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1. Introduction

Wavelet systems have been a popular method to analyze multidimensional data; however, these
systems do not yield any information about directional components. To solve this problem, sev-
eral approaches have been suggested in the context of directional signal analysis such as ridgelets
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[6], curvelets [5], contourlets and surfacelet [9], shearlets [12, 16], and many others. Among all
these approaches, the shearlet transform stands out because it is related to group theory, i.e., this
transform can be derived from a square-integrable representation of the shearlet group (see [7]).
Therefore, in the context of the shearlet transform, all the powerful tools of group representation
theory can be exploited. In addition, shearlets have been shown to yield (almost) optimally sparse
representations which are either built on band-limited or on compactly supported functions [11, 14]
and have been implemented [15]. It is becoming more common for higher dimensional data sets to
appear, which need to be analyzed. For analyzing data in R",n > 3, the shearlet transform has to
be generalized to higher dimensions. Finding optimal representations of signals in higher dimen-
sions is currently the subject of the researches by Dahlke et all [8]. Although wavelets, provide
to be a satisfactory tool in one dimension, do not provide any directional information. So there is
an important motivation to obtain directional representations which capture directional features,
like orientations of curves in images, while providing sparse decompositions. Hense Dahlke et all
in [8] introduced higher dimensional shearlet transform. Irreducible unitary representations of a
locally compact group G, are the basic building blocks of the harmonic analysis associated to G.
In fact by Gelfand-Raikov Theorem a locally compact group always has enough irreducible repre-
sentations to separate points [10]. It is known that the standard unitary representations of shearlet
group (2-D) and standard higher dimensional shearlet group are not square-integrable or even ir-
reducible. In this paper we determine all irreducible and square-integrable sub-representations of
these groups, where recently in [3] the authors characterize irreducible as well as square-integrable
subrepresentations of the standard shearlet group representation in 2-D.

More precisely this paper is structured as follow. In Section 2, the class of semi-direct product
of locally compact groups and their representations are introduced. In section 3, we state some
preliminaries about higher dimensional shearlet group, its unitary representation and the associated
shearlet transform and introduce standard higher dimension shearlet group. Section 4 is devoted
to determination of irreducible subrepresentations of standard higher dimensional shearlet group
representation and characterizing admissibility condition for any vector associated to the Hilbert
spaces corresponding to these subrepresentations.

2. Preliminaries and notation

We shall use the following conventions throughout the paper. For two locally compact groups
H and K, let h — 1, be a homomorphism of H into the group of automorphisms of K denoted
by Aut(K). Also assume that the mapping (4, k) — 7k, from H X K (endowed with the product
topology) onto K is continuous. Then the set H X K with the operations:

(h,k)(W' k") := (W, kTy(K")),
and
(k)™ = (W ma (k7h),
is alocally compact group. This group is denoted by H x . K and called the semi direct product of H
and K, respectively. The left Haar measure of G = H X, K is dug_(h, k) = 6(h)dun(h)dug(k), where

duy and dug are the left Haar measures on H and K, respectively and ¢ is a positive continuous
homomorphism on H which is given by



Zare, Kamyabi-Gol, Amiri/ Wavelets and Linear Algebra 4(1) (2017) 11 - 21 13

du(k) = 6(h)dug(ti(k)).

For more details on semi direct product groups see [1, 13]. The unitary representation of G =
H %, K on the Hilbert space L*(K), denoted by (U, L*(K)), is defined by

Uh, k) f(y) = 6(h)? f(x)1 (k™))

for all f € L*(K), (h,k) € G. This representation is called quasi-regular representation of G. It
is worthwhile to note that this representation generally is not irreducible [1, 2]. Assume that K is
also Abelian and consider K as the dual group of K. To build an irreducible subrepresentation of
U, one can define an action of H on K by

HxK — K: (hy,w) =woTt,_.

For a fixed w € K. , the orbit O,, and the stabilizer H" of w are defined by
0, = {worh_u;heH}, H" = {hEH;worh_1 :w}.

One can easily see that H" is a closed subgroup of H and O,, is an H-invariant subset in K, that is
H"h C HY, forall h € H.

3. Standard higher dimensional sherlet group

For analysing data in R",n > 3, Dahlke et all [8] generalized two dimensional shearlet trans-
form to higher dimensions, in the fallowing method.

Let I, denote the n X n identity matrix, also 0, the vector with n entries. For a € R* := R\ {0}
and s € R™!

a 0,1 1 Ky
A, = d S, = )
( 07, sgn(@lalil,, o : ( I, )

n—1

The choice of S lead shearlet transform to be a square integrable group representation. In order
to have directional selectivity, the dilation factors at the diagonal of A, is chosen in an anisotropic
way, i.e., if the first diagonal entry is a, the other ones should increase less than linearly in a as
a — 0. The set R* x R""! x R" endowed with the operation

1
(a,s,0)0(d,s',t') = (ad',s +|a|'"ns',t + S A.L),

is a locally compact group S, which is called full higher dimensional shearlet group. The left and
right Haar measures on S are given by

1 1
du(a, s, t) = Wdadsdt and du,(a, s, t) = mdadsdl.

For f € L*(R") the map 7 : S — U(L*(R")), defined by

(@, 5,0 f(x) = fus(x) = lal> " f(A]'S T (x = 1),
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is a unitary representation of locally compact group S on the Hilbert space L*(R"), with respect
to the Haar measure dy;. It is worthwhile to know that this representation is irreducible square
integrable representation. For more details on full higher dimensional shearlet group see [8].
Recall that a non trivial function ¢ € L>(R") is called admissible with respect to 7 if

fs | (@, m(a, s, D) |> duy(a, s, 1) < oo. 3.1

If there exists at least one admissible vector y € L>(IR") with respect to 7 , then 7 is called square-
integrable [1]. In the sequel, by a square-integrable representation, we mean irreducible square-
integrable representation.

Although the representation of full higher dimensional shearlrt group R* x R*~! x R", is square
integrable, but the representation of standard higher dimensional shearlet group R* x R"~! x R",
which we will define in the sequel with similar method, is not square integrable in general.

Now we are ready to define standard higher dimensional sherlet group. Consider n X n dilation
matrices, depend on a parameter a € R*, defined by

a On—l
Aa = s
( 0,y arl, )

in which 7, is n X n identity matrix. The dilation factor at the diagonal of A, is chosen in an
anisotropic way. This choice of A, enables us to detect special directional information. The n X n
shear matrices is defined by
1 s
S, = ,
Y ( OZ—I Lp- )

where s € R""!. The set of shear matrices form a subgroup of GL,(R), all real n X n non-singular
matrices . The similar calculation like full higher dimensional shearlet group show that, the set
R* x R™! x R” equipped with the group operations

(a,s,00(d,s',t') = (ad',s +a\"n st + S At
and
(a,s,H7' = (a’!, —a%‘ls, —A;lS:,lt),
is a locally compact group. Its left and right Haar measures are given by
1
dua, s,t) = Py dads dt,

and

du,(a, s, t) = i dads dt,
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respectively. In the sequel, by higher dimensional shearlet group S, we mean standard higher
dimensional shearlet group. We regard our higher dimensional shearlet group, the semi direct
product group S = H X, R”, in the following form

S = {(M,t);M €H,te R”},

where H is the group of the matrices

H={S,A;s e R ae R} C GL(n,R), (3.2)
and the homomorphism 7 : H — Aut(R") is defined by
Tym(t) = Mt = S At (3.3)

So for any ¢ € L*(IR"), the quasi-regular representation of S = H x, R" is defined by

7(a,5.0f(0) = fuun): = (detA)? f(A;'S7 (x— 1) (3.4)
= an ' f(4;'S T (x - 1), (3.5)
which is a unitary representation of S on U(L*(R")).

A function ¢ € L*(R") that fulfils the admissibility condition (3.1), is called a continuous
shearlet and the transform

SH, : LXR") — Ly(S),
defined by
S?{wf(a, S, l) = <f’ ¢’a,s,t> = f * ‘/’Z,s,o(t)

is called a continuous shearlet transform.

The admissibility condition usually yields to a resolution of the identity that leads to recon-
struction of a signal f € L*(R") from the representation coefficients ((¢, n(a, s, DY) )a.s.)es-

4. Main results

Let GL(n,R) denote the group of invertible n X n real matrices with the usual topology. It is
well known that any subgroup of the group GL(n, R) has a natural action on R" via (x, M) +— Mx.
The action of GL(n, R) on the dual group R is (k, M) — MTk, where M” denotes the transpose
of matrix M. Let H be an n-dimensional closed subgroup of GL(n,R). Note that for any vy, € @,
its orbit under H is O,, = {M"yy; M € H}. We say that H has an open free H-orbit in R", if there
exists a yy € R” such that O,, is an open set in R” and furthermore, M~"k = k for any k € O,,
implies that M = I,. In other words, the stabilizer of any k € O, is trivial. Note that for any
H x. R" where H is an n-dimensional subgroup of GL(n, R), it is not always the case that open
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free orbit of H exists in R, However, if there does exist one such orbit, then R is disjoint union
of such orbits [1]. . -

Let U be an open subset of R” and L?(U) denote the closed subspace of L?>(R") consisting of
elements supported on U and consider H}, = F~'(L*(U)), where F~'(L*(U)) is the inverse Fourier
transform of L2(U). Then H f] can be thought of as a generalized Hardy space [4]. It is worthwhile

to note that if U is a free H-orbit in R” and p is a unitary representation of H x, R" on L*(R"),
then pl(le/ is a square integrable representation of H x . R" on H, (2] [4, Theorem 1]. Also an element

—~_ 1
W € HZ, is admissible if and only if y¥; € L*(U), where ¥, = Wy 0 ', in which Wy (h) = A{;;g;)
and a,, : H — U is a homeomorphism defined by «,(h) = yh [4, Corollary 1]. The main goal of
this section is to determine all square-integrable subrepresentations of higher dimensional shearlet

group. To do this aim, first in the next theorem we shall show that the action of H on R”" is free.

Theorem 4.1. Let H be an n-dimensional closed subgroup of GL(n, R) defined in (3.2). Then the
action of H on R" given by M.y := yot -1 is free, that is, for any y € R", H” = {I,}.

Proof. Using equations (3.3) we have
yoru (1) = y(M7't) = y(4;'S ")

2miy.S _—s Ajt

WS o Ait)=e W

P
a1 a

27iA ST, yt
a
= e Ve = ALST . ¥(0),

an—1

where a € Rt and s = (s, , 5,_1) € R"!. Therefore we have

A4:)/ = f&i:;Y‘—J jV

R T
( . 0p-1 [ 1 O"‘l) 7.1
= - —ST :
0r, avl,, Vo I y
_ é Onfl )il
- ‘a—YT a_7]1n—1 ak
Yn
i.e.,
% 0 0 0 %
-5 1 a
E R (1) I TR
I i ) :
7z 0 ¥ (1) Yn SV
Lo 0 L a T

So M.y = yyields a = 1, also s = 0 as a vector in R"™!, i.e., M is the identity matrix for any
v € R". Thus H” = {I,} and so the action of H on R" is free. O
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Now by the procedure in the proof of Theorem 4.1, we can find all orbits of the action of H
on R”. Note that the structure of the orbits depend on the choice of y;, i = 1,...,n, to be positive,
negative or zero. The non-zero orbits are classified as two non-zero invariant subsets A, := O ... 0)
and A_ := Oy, 0), iIn which

X1
0(1’0 ,,,,, 0):{ X >0,Xi€R fOY‘ i:2,...,n},
Xn
and
X1
0(_1’0 ..... 0) = { , X1 < O, X; € R fOI" 1= 2, ,l’l}
Xn

Note that A, and A_ are subsets of positive measure in R". Now we are ready to determine
all square integrable subrepresentations of unitary representation of higher dimensional shearlet
group. Let 7 be the unitary representation of S defined in (3.4), we identify all square integrable
subrepresentations of .

Theorem 4.2. Square-integrable subrepresentations of higher dimensional shearlet group are pre-
cisely the following two subrepresentations

7 iS— UMH),  m(a 8,00 = Y
and

n:S— U(?‘(ﬁ_), r_(a, s, D¢ = Ps)-

Proof. As we proved in Theorem 4.1, the action defined on R” is free for any y € R". Therefore
A, and A_ are free H-orbits also with positive measure in R*. Hence using [4, Theorem 1], r,
and 7_ are square integrable representations of S on Hi and H3 respectively. On the other hand

since A, and A_ are only invariant subsets of R" with positive measure, so 1, : S — U (7-(1) and
n_ S — U(H? ) are the only square integrable subrepresentations of r defined by m..(a, s, Y =
Vaseand n_(a, s,0)¢ = ¢, Where

Wass(X) = a% "W(A;'S T (x = 1)),
and
Basi(X) = a1 PATS T (x - 1))
O]

In the next theorem all admissible vectors in H; and #} are characterized, by using orbits,
in the other word we shall state admissibility condition for any vector in H; and Hj .
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Theorem 4.3. An element s € 7‘(§+ (or € H2 ) is admissible if and only if

» 2
It//(vz)l dw < 0o
r W

)

where w = (wy, -+ ,w,)! € R,

Proof. Recall that the higher dimensional shearlet group S, is a type of semi direct product group
denoted by H x, R", where H is locally compact group with group action (S ;A,)o(SyAy) =
S A,S ¢A, such that

a 0,-
Aa = ( OT al/nll i )a ae R+a
n—1 n—

B 1 Ky nel
SS_(O;_I In—l)’ se R,

Therefore it is easily to compute that the modular function on H, is

() _

AH H— (O’ OO); AH(S ‘\'Aa) =

a1
Si = 250 e n = 5.4 = o =
mce wH( ) - det(h) = grswheren =5 A4, € H,so w(l,O ..... O)(wl’ ) wn) - wHoa’(l,o ..... 0)(W1’ ey Wn) -
T2
wi Hence [4, corollary 1] complete the proof i.e; ¢ is admissible if and only if f@ |¢(V‘;)| dw <
1 Wl
0. []

Now we give an example and present these results. It can be useful to state that in [3], the
square-integrable sub-representations of the standard shearlet group representation in 2-D is in-
vestigated.

Example 4.4. In this example we determine all irreducible and square-integrable subrepresenta-
tions of standard 3-D dimensional shearlet group.

Let S = (R* x R?) x , R®. The action of (R* x R?) on R3 given by (a, s).y 1=y 0 A1 is free
for any a € R and s = (s1, 5,) € R?, indeed for any y € R? we have H” = (1,0, 0). Since
¥(S =

?{/7

Y ©° /l(a,s)’1 (l)

Ait)

a a
2miy.S _—s Ayt
e V2 @
2miy.Ay sT_ ¢

- ¢ Va
AiST, w0,
1 %7()
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we have

(@,8).y :=yodyyr1 =A

i)’l
Therefor _TSI)’l + g/%?’z =
_7&71 + g/%%

ST,
£33
% 0 O 1 00 Yi
1 -5
=10 E 0 %‘2 1 0[72]
0 O % ;_«/2722 0 1)\ys
1
., 0 0 71]
_|l= L
=\l a va Y2
_TSZ 0 Q/La Y3
%71
=| S+ 7
73714‘%/%773

], yields (a, (s1, 52)) = (1, (0, 0)).

The above mentioned action has 11 orbits as follows:

O00.0.0)
0(7 1,Y2:¥3)
0(7 1,72,73)

0(00’2 273)
0(0,72 2y3)
O0.y293)
0 ©0.y2.73)
0(0,72 2y3)
Owy275)
0(0,72 ¥3)

0(0,72,73)

{(0,0,0)},

{(x,y,2) e R’
{(x,y,2) e R®
{(0,y,2) e R’
{(0,y,2) e R’
{0,y,2) e R’
{0,y,2) e R’
{(0,y,2) e R’
{0,y,2) e R’
{0,y,2) e R’
{(0,y,2) e R’

x>0}y >0,
:x <0}y <0,
1y >0}y, >0,
1y <0}y, <0,
12>0}y; >0,
:z2<0},v3 <0,
:y>0,2>0}, 9, >0,v; >0,

b

1y >0,2<0}Ly2>0,y; <0,

:y<0,2>0}y, <0,y >0,
2

1y <0,z2<0},y,<0,v3 <0.

All the non-zero measure orbits are classified as two orbits:

and

Oa.00) = {(X, y,2) R x> O},

0(_1,0,0) = {(x, y, Z) eR¥:x< 0}

19
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Define A, := O and A_ := O100). Then o, : S — U(H; ) and o_ : S — U(H} ) defined
by

Toa s 0px) = amy(A]'S T (x - 1)

)

asS,j,(( Oag ‘%Iz )(x—t)),

and

o(a,5.0¢(x) = a¥'$A'ST (x—1)

1 =

“_65‘/’(( or L0 )(x‘t))’

are precisely the square-integrable subrepresentations of 3-D standard shearletb group, for ¢ €
7—(§+ and ¢ € H; . Therefore the standard representation of this group is direct sum of two
irreducible representations, in fact, o = o, @ o_. Also ¢ € 7-(/%+ (or € ?(i_) 1s admissible if and

Ol’lly if fR3 —@(& ’5%2’&)'2 d§1d62d§3 < 00,
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