Wavelets and Linear Algebra 5(1) (2018) 11- 26

Wavelets and Linear Algebra e

Li r Algebra

http://wala.vru.ac.ir

Vali-e-Asr University

of Rafsanjan

A Necessary Condition for a Shearlet System to be
a Frame via Admissibility

. Amin khah?, A. Askari Hemmat®, R. Raisi Tousi®
M. Amin khah?, A. Askari H b R. Raisi Tousi®*

“Department of Applied Mathematics, Faculty of Sciences and new
Technologies, Graduate University of Advanced Technology, Kerman, Islamic
Republic of Iran.

bDepartment of Applied Mathematics, Faculty of Mathematics and Computer,
Shahid Bahonar Uninersity of Kerman, Kerman, Islamic Republic of Iran.
“Department of Mathematics, Ferdowsi University of Mashhad, P. O. Box
1159-91775, Mashhad, Islamic Republic of Iran.

ARTICLE INFO ABSTRACT

Article history: Necessary conditions for shearlet and cone-adapted shearlet sys-
Received 27 February 2017 tems to be frames are presented with respect to the admissibility
Accepted 11 June 2017 condition of generators.

Available online 24 June 2017
Communicated by  Farshid
Abdollahi

© (2018) Wavelets and Linear Algebra

Keywords:

Shearlet system,
Cone-adapted shearlet
system, Shearlet frame,
Admissibility condition.

2000 MSC:
42C15, 42C40.

*Corresponding author
Email addresses: m.aminkhah@student.kgut.ac.ir (M. Amin khah), askariQuk.ac.ir (A. Askari
Hemmat), raisi@um.ac.ir (R. Raisi Tousi)

http://doi.org/10.22072/wala.2017.59948.1105 © (2018) Wavelets and Linear Algebra


http://doi.org/10.22072/wala.2017.59948.1105

Amin khah, Askari Hemmat, Raisi Tousi/ Wavelets and Linear Algebra 5(1) (2018) 11-26 12

1. Introduction and Preliminaries

Shearlets were introduced by Guo, Kutyniok, Labate, Lim and Weiss in [8, 14] and developed
by some others in e.g. [10, 13] as the first directional representation system which allows a unified
treatment of the continuum and digital world similar to wavelets. Shealets were derived within a
larger class of affine-like systems, composite wavelets, using shearing to control directional selec-
tivity. In contrast to other x-lets which mostly utilize the geometry of the data, shearlet systems
form an affine system, generated by dilations and translations of a generator, where the dilation
matrix is the product of a parabolic scaling matrix and a shear matrix. This makes the shearlet
approach more remunerative for obtaining the anisotropic and directional features of multidimen-
sional data [13]. This property provides additional simplicity of construction and a connection
with the theory of square integrable group representations of the affine group [1, 2, 4, 5, 12]. Of
particular importance for the shearlet transform is the situations under which any vector in L?(R?)
can be reconstructed from shearlet atoms. Admissibility condition is a sufficient condition for this
facility.

Discrete and cone-adapted discrete shearlet systems are studied by Kutyniok and Labate in
[11, 13]. They have derived sufficient conditions in [11] for a discrete shearlet system to form a
frame for L?(R?), whereas in this paper, we establish a necessary condition for both discrete and
cone-adapted discrete shearlet systems to be frames via admissibility. In fact, we provide a relation
between shearlet frames and admissibility condition of the generators.

We propose here some preliminaries and notation about shearlets. We define the shearlet group
S, as the semi-direct product

R* xR) x R?

equipped with group multiplication given by
(a,s,0).(d’,s', ') =(ad’, s + s’ Va,t + S A,

where the parabolic scaling matrices A, and the shearing matrix S ; are given by

a 0 1 s
M_kaJ’ &-kl]

The left-invariant Haar measure of this group is %dsdt. Let ¢ € L*(R?). The continuous shearlet
system associated with ¢ is defined by

(Wase=TiDs,Dsy: a>0, seR, re R, (1.1)

where 7" and D are translation and dilation operators, respectively defined as 7, f(x) = f(x — 1),
Dpf(x) = IdetBl‘% f(B™'x), where t € R and B is an invertible 2 x 2 matrix. The continuous
shearlet transform of f € L*(R?) is the mapping

f = 87‘{¢ f((l, S, t) = <f’ lﬁa,s,t>a (a’ S, t) € S.

One of our concerns in shearlet theory is the reconstruction formula which is associated with the
admissibility condition on .
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A discrete shearlet system associated with ¢ is defined by
(i = @y W(SIA - —m) : jk € Tm € ), ay > 0.
The discrete shearlet transform of f € L*(R?) is the mapping defined by
o SHufGokom) = (fium)s  Gok,m) € ZXZ X Z2.

Definition 1.1. If y € L*(R?) satisfies

o 2
.= fR W(f;jz)l 41y < oo,
1

it is called an admissible shearlet. We denote by c:;, Cy the following formulas

00 T 2 0 T 2
0 R 1 —oco JR 1

(1.2)

(1.3)

(1.4)

Here, we recall the definitions of a cone-adapted discrete shearlet system and transform from
[13]. For ¢, ¢, ¥ € L*(R?) and ¢ = (cy,c») € (R*)?, the cone-adapted discrete shearlet system is

defined by 3
O(¢; 1) UY(50) U o,
where
O(g; c1) = {pm = ¢ — crm) : m € 27},
W3 0) = (Wiam = a5 WS kA, - —Mem) - j 2 0,1 < [ail,m e 22,
VW) = {Tjm = ag (ST A, - ~Mem) : j 2 0,k < [ag1,m € 22},
with

_ |4 0 ~ _ |[C2 0
MC_[O cz]’ MC_[O cl]'

(1.5)

The system ®(¢; cy) is associated with R and the systems WY(¢; ¢) and ¥(J; c) are associated with

&1 U &5 and &, U &y, respectively, where

R = (€& 1ol kel < 1)
&

EUE ={£.&): |f?j| <LiEl> 1, &UE={E.&): 12> Lial > 1

&1
U(é1,6) =y, &).

The cone-adapted discrete shearlet transform of f € L*(R?) is the mapping defined by

£ SHyyg f(m”,Giom), (j' K m)) = (s G (o Wjsemd T
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with
(m", ko), (K m")) € Z2 X A X A,
where ,- i
A=Nox{-[al,....[a]} x Z*.

We define for C C R2, LX(C)' = {f: f € L*(R?) : suppf C C}.

In a discrete shearlet system {¢j}xm, In order to have a numerically stable reconstruction
algorithm for f from the coefficients {f, i), we require that {t s} ;. constitutes a frame. In
this paper, using several ideas in [7] we establish a relation between shearlet frames and admis-
sibility condition. The manuscript is organized as follows. In Section 2, we give a necessary
condition via admissibility, for a discrete shearlet system to be a frame. In fact, we show that if
a discrete shearlet system {¢ .} 1S @ frame, then ¢ is admissible. In Section 3, we establish
such a condition for cone-adapted discrete shearlet systems. Finally, we give a similar result for
higher dimensions.

2. The necessary condition for discrete shearlet systems

In this section, we will consider a discrete shearlet system {¢/;xu}jxm as defined in (1.2) and
we establish a necessary condition for this system to be a frame. The system {j .} ik 15 called a
shearlet frame for L2(RR?), if there exist constants 0 < A < B < oo such that for all f € L*(R?),

AlIfIP < Z K W)l < BISIP (2.1)
Jiksm

Recall that an operator E is called of trace-class if ), [(Ee,, e,)| is finite for all orthonormal bases
{e,}. The trace of E is defined to be

TrE = Z(Een, en).

Theorem 2.1. [f the discrete shearlet system { jx.m} ixm constitutes a frame for L*(R*) with frame
bounds A, B, then

00 I 2

A < f Mdfzdfl < aB, (2.2)
0 R f 1

for some constant a > 0, i.e. Y is an admissible shearlet.

Proof. Let {{/jim}km constitute a frame with bounds A, B and {e;}; be an orthonormal basis for
L*(R?). Put f = ¢;in (2.1). Then for coefficients ¢; > 0 with 3, ¢/||e/||* < oo, we obtain

A cllelP <> e ) KeniumP < B Y el 2.3)
1 1

Jikm 1
If C is any positive trace-class operator, then C = };¢/.,e;)e; and Y, ¢; = TrC > 0. We have
therefore, by (2.3)
ATrC < Y (Cjims Yjaom) < BTrC. (2.4)

Jok.m
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()P

R dédé) < oo (e.g. h may be a classical shearlet, see

Suppose supp(’ﬁ) C [0,00) X R and fooo
[13]). We consider

« dtdsd
= f f (o M Yhas (@, 5, =, 2.5)
0 JR JR? a
where h, , 1s defined as in (1.1) and
w1 <a<a
c(a,s,t) = (2.6)
0, otherwise

with t = (#;,1,) € R? and w positive and integrable i.e. fR fR2 w(|s|, [t)dtds < co. We then have

:fof < hasz‘>l/lastw'(U m)dd =

1 R JR?

D Ciioms iamd = ), f f f (M mw Pdidss. 2.7)
s Wikm ]kma a,s,t a3

Jikm Jikm

We calculate

Wimehasd = gt [ u(sia, 0= m) b{a718 7Gx D)

Il
Q
S A
~
QI
Bl
<
—
NS
~—~
=

._(A;%_, NS (y— SiA 7,(t—m))) (2.8)

<1[/ h . - >
4 -Jj -J S ’
aa, ,s,lao +k,SkAa(;_/(t m)

where in the second equality above, we have chosen the change of variable y = § kAaaj(X - m).
After the change of variables,

a = aa(;j, s = \/ag"' +k, ' =S8iA,i(t-m),
0

the sum in (2.7) becomes

Zf ff - ) k| 0 as O
e R? aya a’ay
(2.9)
00 2 a_% s—k |A;_]JS]:1t + ml
= f f s Zw(l o GBI Tt )dtds@.
0o Jr P a aya

Now consider w as

2.2 2.2 2.0
w(s, 1) = et et g e Rt = (11, 1,) € R
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By a similar argument as in the proof of [6, Lemma 2.2], we get

f f w(as + B, yt + n)dtds — Wyax
R JR2

< ZZw(am+ﬁ,yn+n)

meZ neZ?

< f f w(as + B, yt + n)dtds + Wygx.
R JR2
Hence
f f w(s, H)dtds — (aldety|)Wnax
R JR2
< (aldety)) Z Z w(am + B, yn +1n)

gff w(s, H)dtds + (aldety|)Wmax,
R JR?

]
4y

BI~.

where @ = -, |dety| = +|detA"!S | = .
aoa ao
Then, we have
DD wam+Byn+n) =a +pla, s, 1),

Therefore continuing from (2.9), (2.7) will be

such that |p(a, s, )| < w(0,0) = A°.
2 d

(a2 + p(a, s, t))dtds—il
@

Z <ij,k,m > l//j,k,m> = f f f
Jokm ° S

where R = fooo fR fRz W, ha,s)Pp(a, s, Ddtds%. Note that R is bounded. Indeed,

LL
o [ [ [ o

0 R JR2
N f f f w*hz,s,o(t)rdtdsd—?
0 JRJR? a

_ f ) f f O [Fusot®] deds’s
0 R JR2

= 2 [ [ [ ] ot s ate + se) dedsaa,
0 R JR2

<'7[” ha,s,t>

2
dtdsd—a +R,
a

<¢” ha,s,t>

’ ‘p(a, s, t)‘dtdsj—?

<w, ha,s,t>

IA

IR|

2 d
dids=
a

IA

(2.10)

2.11)
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in which h*(x) = h(—x). Moreover, the first term in (2.10), using the Plancherel theorem,is com-

puted as follows
N NN
N

oo [T 2 00
[ 558 [ e
R Jo & 0 JR

0 (T 2 0
f f Md&d& f f lﬁ(w"wﬁrdwzdm
R J-oo & —oo JR
2
i

where & = (£1,&) , wi = a€y , wa = Va(&; + s&). Furthermore,

(l/l’ ha,s,t)

o e J(g)|2.a%.@(a§], Va(é, + sfl))‘zdfdsda
a

T fion o) dedwadi

+

— +

b

0 t d

e = [T [ L s

1 R JR? a a a
(2.12)

= P Inay f f w(lsl, i)deds.
R JR2
Since [, [, w(lsl, l)dsdz = 1, then by (2.12), TrC = ||kl* Inao. Hence by (2.4)

A(IRIP nao) < cj Il + R < B(|IAI Inay), (2.13)

where |R| < /lSIIIp\IIZ(c; + ¢;). If we divide (2.13) by |/A||* and let A tend to zero, then the result
follows by considering a := In ay. ]

In the following example, we give a Parseval shearlet frame which is admissible by Theorem
2.1.

Example 2.2. Let ; € L*(R) be a Lemarie’-Meyer wavelet that satisfies the discrete Caldero’n

condition . .
D@ IwP =1,
JEL
with ’1/71 € C*(R) and supp @\1 c [—%, —%] U [%, %], Consider /, € L*(R) is a bump function such

that [[»|l, = 1 and for all w € [-1, 1],

1
D v+ 0P =1,

k=—1
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where ¥, € C*(R) and supp ¢, C [—1, 1]. Suppose ¢ € L*(R?) is given by

Ve E) = %(&)@(g—j).

By [13, Proposition 2], the shearlet system {¢/;x .} jxm as defined in (1.2) with ap = 2 is a Parseval
frame for L?(R?). So by Theorem 2.1, we have C;,=C,=In2.

In [3] the continuous shearlet transform is generalized to higher dimensions. Here we give the
discrete version and state our main result in this setting. In fact, for y € L*(RY), we define the
discrete shearlet system as

(Wi = @y (SiA(x—m) : je Zke 2 \m e Z%), ag > 0,
0

_j T T
Aafj = aO _Jod_lj 1 5 Sk = 1 k .
o |0g-1 sgnlag)lay’|a.04- Og-1 1a-

where

Proposition 2.3. If the system {y ;i) jxm constitutes a frame for L*(R?) with frame bounds A, B,
then Y is admissible, in the sense that

0o 7 2
aA < f f W& e e, < aB. (2.14)
0 Rd—l .5;1

for some constant a > 0, ((2.14) is the admissibility condition appeared in [3, Theorem 2.4]).

The proof of Proposition 2.3 is straightforward and therefore is omitted.
The sufficient condition for the shearlet system {tj n} jxm t0 be a frame for L*(IR?) is proposed
in [11, Theorem 3.1].

3. The necessary condition for cone-adapted discrete shearlet systems

Similar to Theorem 2.1 a necessary condition can be given for a cone-adapted discrete shearlet
system to be a frame. For convenience we denote the cone-adapted discrete shearlet system (1.5)
by {g.}o- We define a cone-adapted discrete shearlet system {g,}, to be a frame for L?(R?) if there
exists 0 < A, B < oo such that

AlFIP < Y Kb+ D KW + D KEtjiemdl < BIFIP, (3.1)

Jok.m J K m

for all f € L>(R?).
The following theorem is our main result of this section which is a necessary condition via
admissibility for a cone-adapted discrete shearlet system to be a frame.

Theorem 3.1. If the cone-adapted discrete shearlet system {g, ) is a frame for L*(R?), then there
exists A C R? such that the following admissibility condition holds

AL<IB@F +cj+cy <BL, £eA. 3.2)
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Proof. Let the system {g,}, constitute a frame with bounds A, B. Consider {¢;}; an orthonormal
basis for L?(R?). Put f = e; in (3.1). Then for coefficients ¢; > 0 with 3, ¢/|le;||> < oo, we obtain

A clled? < e Y Kenga)P < B Y clled’. (3.3)
l l a I

If C is any positive trace-class operator, then as in the proof of Theorem 2.1

ATrC < ) (Cga8a) < BTrC. (3.4)

Suppose that i € L2(R?), with supp(h) € [0,c0) x R and [~ [, '@?'zdgzdgl < co. Also assume that
1

fora e R* — {1}, se R—{0}and ¢t € R2, we have hasi € L2((81 U &) U (& U &)Y, and for
a=1,5s=0,t€R, we have h,, € L*(R)".
Consider

" d
C = f f f <., ha,s,t>ha,s,tc(a, S, t)dl‘ds—zl + f <., h]’o’t>h1’0’t6(1, 0, l)dl, (35)
0 R JR2 a R2

in which c(a, s, 1) is defined as (2.6) for 1 < a < ay, s € R-{0}, t = (t,,t,) € R? and
¢(1,0,1) = 22e™ " Then we have

D (C2us8a) = D (Curs b + D (Ciims Wikm) + D CjsopsUyaom) (36)

Jok.m J K m

By definition of C as in (3.5), we obtain

Z < f2<¢m", hio,0h10,.c(1,0,0)dt, ¢m,,>

m'’ R

2o
2o

where Y, A2e™I4m"? = 1 4 p(7), such that |o(#)| < A2. Hence we have

D (Cwr, o)

2
c(1,0,t)dt

(D5 h10,0)

2 2 12
(@, )| ey,

Z<C¢m”a¢m’/> f K, o)t + f K, 0. Pp(r)dt
- R? R?

f (¢, hl,O,t>|2dt + Ry,
Rz
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where R; = fRz e, hl,o,t)lzp(t)dt. Also R; is bounded, since

IRi| < /lzf K, hy o) dt
]R2
= 2 f (¢ * h*)(t)Pdt
]R2
< ABIPIAIP < oo,
Similarly,
f K, o, )Pdt = f (&) PIh(E)Pdé.
R2 R2
So

> (Cowbu) = [ BOPdE + 1

m’’

Also, similar to the proof of Theorem 2.1 for 4, and ¥ j 4 v, We have

S UCY s i) = fR e + R,

Jok,m

where Ry = [* [ [, &, has)Pp(a, s, dtds% and

Z (C oW gy = Cl}; fz h(&)PdE + Rs,

j/ ’k/ m’ R

where Ry = [~ [0 fo, K. hus)Po(a, s, )dtds%. Then
D (C8ar8a) = f (1@ + ¢ +c;)IN@FdE + Ry + Ry + Rs.
- R

Furthermore,

TrC = Z(Cen, e,)

0 d
X f f f (s hasiMhaac(a, 5. 0)dtds =5 e,)
— J1 JRJIR? a

Z<f2<en’ hl,o,t>hl,0,tc(1 E) 09 t)dt9 en>
n R

0 d
- fw f f Z |<en, ha,s,l‘)lzc(a, S, t)dtds—;l
1 R JR2 - a
f Z Kens hronfPe(1,0, 0dr
R2

ao d
= |has P f f f C(a,s,t)dtds—?+||h1,o,t||2 f c(1,0,1)dt
1 R JR2 a R2

= |,

+

+
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where £ = [ [[ [, c(a,s,Ddtds% + [, ¢(1,0,0)dt = Inay + 1 . Hence by (3.4)
AR < f B + ¢+ chE)PdE + Ry + Ry + Ry < BUP Q).
R
Since [[A]| = A, so

fR Adin@)Pd < fR (BOF + ¢+ cINEFdE + Ry + Ry + Ry < fR BLh@Pde.

Let A tend to zero, then

fR ALI@)Pdg < fR (B + ¢+ cplh@)Pde < fR BLh@Fde.
By (3.7), we have
fR (BOF + cj + c; = BOIM@Pdé <0,

and
[ @©F + i + - Ao > o
Now since [(&)]* > 0, then by (3.8) there exists A; € R? such that for all & € A, we have
G +cj +c; - BL <0,
and by (3.9) there exists A, C R? such that for all £ € A,, we have
B + ¢+ — AL 2 0.

Consider A := A; N A,, then for all € € A we have

AL <I$E@F + ) +c; < BL.

Example 3.2. Consider

C = (€, 6) € R : |§—2| <1}, C={&.6)eR: |§—2| > 1),
1 1
Define
0 , x<0
f(x) =4 35x* —84x +70x°-20x" , 0<x<1 |,
1 , x>1

wo| A+ . us0
OEY JFa=w , u>0

(3.7)

(3.8)

3.9
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It is obvious that f,v € C(R), also supp v C [-1, 1] and
W — D + @) +vu+ D =1,  for|ul < 1. (3.10)

In addition, we have v(0) = 1 and by (3.10),

2J
> w@u-mP =1, forlul<1. (3.11)
m=-2J
Let ¢ be given by
$&) =c&e 1% | feR,
in which we have chosen ¢ so that 0 < ¢ < 1. (e.g. ¢ = 33.9264) and supp é C[-1,1], (¢(1) =
1.2647 x 1074).

0 I Y S O I N S N B I IR R N M N T N O I
A5 -14 413 12 11 -1 -09 08 07 06 -05 04 03 02 01 0 01 02 03 04 05 06 07 08 0.9 1 11 12 13 14 15

Figure 1: The graph of ¢ (c=33.9)

We consider

DE1.8) = ENGE). (€1.6) e R (3.12)
Then R
0<DEL,E) < 1. (3.13)
Now, define
(&1, 6) = PEDNE,
where

E-12E 51
PE =1 (£+1)2e @V <1

0 . l<e<l
(¢1,6) € R
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xpLOcH?) (1))
T

Figure 2: The graph of i

By definition of ¥, it is clear that for & = (£, &)

0< > QYL <o,  for&esuppy, i=12.

=0

Infact, there exists a positive constant » € R such that

0< > @ Yg)P <b. (3.14)

720
Now, for & = (£, &) € R? consider the following cone-adapted shearlet system for L*(R?) :

(@C—k): ke Z2) UL, j2 0.kl <2,meZd=1,2) (3.15)
U {\’Pj,k,m : ] > O,k = iZj,m (S Zz}, :

where . | | N
q]i"lk)””(f) =279V (£AV'S kye2miEA S Tm,
and
— 4 0 _ 1 l B §2 2
Al _[O 2:|’ Sl - |:0 1:|, V1(§17§2)—V(§1), é’eR ,
‘i’izk)m(f) = 2_31‘1"(2_2@:)‘/2(&4;]5 gk)eZHifA;./SZ—km’
and

12 0 (1 o _ & 2
A2 - [O 4:| 5 SZ — [1 1:| 5 V2('§:la§2) - V(g)a é: € R .
Also, for j > 0, define

2P E, 2 gL — k)4 if £ e
272, 2 PE)WE — ke AT i e G,

b

(P jam)(€) = {
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andfor j =0, me€ Z?, k= +1,

\i’(é:l’fZ)V(% — k)e¥émif £ € C,

(\i]O,k,in)A(g) = . .
W& V(G - e, ifEeC,

The following calculations show that the shearlet system (3.15) is a frame for L*>(R?).
For f € L*(R?), we observe that

2

DI I I S RN I I T

d=1 j>0 |k|<2/ meZ? J20 k=+2J meZ?

D0 D KA P+ KA P IP) + > > D K (B P

720 [k|<2J meZ? 720 k=+2J meZ?

[Liror Y e 2f§>|2(2|<w 2P+ Y b - fa

J=20 |k|<2/ k|<2/

[ 1 OP 0 1P UOPM2IE - 1)Pdé
v [ R Y e o « npa
o A &
- f GN (e 2f§)|2|v<2f<§ ~ 1)Pdg
C ]>()
v [ ver Y e o + ke
Cy 720 é:
= f Fer Y ke var Y (s ki m(ﬁ)ﬂv(zé — B)Pxc,(©)dé
Jj20 kl<2/

f f@Pr ) 1w e)pde,

Jj20

the last equality results from C; N C, = @ and (3.11).
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Finally, using (3.12), for any f € L*(R?) we have

2
DIKEDC=mIP+ > 3 3 S KEPD I+ DD > K

nez? d=1 j20 |k|<2J meZ? 720 k=+2J meZ?

[ iFordera s [ 1fer Y e ot

Jj20

[ e [|<1><§>|2 23 sz)lz)df

PEY

It follows from (3.14) there exists a positive constant a € R, so that

a<|dE@P + ) QO < b+ 1),

720

(Note that a # 0. Indeed, for & = & = 1, 3,50 (228 = 0 but |§(1)] = 1.2647 x 107 # 0),

Hence
alfI? < > Kf O —m)P + Z DD D KA P

neZ? =1 j>0 |k|<2/ meZ?

+ Z Z Z K i < b+ DIFIP

J20 k=+2/ meZ?

So by Theorem 3.1 the admissibility condition (3.2) holds for the shearlet frame (3.15), i.e. there
exist £ € R*, so that for £ € supp ¢, we have

al< |¢(§)| + Cwn + Cwa) + C <(b+1).
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