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1. Introduction

p-adic numbers, Q,, were introduced in 1897 by the German mathematician K. Hensel [7].
The field Q, is the example of an ultrametric space. The wavelets was developed in the beginning
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of the 1990s. Y. Meyer and S. Mallat introduced the notion of multiresolution analysis(MRA).
Scientists use this theory to cunstruct new wavelet systems. An analog of real Haar base in p—adic
case is a compactly supported p—adic wavelet basis, which was found by S. Kozyrev in 2002,
see [12]. These wavelets are eigenfunctions of some p-adic pseudo-differential operators. This
property of wavelets may be used to solve p-adic pseudo-differential equations. In last few years,
application of p—adic wavelets in solving p—adic pseudo-differential equations introduced by S.
V. Kozyrev, see [11]. The simplest equation of this type is the p—adic pseudo-differential heat
equation with time parameter ¢ € (0, +o0) and x € Q,,,

ou(x, 1)
ot

which appears in modeling interbasin kinetics of macromolecules. Another example of these kind
equations is the following Cauchy problem,

ou(x, 1)
ot

where D is the fractional operator, introduced and studied by M. H. Taibleson. Again ¢ € (0, +o0)
is the time parameter, x is in Q, and f(.,7) belongs to the p—adic Lizorkin space for any ¢ and
f(x,.) is continuous for any x, see [17]. Recently, M. Skopina and her coauthors introduced
p—adic refinable functions [16], MRA on LZ(Qg) [10] and p—adic MRA and wavelet transform
[1,2,8].

In real case however, wavelets have been successful in characterizing the singular support of a
function and in applications from Harmonic analysis, it has limitations in higher dimensions. So
the shearlets system were introduced and developed by D. Labate, G. Kutyniok and many other
researchers, see [3, 14, 15], also the references therein. The theory of shearlet systems generated
with parabolic scaling, shearing and translation operators.

The main importamce of shearlets is their efficient in representation of multivariable functions with
discontinuities in many directions such as edges of a natural image. In such situation one needs
many 2-D wavelet coefficients to accurately of representing such images. But, a (discrete) shearlet
system works better than two dimensional wavelets. Now we introduce shearlets in p—adic case.
In this paper we introduce shearlets on LZ(Q%), which we call p—adic shearlets. In section 2 we
will peresent the preliminaries and notations. In section 3 the p—adic shearlets group and the
continuous p—adic shearlet transform on Lz(Qf?) are discussed. In section 4 the discrete p—adic
shearlet frame is presented. Several examples are provided.

+ Diu(x,t) =0,

+D%(x,t) = f(x,t) with u(x,0) = u’(x),

2. Preliminaries and notations

Let p be a prime number, the field Q, of p-adic numbers is defined as the completion of the
field of the rational numbers Q with respect to the non-Archimedean p-adic norm |.|,. This p-adic
norm is defined as follows,

0, ifx=0
x|, = 2.1
p7, if x#0 and x = p’=,
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where y = y(x) € Z and the integers m, n are not divisible by p. The norm | - |, satisfies the strong
triangle inequality:
Jx + yl, < max (|, [yl )-

In the case x|, # [yl,, we have equality: |x + y|, = max(|x|,, [yl,), and for p = 2 we also have

1 )
lx +yh < §|x|2 if x> = |yl

The canonical form of any p-adic number x # 0 is
x=p Z x;p, (2.2)
=0

wherey =y(x) € Z,x;=0,1,...,p — L,xo # 0. If xy # 0, then the above representation is unique.
Using the expansion (2.2) one can define a fractional part {x}, of a number x € Q,,

0, ify(x) 20 orx=0

{x}, = (2.3)
p’'(xo+x1p+ ...+ xm_lp""‘l), if y(x) <0,

and this leads to p” < {x}, <1 - p”if y(x) <O0.

Ordinary arithmetic operations: sum, subtraction, multiplication and division are defined and Q,
is a field.

Denote by By(a) = {x € Q, : |x—al, < p"} the disc of radius p" with the center at a pointa € Q,,,
N € Z. The set of integer p—adic numbers is defined by Z, = {x € Q,| |x|, < 1}. The set of natural
numbers is dense in Z,,. Set

I, = {xe 0, : {x}, :x}.

One can show that ), has a decomposition to a union of mutually disjoint discs: Q) = Je;, Bo(x).

Theorem 2.1. [18]
1)The disc By(a) is both open and close set in Q,,.

2)Any two discs in Q,, either disjoint or one is contained in another.
3)Disc By(a) is compact.
4)The space Q,, is locally-compact under addition.

For more details and proof of theorem see [18].
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2.1. Fourier transform

60

A comlex -valued function f is called locally-constant if for any x € Q, there exists an integer
I(x) € Z such that f(x +y) = f(x),y € By (0). We will denote by D(Q,) (or D), the linear space

of locally-constant compactly supported functions, also called test functions.

The field Q,, is a locally-compact commutative group under addition so in Q, there exists the Haar
measure, a positive measure dx which is invariant with respect to shifts, d(x + a) = dx. We nor-

malized the measure dx by fz dx =1.

For any d > 1, Q‘; is a vector space over Q) ,i.e. Q‘Iﬁ consists of the vectors x = (x, ..., X3),

where x; € Q,.,j = 1, ...,d. The p-adic norm on Qi is

’X‘ .= max

Xj
p 1<j<d

B

p

where | - |, is defined as in (2.1). The Fourier transform of ¢ € D(QZ) is defined as

F)(&) = 3 = fQ EDpd'y, forall | £< O

where y,(£.x) = xp(E1x1).-..x p(Eaxa) and y ,(€x) = ¥ is the additive character for the field 0,

and dx is the Haar measure in Q,,.

Theorem 2.2. The Fourier transform maps L2(Q1,) onto Lz(Qp) one-to-one and continuous.

Theorem 2.3. (a) If f € L*(Q,), 0 £ a € Q,, b € Qp, then

b
FIfa. + ) = lal, 2O F L),

(b) The Plancherel equality holds:

, F)g(x)dx = , g,

far all f,g € L*(Q)).

Details can be found in [18].

2.2. Square root

A non zero integer a € Z is called quadratic residue modulo p if the equation x> = a(mod p)

has a solution x € Z. In the following we need the Legendre symbol,

I, if ais quadratic residue modulo p

—1, if ais quadratic non-residue modulo p.

(2.4)
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Remark 2.4. Let p be an odd prime, and let a, b € Z with (a, p) = 1 and (b, p) = 1, then

(D=6 @3)

The following lemma shows which p-adic numbers have square root [18].

Lemma 2.5. [18] Equation

X =a, a:py(”)(a0+a1p+---), 0<ai<p, ap#0,

has a solution, in Q,, if and only if

1)y(a) is even,

2) for p # 2, (%)zl,forp:lal:azzo.

Note: The above lemma only shows that a? exists in Q, or not, but does not give the canonical
form of a? in Q ». We define the square root of a in Q,, to be the unique a? defined above.

3. Continuous p—adic Shearlets on Lz(Qf,)

In this section, we introduce the continuous p—adic shearlet system and p—adic shearlet trans-
form on LZ(QIZ,). We would like to obtain an inversion formula for the p—adic shearlet transform.
For f: 04 — C,y € Q% and A € GL(Q,,d), the set of d X d matrices with entries in Q,, define
the following operators,

T,(NO = f(.—y),  Daf() = ldetAl2 f(A.).

We denote by G, the set of all non zero elements in Q,, that have square root. Using (2.5) one
can show easily that G, is a group with respect to multiplication of p—adic numbers. For example
Gy ={a=2""Y,4 a2/ € Oy : y(a)is even,ap = 1,a; = a, = 0}.

a' 0 1 s
Aa_( 0 gt )andSs—(O 1 )
fora € G,and s € Q,. Lety € L*(Q}), and fora € G,, s € Q, and t € O, define ¥, 5, € L*(Q3)
by

Set

_3
Vasd(X) = TuDy,Ds (x) = lal,* y(AuS o(x = 1)).
Then the p—adic shearlet system is defined by

SHW) = {Yusi 1 a €Gps€Qpt € 0l
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3.1. p—adic Shearlet group

The theory of shearlets in R? is connected to the group theory. Based on this property the
shearlet coorbit spaces are defined([4]). In this section we introduce the shearlet group in p-adic
case and its Haar measure.

Theorem 3.1. The setS = G, X Q, X Qf, equipped with multiplication given by
(a,s,00(d,s',1') = (ad',s + Vas',t + S]'A;'Y),
forms a group.

Proof. 1 € G, is the neutral element, so (1,0, 0) is the neutral element in S. A simple calculation
using multiplication formula implies,

1 s
a,s,t) (—,—,—-A,St) =(1,0,0).
( )(a N7 ) =( )

Also the fact, S~!, AT! = A,S, implies that:
Vi a

1 S

-, ——,—-AS ) (a,s,1) =(1,0,0),

(a N7 )~ ( ) = ( )

so (a,s,0)"' = (é, _\/ia’ —A,St). One can show easily that this multiplication is associative by
using the fact that S'A;'S A =S AL O

s Taa’”

The Group S = G, X Q, x Q> equipped with multiplication given by

r N ’ L, -1 4-1p
(a,s,0)d,s',t')=(aa’,s+as',t+ S, A1),

s dt

3
lal,

is called the p—adic shearlet group. The left Haar measure of this group is , since

d(aa’)d(s + a%s')d(t + S;IAZIZ’) _dadsdt

jaa'l; al}

Lemma 3.2. Define o : S — U(LZ(QI%)) by

o, 5. OU(X) = Yaea() = lal, ' W(ALS (x = ).

Then o is a unitary representation of S on L*(Q).
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Proof. Lety € L*(Q3) and x € Q7.

o(a,s, t)(O'(a', s, t’)t//)x a pO'(a’, s, t’)g[/(AaS s(x — t))

— Naa %&//(Aa'Ss’(AaSS(x Sod)

p

3

/% - —1 4
= |aa plﬁ(Aa’Ss/AaSs(x - (t + SslAalt )))

NI

I W(AaarSmf \/;,(x— (t+S;1A;1t')))

p

(0'((61, s,H.(d, s, t’))l//)x.

The continuous p—adic shearlet transform of f € Lz(Qf,) is defined as follows,

f=SHyf(a,s,t) =< fihas > (a,s,t) €S.

Definition 3.3. Let ¢ € D(Qf,). ¥ is called an admissible p-adic shearlet if

T 2
Cw:ff |w<g|fl,§2)| dsdE, < oo
0y YO, é:]lp

Theorem 3.4. Let ¢ € D(Qf,) be an admissible p-adic shearlet. Define

o 2
C«i:ff L 40 g,
6, Jo, KD

- 2
Ci:f f |lﬂ(§1,§2)| dé,dé,.
0,\G, Jo €15

p

and

IfCJD = Cfb = Cy, then

f |S H,f(a,s, t)'zda ds dt < ClpH f“j forall f e D(QY).
S

63

Proof. Note that the shearlet transform of a function f € LZ(Qf,) can be regarded as a convolution.

In fact we have

SHyfa 5.0 = (f.laly* (AuS (x = D)) = f 0, o0,

3.
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where 1//27&0()6) =Y, 50(—x) forall x € QIZ,. Furthermore we have

Fad(@) = X,(10) lal} B((AZ) (ST 0) = x,(1w) lal} Blawy, abws — atswr).  (32)

Employing (3.1), (3.2) and the Plancherel theorem in L*(Q7), for f € D(Q;) we have

2dadsdt dtds da
f ‘SHl/,f(Cl, S, t) 3 f 'f wa sO( )| B
s lal; lal,

- [IFof iz e
= fffg (w)Hj A 5 o) d“’ldl;“d“

LV o o aton - )] 21
ffff o foo] ' e 1) dfz%édwz

f fg,,\a f f [Flw| |w1 [#aen. &) dgz%édwz
fg,, fG [Flw| dosrdo fG p fQ p & " e &) dede

fQ,, fQ,)\GP [T ( f fQ p & | " e, desdndondoo

= I,

+

+

where A is a subset of (Q, \ G,) depending on wy, so we have

[ ]} e eofasde <
AJo, p

Since C}# = Clzp = Cy,, hence

IscwafG 'f(w)'zdwldwz+C¢fQ fQ\G 'ﬂw)'zdwldm:cwaHZ.

Since f,y € D(Qf,) we can use the Fubini Theorem. O



Fatemidokht, Askari Hemmat/ Wavelets and Linear Algebra 5(1) (2018) 57- 71 65
Note that in the above theorem, we prove that
2da ds dt 2
f‘Swa(a, s, t)‘ =< cwan .
S lal p

But in the real case, the equality is proved i.e

f ‘Swa(a S, )' 2da dsdt _ CwaHQ-

because the set of positive real numbers has same measure to the negative real numbers, But in the
p-adic case the set of G, is much smaller than the set of (Q, \ G),).

Example 3.5. Consider the space L*(Q3). Set ¢1(x) = x2(27'x)Q(|xl2) and ¢o(x) = 2Q(2|x]),
where Q(|x],) is a characteristic function on By(0) and y,(£x) = e*¥2 ig the additive character
for the field Q,. By definition of the Fourier transform on Q, we have /lﬂ\l & = Q27" + ¢]h), and
by (2.3) we have

FW)@) = 2F(Q1L0)© = 200013 )@ = 2151 )(12¢h) = (2" 'ig)

this means ¥»(&) = Q27 '|&h).

Let

W) = Tieia() = ofl2” + eb)o(2 1),

For  defined as above we have:

, 2
c, = f |lﬁ(§1,§2)| dérdty = f W(EDP |l/2/2( 2] deod,
02 €115 0, VY0, €115

1 (€)P —~ e 1
fQZ e fQ ‘wz(u)' du=>x2=1.

Example 3.6. Define 6(x) = y»(272x)Q(|x|») in L*(Q,). Then the set

(00 = 2 20(k2x @) : jeZ, k=1,3, ac B},

is an /grthonormal wavelet basis for L?*(Q,). For details see [8]. We have ’9\(5) = Q(|¢ + 272|,) and
Suppg = {§ : |‘f|2 = 4’ gl * 0}’ SO

0)1 )
d¢ = Yag=Yzq Lty oq L
sz €l d eh=ds120 4 ¢= ( (=3 ))

4>|~

Let /w\(f) = fp\(fl,.fz) = ,9\(.51)5(2—?), where 6 is defined as above and ¢(x) = 4Q(4|x|,). Now we

compute Cy:
|w<§1,§2>|2 f 612 f o
C = d = d d :1‘
v fQ T deda = | Sede | 60| du
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4. Discrete p—adic shearlet frame

Set J C Z and ¢ € Q, such that ¢ # 0. Let A be a discrete subset of S of the form

A={@a.50.S; A cb) - je T del, bel},

Sja” ~a

where a; € G, and s, € Q,,.
Then the discrete p—adic shearlet system is defined as follows,

SHW.A) = {Ts:1 a10,Da, Ds, 0 - (@, 50,5 ,A, cb) € A,
where y € L*(Q7).
Theorem 4.1. Let ¢ # 0 be fixed and A defined as in (4.1). Let € D(Qf,) and set
() = es5 Supyegp Y. ‘Z(A;}S;fjg)' 'J(A;}S;jjg + a))' aewe Q.
Jid
If there exist 0 < @ < B < oo such that
—~ 2
a < Z ‘w(A;le;;f)‘ <B ae &€ Q;,
Jid
and | L
>, (pCe—b) =y <a
bel},b#0
then SH(Y, A) is a frame for LZ(QIZ,) with frame bounds C, D satisfying

1 1
—(@-y)<C<D<—(B+Y).
lcl5 lcl5

Proof. Employing the Plancheral theorem, for f € D(Qf,) we have

2
s

> DAQ_/DSdeTCbtﬁ)‘Z =3 fQ F@n( = S cb&)u(A)s Te)de

Jd.b jd.b

66

4.1

4.2)
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by (4.2), We have for fixed j, d, Qf) = Uie[,% By(%S fjdAaji) where p” = e |a]|p7 So we obtain

Z Kf ’ DA“./ Ds Sjd Twa>‘2

J.d,b
= |ajliz f O x,( -S54, cb.£) y(A IS;;g)dg‘z
Jidob e VB ST Al
= 24 Iajlég; 50) ﬂé + ST A, z) lﬁ(A;le;jf§+ %z) )(p( —b~CA;le§j§§) dg‘z
1
B WZ fB(o ‘Z f(§+ S‘dA“/l) (A S‘d§+_l)‘ d¢
P jd y(0) iel2

5[ TR a0 s e T

P jdi

= 5 o IRl > s e ae

ol 3 [ Tl s L) Bt e Blas e+ e

P i#0,i,j,d QP

We denote by R(f) the second term in the last equality, and we use the cauchy-Schwarz inequality
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twice:

IA

R < — [ [ [Fef s 7o [as Te + L df]%
lcl o ¢

P i#0.i,jd

.

= 2 fQ % Fe| [pasts o] pea)s Te + <ilde|

P i0,,jd

Fe+ st a,i| [pazs To| [pasts e + tilae|
C C

2
14

[ fQ R fpasts e - Lo| [pagts s lae]

i#0

S [el Y asre| gt T+ Sofael
V4 9y Jjd

| [fQZ el fpacts il facis Toje]
1 4

Similar to the Theorem 3.1 in [13] and using this estimate, we can complete the proof.
[

Remark 4.2. We know that Q7 = ez Bo(i). If x € Q; then c(S] A,))"'x € 0}, hence there exists

3
i € I? such that |c(S STjdAaj)_lx —il, < 1, this means |x — %SfjdAajilp < |der(+S sTjdAaj)Ip = élajlpz.
Corollary 4.3. Define A C S as in (4.1). Suppose € D(Qi) such that
suppy € By((0,0)) = By(0) X By(0),
lcl, < p~™ and there exist 0 < @ < 8 < oo such that
—~ 2
o<y pars o) <p acée Q.
Jd

Then the shearlet system S HW, A) is a frame for Lz(Qi) with frame bounds A, B satisfying

1 1
P P

(B)-

Proof. Note that [y(A;!S7¢)| # 0 if and only if

A S € € By(0) x By(0),



Fatemidokht, Askari Hemmat/ Wavelets and Linear Algebra 5(1) (2018) 57- 71 69
and [y/(A;'S ;7€ + w)| # 0 if and only if
A;lS " € By(-w).

So if |w|, > p", then IA;l_lS;jjflp < p" and IA;l_lS;jjf + wl, = |wl|, > p". This means ¢(w) = 0, as

defined in (4.2), when |w|, > p" .Hence

1 I \3
>, (#Chw=-b) =0,

bel? b#0

for all |c|, < p™. Note that since b € 112, , 1bl, > 1. The proof now follows from Theorem 4.1.
O]

Example 4.4. Let p = 2 and ¢ # 0 such that |c|, < 272. Since 0,= Udelp By(d), then

Z ‘(p(x - a’)‘2 =1 a.e,

del,

where ¢(x) = Q(|x],).
The discrete A is defined by
A= {(221‘(1 +23%9), d2i(1 + 23y, ! A

-1
14302j(1423+))

] + 2
d2i(1423+i)2 Cb) tJEL, de Iy, be IP}'

Let ¢ € D(Q3) be defined by

WL E) = 06 + %)(@@1) +08)),

where J](w) = Q(Jw|,) and @(w) = 0(Jw|, — 1). The function ¢ is defined as follows,

1, if weS,0),
§(lwl, = p) =
0, ow,

Where
Sya) ={x€Q,:lx—adl,=p},

fora e Q,and y € Z.

Now we can obtain the supp{p\, /lﬁ\(fl,fz) # 0if and if |&; + %b < 1land (| = 1or|&], =2). We

have

. max {|£1, (2]}, if 1&1h # 2]

e+ 2, -
&2

1 .
< 3l i €1, = |2].
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So (&), &) # 0 if and only if

(l&h =1andl&h <1) or (=2 and |&h =2?)

therefore we have supp/l/; C B,((0,0)).

J,d

2.

J

2
Z "vl’ A22/(1+23+f) d21(1+23+,)2§)| -

'lpl 221 + 23*)g, +279(1 + 23+y ?

' (2(2%1 +27) + g (2211 + 20, ))‘

2

[(72(2%1+ 27 )1) + (22 (1 + 23 ) )| Z (221 + 27y + 27 J(1+23+f)-§2 d)'2

=1 a.e.

So Corollary 4.3 implies that for all ¢ # 0 such that |c|, < 272, the shearlet system S H(y, A) forms
a tight frame for L*(Q3).
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