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1. Introduction

Throughout this article, we extend our recent results on classical wavelet systems over prime
fields (finite Abelian groups of prime order) [8, 12, 14] for finite fields [7, 15]. The mathematical
theory of finite fields has significant roles and applications in computer science, information the-
ory, communication engineering, coding theory, cryptography, finite quantum systems and num-
ber theory [16, 22, 23]. Discrete exponentiation can be computed quickly using techniques of fast
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exponentiation such as binary exponentiation within a finite field operations and also in coding
theory, many codes are constructed as subspaces of vector spaces over finite fields, see [17, 19]
and references therein.

Wavelet analysis is a coherent state analysis which employ time-scale representations [9, 10,
11, 13]. The mathematical theory of wavelet analysis is originated from the abstract harmonic
analysis of quasi-regular representations [3, 4, 5]. In a nutshell, wavelet analysis of periodic data
classically rely on embedding the vector space of finite size data in the Hilbert space of all complex
valued sequences with finite |.|[;-norm. This method is not on finite dimensional analogous to the
continuous setting as is the case in Gabor analysis [1, 2, 18].

In this article we introduce the abstract notion of classical wavelet group Wy associated to the
finite field [F, as the group consists of classical dilations and translations. Then we present basic
properties of the classical wavelet systems over the finite field F. It is also shown that for a large
class of non-zero window signals (wavelets), the generated classical full wavelet system constitute
a frame whose canonical dual are classical full wavelet frames as well.

2. Preliminaries and Notations

Let H be a finite dimensional complex Hilbert space and dimH = N. A finite system (se-
quence) A = {y; : 0 < j < M -1} c His called a frame (or finite frame) for H, if there exist
positive constants 0 < A < B < oo such that

M-1
Allx|? < Z [, y,)I* < BIX|I*, for all x € HL. (2.1
j=0

If A ={y;:0<j< M- 1}is aframe for H, the synthesis operator F : CM - His F{cj}ﬁal =

> ey, forall {c;}¥;" € CM. The adjoint (analysis) operator F* : H — C" is F*x = {(x, y )}
for all x € H. By composing F and F*, we get the positive and invertible frame operator S : H —

H given by
M-1

XHSX:FF*X:Z(X,yj)yj for all x € H, 2.2)
=0

In terms of the analysis operator we have A|[x|5 < ||[F*x||3 < BJ|x||3 for x € H. If 2 is a finite frame
for H, the set 2 spans the complex Hilbert space H which implies M > N, where M = |2|. It
should be mentioned that each finite spanning set in H is a finite frame for H. The ratio between
M and N is called as redundancy of the finite frame 2 (i.e. redy = M/N), where M = [2|. If
2A={y;:0<j< M~ 1}is a finite frame for H, each x € H satisfies the following reconstruction
formulas

M-1 M-1
x= ) xSy = ) xypsTly; (2.3)
Jj=0 j=0

In this case, the complex numbers (x, S ~'y,) are called frame coefficients and the finite sequence
A° := {S7'y; : 0 < j < M - 1} which is a frame for H as well, is called the canonical dual
frame of . A finite frame 2{ = {y,; : 0 < j < M — 1} for H is called tight if we have A = B. If
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2A={y;:0<j< M-1}is atight frame for H with frame bound A, then the canonical dual frame
2* is exactly {A~'y; : 0 < j < M — 1} and for x € H we have

M-1

1
= D %Yy 24)

J=0

For a finite group G, the finite dimensional complex vector space C° = {x : G — C}is a
|G|-dimensional Hilbert space with complex vector entries indexed by elements in the finite group
G. ! The inner product of two vectors x,y € CY is (x,y) = 20eG x(g)y(g), and the induced norm
is the ||.|l,-norm of x, that is |[x|], = V(x,x). For C?", where Zy denotes the cyclic group of N
elements {0, ..., N — 1}, we simply write CN at times.

Time-scale analysis and time-frequency analysis on finite Abelian group G as modern com-
putational harmonic analysis tools are based on three basic operations on C®. The translation
operator T : C% — C€ given by T;x(g) = x(¢ — k) with g,k € G. The modulation operator
M, :C° — CG given by M,x(g) = €(g)x(g) with g € G and € € G where G is the character/dual
group of G. As the fundamental theorem of finite Abelian groups provides a factorization of G
into cyclic groups, thatis, G = Zy, X Zy, X ... X Zy, as groups, which implies G = G, we can
assume that the action of £ = (¢4, ...,€,) € G on g =(g1,.-,84) € G is given by

d
(R = (6, bos o L)y (g1s o 80) = | ] e(e),

j=1
where e;,(g;) = ¢*#//Ni forall 1 < j < d. Thus
f(g) = ((fh 52, D) fd)$ (gla e gd)) = e27ri({’1g1/N| +fzg2/N2+~.-+fdgd/Nd)'

The character/dual group G of any finite Abelian group G is isomorphic with G via the canonical
group isomorphism ¢ - e, where the character e, : G — T is given by e,(g) = {(g) for all g € G.
The third fundamental operator is the discrete Fourier transform (DFT) F; : C¢ — C¢ = C°
which allows us to pass from time representations to frequency representations. It is defined as a
function on G by

FeX)(0) =X(¢) = Z x(8)((g) (2.5)
geG
forall £ € G and x € CC,
That is equivalently
7jG(X)(f) :i\(f) Z Z (gla"-agd)((fla- "’gd)’ (g]""’gd))’
81—0 84=0

!1G| denotes the order of the group G, or, more generally, the cardinality of a set G.
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forall £ = ({1,...,¢,) € G and x € CC. Translation, modulation, and the Fourier transform on the
Hilbert space (CG CC are unitary operators with respect to the ||.|l,-norm. For £,k € G = G we
have (T})* = (Ty)™! = T_x and (M,)* = (M,)~! = M_,. The circular convolution of x,y € CY is
defined by

«y(k) = Z x(g)y(k — g), fork eG.

1

In terms of the translation operators we have x*y(k) = ﬁ 2eec X(@)T,y(k) for k € G. The circular

involution or circular adjoint of x € CY is given by x*(k) = x(—k). The complex linear space C°
equipped with the ||.||;-norm, that is [[X[[; = 3, [X(g)l, the circular convolution, and involution is
a Banach *-algebra, which means that for all x,y € C° we have

lIx = yll; < —EII L1yl and [IX*[]; = [[x]];.
The unitary DFT (2.5) satisfies

—_— ~——

Tix=Mx, Mx=T_X, x*=X, X*xy=Xly,

forx,y e C°, ke Gand ¢ € G. See standard references of harmonic analysis such as [20] and
references therein.

3. Harmonic Analysis over Finite Fields

Throughout this section, we present a summary of basic and classical results concerning har-
monic analysis over finite fields. For proofs we refer readers to see [16, 21, 23] and references
therein.

Let ' = [F, be a finite field of order g. Then there is a prime number p and an integer number
d > 1in which ¢ = p“. Every finite field of order ¢ = p? is isomorphic as a field to every other
field of order g. From now on, when it is necessary we denote any finite field of order ¢ = p? by
IF, otherwise we just denote it by IF. The prime number p is called the characteristic of IF, which
means that

p
=Zr:o for all 7 € F.

=1
The absolute trace map t : F — Z,, is given by 7 + t(1) where

d-1
t(1) = Z 7 forallT € F.
k=0

The absolute trace map t is a Z,-linear transform from [F onto Z,. It should be mentioned that in
the case of prime fields, the trace map is readily the identity map.
There exists an irreducible polynomial P € Z,[¢] of degree d and a root 6 € IF of P such that
the set
By:=1{0/ 1 j=0,...,d—1}={1,0,6, ...,67%, 671},
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is a linear basis of IF over Z,,. Then B; is called as a polynomial basis of I over Z,, and 6 is called
as a defining element of IF over Z,,. Let H = Hy € Z;’Xd be the d X d matrix with entries in the field
Z, given by Hj; := t(6/*%) for all 0 < j,k < d — 1, which is invertible with the inverse S € Z4“.
Then the dual polynomial basis

By =0 k=0,..,d-1), (3.1)
given by
d-1
O = ) St (3.2)
=0
satisfies the following orthogonality relation
t(6"0)) = oi)» (3.3)
forall j,k=0,..,d—1.

Proposition 3.1. Let F be a finite field of order g = p with trace map t : F — Z,. Then

1. For t € F we have the following decompositions

d-1 d-1
T= T(k)gk = T[k]G‘)k,
k=0 k=0
where for all k = 0, ...,d — 1 we have
Ty = t(T@)k), Tk = t(T@k)

2. For t € [ the coefficients (components) {tx) : k = 0,....,d = 1} and {tyy : k = 0,...,d — 1}

satisfy
d-1 d-1
Tay = Z SkiTis T = Z Hyj7(j,
=0 =0

forallk =0,...,d — 1.

Let 6 € IF be a defining element of IF over Z,. Then 6 defines a Z,-linear isomorphism Jj :
F — ZZ by
y > Jo(7) =19 = (1){_,, forallt€F. (3.4)
Then the additive group of the finite field IF, ", is isomorphic with the finite elementary group ZZ
via Jy. Thus, using classical dual theory on the ring ZZ we get

d
e, (Ty) = e, (1.7)) =€, (Z T(k)TEk)) , foralltr,7 e€F.

k=1
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Remark 3.2. The dual (character) group of the finite elementary group ZZ, that is @, is precisely
{eg = (51, ...,fd) S ZZ} ,

where the additive character e; : Zj’, — T is given by

2nil- g

d
e(g) = e, g = exp( ) = 1_[ e p(g0) forall g = (g, ..., 84) € Zj,
k=1

with £+ g = i, Cig.
Let y : F — T be given by

2mit(7)

X(T) = GXP( ) =e;,(t(7)), forallT eF.

Since the trace map is Z,-linear, we deduce that y is a character on the additive group of I (i.e
x € F).
Proposition 3.3. Let F be a finite field of order ¢ = p? with trace map t : F — Z,,. Then

1. Fort,7 € F we have

-1 d-1 d-1 d-1 d-1 d-1
N r r r ’
t(r7’) = Z Hjtyt = Z STt = 2 TwTm = P, TkiTay:
=0 k=0 7=0 k=0 k=0 =0

2. Fort,7 € F we have

d d
X(@T) = ey, [Z T(kﬂfk]] =€ [Z T[leEk)] :

k=1 k=1

Fory e I, let x, : F — T be given by

2rit(yT)

Xy(T) = x(y7) = GXP( ) = e ,(t(y7)), forallT €F.

Then y, is a character on the additive group of FF (i.e x, € ﬁ). Fory =1 we get y = x1.

If @ € F* the character y, is called as a non-principal character. The interesting property
of non-principal characters is that any non-principal character can parametrize the full character
group of the additive group of . In details, if @ € [F*, then we have

—_—

[+ :{XW : yeIF}.
Thus, the mapping y = xq, 1s group isomorphism of I onto F*. Then for @ = 1 we get

Fr =y, : yeF}. (3.5)
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Remark 3.4. The characterization (3.5) for the character group of finite fields is a consequence of
applying the trace map in duality theory over finite fields. This characterization plays significant
role in structure of dual action and hence wave packet groups over finite fields, see Section 4.

Then the Fourier transform of a vectorx € C" aty < y, € F* is

1 _ 1 -
\/PTEZ]FXTX),T W%XT Y, T

where the matrix F : F X F — C is given by

32(/\/7) =

2rit(yT)

F(y, 1) := x(y1) = exp( ), forall y,7 € F.

Remark 3.5. (i) For g € I, the translation operator 7T : CF - CFis
Tpx(1) :=x(t—p), forallteF and x€ CF.
(ii) For y < y, € F*, the modulation operator M, : CF — CF is

M,x(7) := x,(1)x(7), forallt€F and x € C".

4. Classical Wavelet Groups over Finite Fields

The abstract notion of wave packet groups over prime fields (finite Abelian groups of prime
order) introduced in [8, 12, 14].
Let F = FF, be a finite field of order ¢ = p*. The finite multiplicative group

F*:=F-{0} ={eeF:a=+0) 4.1

of nonzero elements of [ is a finite cyclic group of order g — 1 = p? — 1. Any generator of the
finite cyclic group F* is called a primitive element or primitive root of IF over Z,,.
For « € I, define the dilation operator D,, : C¥ — C¥ by

D, x(1) := X(cf1 T),

forall r € F and x € C¥.
Hence we state basic algebraic properties of dilation operators.

Proposition 4.1. Let [F be a finite field. Then

1. For (a,p) € F* X F we have D, Tg = TopD,.
2. Fora,a € F* we have D,,, = D,D,.
3. For (a,p),(a,p) € F* X F we have Tg,qp Door = TgDoTp Dy
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Proof. Let IF be a finite field and x € C*. Then
(1) For (a,B) € F* x F and 7 € [F, we can write

D,Tpx(1) = Tex(a™'7)

=x@ 't -p)
=x(a 't - a/_laf,B)
= x(a”'(r - ap))

= DoX(1 — aff) = TopDoX(7).
(2) For a,a’ € F* and T € [F, we can write
DyoX(7) = (@) "' 1)
=x(a a7 '7)
= Dy x(a”'1) = DDy X(7).

(3) It is straightforward from (1) and (2).

Next proposition summarizes analytic properties of dilation operators.

Proposition 4.2. Let F be a finite field and « € F*. Then

1. D, : C¥ — C is a x-isometric isomorphism of the Banach x-algebra C*
2. D, : C¥ — C¥ is unitary in ||.|l,-norm and satisfies (D,)* = (Dy)™' = D,1.

Proof. (1) Letx,y € CF and 7 € F. Then we have

Z x(T)y(a 't = 7).

1
Do(x % y)(1) = X #y(a'7) = N
7€l

Replacing 7/ with a7’ we get

% %x(r')y(a‘lr -7') = % ;F x(e ')y 't - a7'7)

1
7 2@ e =)
el

% ZF Dax(¥)Day(t = ) = (Dox) * (Day)(),

which implies that D, (X * y) = (DyX) * (D,y).
We can also write

(Dox)"(1) = DoX(—7)

=x*(a 1) = DX (1),
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which guarantees (D,X)" = D,x".
(2) Let x € C¥. Then we can write

DX = > IDox(T)P

TelfF

= ) Ix(@'D)P

7€l

= > x@P = IxIB,

7€
which implies that D, : C¥ — CF is unitary in ||.||,-norm and satisfies
(Da)* = (D(t)_l = Da’l-
]

In the remainder of this article, we use the explicit characterization of the character group
given by (3.5). Using (3.5), which can be considered as a consequence of analytic and alge-
braic properties of the trace map, the finite field I parametrizes the full character group F*. This
parametrization implies a unified labeling on the character group F* with F.

Then we can present the following proposition.

Proposition 4.3. Let I be a finite field and y < y, € F*. Then
1. M, : CY — CF is a unitary operator in ||.|l,-norm and satisfies (M) = (M},)‘1 =M_,.
2. For a € F* we have D M, = M1, D,
3. For B € F we have TgM, = x,(B)M,Tp.

Proof. (1) This statement is evident invoking definition of modulation operators.
(2) Let @ € F*. Let x € CF and 7 € F. Then we can write

D M, x(7) = M,x(a '1)
= )(y(a‘lr)x(oflr)
= x(ya ' D)x(a ')
= x(a~'yn)x(a"'7)
= Xo-y(DX(@"'7)
= Xa1y(DDoX(1) = Mo1,DX(7),

which implies D, M, = M,-1,D,.
(B)LetB € F. Let x € C" and 7 € IF. Then we have
TM,x(1) = M, x(t - )
= X,(T = BX(t = )
= Xy (=B, (Dx(T - B)
= Xy (=B, (DTpX(T) = x,(B)M, TpX(7),
which implies TgM,, = x,(B)M, T. O
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For « € F*, let D,, : CF - CF be given by
BQX(X)/) = X(Xa/‘ly)a

forally < x, € F* and x € CF. Since F and F~ are 1somorphic as finite Abelian groups, we may

use D, instead of Ba at times.
The following proposition presents some analytic properties of dilation operators on the fre-
quency domain.

Proposition 4.4. Let F be a finite field and a € F*. Then
1. D, : (CFi — (CFi is a x-isometric isomorphism of the Banach %-algebra cF
2. D, : C*" — C" is unitary in ||.|l,-norm and satisfies (Dy)* = (D,)™" = D,

Next result states analytic properties of dilation operators and also connections with the Fourier
transform.

Proposition 4.5. Let IF be a finite field of order q. Then
1. For B € F we have FzTg = MgFr.
2. Fory < x, € F* we have ¥zM, = T_,Fp.
3. For a € F* we have FrD, = D, Fr.
Proof. (1) Letp € Fandx € C*. Then fory =< y, € F* we have

1 _ -
— D Tx(@x,(0) = —= > X(T = By (D).

1
FulT E —
]F( ﬁX)(XY) \/a 7€l \/a 7elf

Replacing 7 with 7 + 8 we get

1 — 1 — P —
— ) X0-Px, (0= — ) X, T+p) = X(0)xy (7).
Vi 2P0 = LR D = T g

Then we can write
Fr(Tx)(xy) = Xy (B Tr(X)(xy)
= X,y (OFr®) (1) = Xs(NFrX) ()

implying FrTy = Mﬁﬁ- .
(2) Lety < x, € F* and x € CF. Then for all y’ < y,, € F+ we have

1 -
7 D Mx(Dx, (D)
7eF

1 -
- D OX() (@)
el

1 -
- D XDy (@)
el

= Fr(xX)(y +¥") = T_, Fr(X)(¥).

Fr(M,x)(y') =
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(3)Letxe CFandy <y, € F*. Then we have

Fr(DoX)(y) = 7 Z;‘ DoX(T)x(7) = \}a Z;‘ x(a” D), (1),

Replacing 7 with at we achieve

I — 1 _
— ) X(@ 'y, (0 = — ) x()x,(e)
a2 Z v

X(T) oy (T) = Fr(X)(y),

which implies Fr(DoX) = D1 (FrX). O

The underlying set F* x [ equipped with group operations given by
(a,B) ¥ (&, B) := (ad,B+ aff') (4.2)

(@p)" =@, a.(-B) 4.3)

for all (@, ), (@’,B’) € F* X I, is a finite non-Abelian group of order ¢ - (¢ — 1) which is denoted
by * x . The group F* x F is called as classical wavelet group over the finite field . Since
any two field of order g = p? are isomorphic as finite field, we deduce that the notion of F* x F
just depends on g. In details, if F and K are two finite field of order ¢, then the groups F* x [F and
K* x K are isomorphic as finite groups of order g - (¢ — 1).

Next theorem guarantees that the group structure of the wave packet group F* x [ is canonically
connected with a group representation.

Theorem 4.6. Let IF be a finite field of order g > 2. Then

1. F* x F is a non-Abelian group of order q - (q — 1) which contains F as a normal Abelian
subgroup and F* as a non-normal cyclic subgroup.

2. The map p : F* x F — U(CF) = U,»,(C) defined by
(a,B) = pla,p) := TgD, for (a,p) € F* x T, (4.4)

is a group representation of the finite classical wavelet group F* X IF on the finite dimensional
Hilbert space CF.

Proof. Let I be a finite field of order g > 2. Then

(1) It is straightforward from the group structure given in (4.2) that [F is a normal Abelian subgroup
and [F* is a non-normal Abelian subgroup of * x F.

(2) It is evident to check that p(1,0) = I and p(a,B) : C¥ — CF is a unitary operator for all
(a,B) € F* x F. Now let (a,B), (@', ) € F* x F. Then using Proposition 4.1, we can write

Tprap Daar = TpTop DaDor = TpDoTp Do -
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Thus, we get

p((@.p) % (a'.p) = plad.B + o)
= Tﬂ+aﬁ’D(m/

=TgD,Ty Dy = p(a, Bp(a’,B),

which implies that p is a group representation of the finite classical wavelet group F* x I on the
finite dimensional Hilbert space C*. O

Remark 4.7. In terms of abstract wavelet transforms over locally compact groups, the represen-
tation p mentioned in Theorem 4.6 is precisely the quasi regular representation generated by the
action of the multiplicative group H = [* on the finite additive group K = F on the Hilbert space
CF, see [3, 4, 5] and references therein.

5. Classical Wavelet Systems over Finite Fields

In this section we present abstract theory of classical wavelet systems over finite fields and we
study analytic properties of these finite systems. Throughout this section, it is still assumed that [
is a finite field of order g = p.

A classical wavelet system for the complex Hilbert space C¥ is a family or system of the form

Wy, A) := {p(a.p)y = TsD.y : (@) € ACF* x FY, (5.1

for some window signal y € C¥ and a subset A of F* x F. If A = F* x F we put W(y) :=
W(y,F* x ), and it is called a full classical wavelet system. A classical wavelet system which
spans C¥ is a frame and is referred to as a classical wavelet frame.

Also, invoking properties of the dilation and translation operators we get

(x,p(a,B)y) = (x,TgD,y) = (T_px, D,y), for(a,p) € F" xTF. (5.2)

The following proposition gives us a Fourier (resp. convolution) representation for the wavelet
matrix.

Proposition 5.1. Let F be a finite field of order q. Let x,y € C¥ and (a,B) € F* x F. Then,

1. (x.p(a, B)y) = NGF,X.Doy)(B).
2. (x,p(a,pP)y) = X * D,y*(B).
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Proof. Letx,y € C¥ and (a,8) € F* x FF. (1) Using the Plancherel formula we have
(x, p(a, B)y) = (x, TgD,y)
= X, TyDY)
= Z XNTDy ()

yelr*

= > X)MpDoy(y)

yeF*

= > MDY s()

yeF*

= 3" (DY) 6B = VAT RDYNH).

yeF+

(2) Similarly using the Plancherel formula we can write

X, p@B)Y) = > XPDayyXs()

e

= > MDY s

= > XDy PN
yeﬁ‘:

=5 X * Doy ()xs(y) = X * Doy (B).
yeﬁ:

]

The following theorem presents a formula for computational aspects of the wavelet coefficients
over finite fields.

Theorem 5.2. Let I be a finite field of order q. Lety € C¥ be a window vector and x € C¥. Then,

D2 I pl@py) = q[(q - DROPYO) + [Z ricmﬁ) [Z ry‘cmﬁ)). (5.3)

aelF* BeF yel* ael*

Proof. Lety € C¥ be a window function, x € C¥, and « € F*. Using Proposition 5.1 we have

— 2
D % p@ PP = ¢ ) |FyEDay)(B)

BEF BeF
— 2
=q ) |F,&D.y)B)
BeF

2

|| =4 K)oty

yeF yeF
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Therefore, we can write

D2 p@BYIP =q ), D KDyl

aelF* BeF aelF* yeF

=q ) > Ryl 1Day(xy)

aelF* yeF

=g D Ku)P - IDay(xy)

yelF aelF*

=q ) K(p,)P- (Z |5:y(xy)|2]

yelF acF*

=q ) Ko - (Z @ym)ﬁ].

yelF acF*

2

Now we can write

D Koe)P [Z |55ym>|2) = RO)P [Z ry‘<0>|2] + ) R [Z ry‘cvamz).

veF ael* ael* yeF* a€eF*

Replacing a with y~'a we have

D) = ). Bl

aclF* aclF*

which implies

D RO [Z |133ym>|2) = RO)P [Z W(O)F] + ROl (Z Wcm)ﬁ)

yeF acl* acl* yeF* acF*

= (g - DROPFOP + Y Ky, [Z ry‘cwﬁ]

yeF* aclF*

= (g - DRO)PFO)F + [Z &mnz) [Z ma»z).

yelF* ael*

Hence using (5.4) we get

D Kl fy)P = q((q - DROPFO)P + (Z &m)F] (Z ma)ﬁ]].

aclF* BeF yel* acF*

14

(5.4)
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Then we can present following results concerning a unified characterization for classical full
wavelet systems over finite fields. The following theorem shows that for a large class of non-zero
window signals the classical full wavelet system ‘W(y) is a frame for the finite dimensional Hilbert
space CF with redundancy g — 1.

Theorem 5.3. Lety € C¥ be a non-zero window signal. The full wavelet system ‘W(y) constitutes
a frame for C¥ with the redundancy q — 1 if and only if y(0) # 0 and |[yllo > 2.

Proof. Let y be a non-zero window signal with y(0) # 0 and [[y]lp > 2. Let 0 < A < B < oo be
given by

2
A := min {(q D>yl g WJZ} ,
el acF*
2
B = max {(p D>yl g mwz} .
el aclF*

Then A, B are readily non-zero. If x € C¥, using (5.3) we can write

DD K% TpDey) = q((q - DROPHO) + [Z &‘mnz] (Z WWFD.

aclF* BeF yelF* aclF*

Thus we achieve

DD K% TpDuy)P = (g = DRO)P

aclF* BeF

Z y(@)

el

2
+ q{z E%)IZ) [Z ma»z). (5.5)

yelF* aclF*

Now by (5.5) we get

2
D KK TpDay)E = (g - DROP | y(@)| + q[z rfcmﬁ] [Z ry‘cmﬁ)
aclF* BeF el yeF* aclF*

2
< max {(q -1 Z y(@)| .q Z I?m)lz} {Z &cmf)

TeF acelF* veF

2
= Bi[xIl>.

Similarly, by (5.5) we also have

. q{z &(wﬁ] [Z W%)PJ

DD K% TeDay)P = (g = DRO)P

Z y(@)

aclF* BeF el yel* acl*
2
> min {(q -D|Y y@)| a )] ry‘%)ﬁ} (Z &‘m»z)
el acl* yelF

2
= Alx][;.
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Conversely, lety € CF be a non-zero window signal such that the full cyclic wavelet system W (y)
be a frame for C¥. Then, using (5.5) we get y(0) # 0 and Y cp [Y(xo)I> # 0, which implies that
¥(0) # 0 and [yl > 2. []

Then we conclude the following result.

Corollary 5.4. Lety € CF be a window signal with'y(0) # 0 and |[yllo > 2. The full cyclic wavelet
system W(y) is a tight frame for C¥ if and only if y satisfies ||y|lpe = \aly(0)l. In this case,

Z y(@)

el

2

Ayi=(g—-1) =q-(g-1)-FOF =q ) Fa)l, (5.6)

ael*

is the frame bound.

In the abstract theory of frames, a dual (canonical dual) pair of coherent frames gives an ex-
pansion of any function/signal as a superposition of wavelet frame (coherent frame) elements or
dictionary. The following interesting property of cyclic wavelet frames shows that the canonical
dual frame of any full cyclic wavelet frame is again a full cyclic wavelet frame.

Theorem 5.5. The canonical dual of any full wavelet frame for C¥ is a full wavelet frame.

Proof. Lety € CF be a non-zero window signal such that the full cyclic wavelet system ‘W(y) be
a frame for C¥. Let S be the frame operator of 2 := W(y). We claim that

A = W(y") = {TgD,y" : (@.B) € F* x F), (5.7)

where y* := S ~'y. Invoking the group structure of F* x [F and since p is a unitary representation
of F* x F we have T3D,S = STD, for all (a,3) € F* x F. Then we get S~'T3D, = T3D,S " for
all (o, ) € F* x I which implies (5.7). ]

Corollary 5.6. The canonical dual of any full wavelet frame W (y) with the frame operator S is
the full wavelet frame ‘W(S ~'y) with the frame operator S ~'.

Remark 5.7. The above property of full wavelet frames (Theorem 5.5) assures that canonical dual
of the wavelet systems is again a wavelet system. It should be mentioned that a similar property
does not hold for traditional wavelet structured frames, for example, canonical dual frames of
infinite dimensional wavelet frames are not in general wavelet frame, see [6] and classical list of
references therein.

Then as a consequence of the formula (5.3) we can present an irreducible decomposition for
the unitary representation p.
Let B, be the complex linear subspace in C* of dimension g — 1 which is given by

B, = {x e CF:X(0) = ) x(1) = 0}. (5.8)

e
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Proposition 5.8. Let IF be a finite field of order q. Then the linear subspace B, is an irreducible
subspace of the unitary representation p : F* x F — U(CF).

Proof. 1t is straightforward to see that B, is an invariant subspace of C¥. Let H be a nontrivial
subspace of B,. It is enough to show that H* = {0}. Let x € H* be arbitrary and pick a nonzero
vector y € H. Using the assumption that /H is an invariant subspace of 8, we have (x, TsD,y) = 0
for all (o, 8) € F* x . Since y is a non-zero vector and y(0) = 0 we achieve that Y ,cp- [y(xo)* # 0.
Invoking (5.3) we can write

(Z WQ)F] I3

[Z W)F) 115

aelf* =1
= {Z &wz] (Z W%)F]
yelF* aeF*
= D 2 M TDyf = 0,
yelF* aelF*

which implies that x = 0. Since x was arbitrary, we deduce that H* = {0}. Thus, H = B,, which
implies that B, is an irreducible subspace of the unitary representation p. ]

Finally, we present the following corollary.

Corollary 5.9. Lety € C* be a window signal with ¥(0) # 0 and |[yllo > 2.The full wavelet system
WAy) is a tight frame for the Hilbert space B, with the frame bound By, where

Z y(@)

T7elF

2

By :=q ) ¥xo) = q(Iyl} - FO)P) = qllyll3 -

aclF*

. (5.9)
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