) dyt (gH)
k=1

Cre

= PO B o (gH)C o (gH)Edu (gH)
Crée JGIH

- PDve [ wedn ),

Cre G/H
where {{};2, is any orthonormal basis for H. ]

Proposition 3.3. Ify € L'(G/H), then ||Ly¢¢lls, < 22

ezl

Proof. By Proposition 3.2 the localization operator Ly /¢ is in §. Using the canonical form [11,
Theorem 2.2] for compact operator Ly ; -, we get

[Se]

Lycex = ) silLygeXx, i G.1)

k=1

where sy (Ly;z),k = 1,2, ... are the positive singular values of L, ¢, the set {{i,k = 1,2,...} is
an orthonormal basis for N(Ly )" and {&,k = 1,2, ...} is an orthonormal set in /. Then (3.1)
implies that

(o)

Z(Lw,g:g{j, &j) = Z Si(Ly.z¢)-

=1 =1

So ILysells, = Z;.;1<Lw’(’§§ i»&;). Now Fubini’s theorem, Parseval’s identity, Bessel’s inequality
and Schawrtz’s inequality imply that
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’Z<Lw§f‘:pfj>'

Mzi

3 2| gluam] [ owma| (oo it
1 [ el S5[rene) (5 otane o)
< ‘;(—e)| f wtst)| d s
&l JG/H
<l

]

Note that by Proposition 2.4 the two-wavelet localization operator L; ., is a bounded linear
operator for Y € L*(G/H) and

Now Riesz Thorin Interpolation Theorem [10] implies that the localization operator Ly ;s for 1 <
p < o0isin S ,. More precisely we have the following theorem.

(C,:Cg)l/z

|C{f|

(Jeceo]| = Mecee]

Theorem 3.4. Let y € LP(G/H), 1 < p < oo. Then the localization operator Ly ;¢ is in S , and

l/’?§’§ -

We conclude with some examples concerning localization operators on some homogeneous
spaces.

Example 3.5. Let G be the Weyl-Heisenberg group (WH)" and H = {(0,0,¢), t € R/2nZ}. The
Euclidean space R" x R" is as homogenous space of (WH)" and @ = R" x R" admits the
Lebesgue measure. The representation

o R'XR" > U(LRY), ((g, pe)(x) = P Pp(x = g),

where x € R", ¢ € L*(IR") is square integrable (see [11]). For ¢ € LP(IR"), the localization operator
Ly ;s with two admissible wavelets , & is defined by

(Lyref8)

s f f (g, p)Xf,o(q, p){) (o(q, p), g) dgdp

_ f WG DXLy Enpr &) dadp,
Cre n JRn
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for f,g € L>(R"), where

1
1K1 Jrn I

1
= o [ @l € dadp
1211 Jrn I

where £, ,(x) = eP*{(x — g), x € R".

Example 3.6. Consider the similitude group, SIM(n) = R" X, (R* X S O(n)), i.e. the semidirect
product of R” and R* X § O(n) with respect to

7:R" X S0n) - Aut(R"), ta, w)b = awb.

Evidently, R" can be considered as a homogeneous space of SIM(n). Let d"b be the Lebesgue
measure on R” which arises from rho function p : SIM(n) — (0, 00), such that p(b, a,w) = a" [1].
The representation

o R" = ULXR"), (0()@)x) = ep(x), xR

is square integrable. For two admissible wavelets ¢, € L*(R") and @, € L*(R"), the two-
wavelet constant ¢, is as follows

1
S f g, (O, HOW) 'L
Rn a

= — JE— ix{ dn tx—g’ dn dn
W IP fR il [, veepdx)( fR e pnd")d"¢

1 1] — ———
= — f — (). o)L

I Jgn a
1 — — =
= —{¢@, o).
a
Moreover, for F' € L*(R") and two admissible wavelet ¢, ), the localization operator L, is
given by

1 1
Lrgofog) = — f LFQKE o) (o g) d'E
CSOJ// n a
1 1 VPN
= — | —FOfOWR0)d'
Cgo,l// R A
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