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1. Introduction

We say that a sequence {f;};>, C H is a frame for Hilbert space H, if there exist constants 0 < A <
B < oo such that

AlIfIP < Z Kf P < BIfIP,  feH. (1.1)

i=1
If A = B, we call {f;}2, atight frame and if A = B = 1, it is called a Parseval frame. If the right-
hand inequality of (1.1) holds for all f € H, we say {f;}:2, is a Bessel sequence for H. In 2008,

the concept of ultra Bessel sequences in Hilbert spaces introduced and investigated by Faroughi
and Najati [6].

Definition 1.1. Let H, be an inner product space. Let {f;}:, be a sequence of members of H.
Then {f;}2, is called an ultra Bessel sequence in Hj, if

sup Z Kf. /)P =0 (1.2)
f11=1
as n — oo, i.e., the series Yo, [{f, fi)I> converges uniformly in unit sphere of H.

Frame of subspaces as a generalization of ordinary frame introduced by Casazza and Kutyniok
in [4].

Definition 1.2. Let {v;};°, be a family of weights, i.e., for all i > 1, v; > 0. A family of closed

subspaces {W;}2, of a Hllbert space H is a frame of subspaces with respect to {v;};2, for H, if

there exist constants 0 < C < D < oo such that
) N2 2 2
ClfI" < Zvillﬂw,-(f)ll <DIfIIF, feH. (1.3)
i=1

If the right hand inequality of (1.3) holds for all f € H, we call {W;}:2, a Bessel sequence of
subspaces with respect to {v;};*, with Bessel bound D.
Definition 1.3. For each family of closed subspaces {W;}:2, of H, we define the set

(D 8w, = hzlfi e W, Z AP < oo}

i=1

It clear that (Z;ﬁl EBWi){)2 is a Hilbert space with the point wise operations and with the inner
product given by

AR tedRD = ) (fuan:
i=1
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It is proved in [4], if {W;}:2, is a Bessel sequence of subspaces with respect to {v;};2, for H then
the operator

(S (Z1 oW,), - H, Tw, (1A = Zl vif;

is bounded and its adjoint is

Ty, i H = (D @W) ., i, () = bimw (DX
i=1

The operators T, and Ty, are called the synthesis and analysis operators for {W;}2, and {v;}72 ,
respectively.

Also, it is proved in [4], if {W;}*, is a frame of subspaces with respect to {v;

00
i=1°

the operator
SW",Z?{—>7‘(, SW,v(f):TT*(f)

is a positive, self-adjoint and invertible operator on H and we have the reconstruction formula
2¢-1
f= Z V;‘va,vﬂW,»(f)» feH.
i=1

The operator Sy, is called the frame operator for {W;}*, and {v;};*,.
Ultra Bessel sequence of subspaces was introduced in [2] (see also [1]).

Definition 1.4. Let H, be an inner product space and {v;};, be a family of weights. Let {W;}? be
a family of closed subspaces of Hj. Then {W;}:2, is called an ultra Bessel sequence of subspaces
in Hy, if
sup > vAllmw, (NI = 0, (1.4)
Ifll=1 4=
2

asn — oo, i.e., the series 3.2, vi|lmw,(f )||* converges uniformly in the unit sphere of H.

2. New results in ultra Bessel sequences

In this section, we provide some new results about ultra Bessel sequences in Hilbert spaces
and direct sums of Hilbert spaces.

Proposition 2.1. Let {f;j}°, and {g;}2, be ultra Bessel sequences for Hilbert space H and let

i=1

S,T € B(H) such that ||T|| + |IS|| # 0. Then {T f; + S g;}32, is an ultra Bessel sequences for H.
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Proof. Let||f]l = 1. Then

—”T”Z ST Z KT+ SgoP

2 b, 23 y
< ”THQ Z (. TAF + i D558
2 i
<20 K+

<25upZ|<h M +2SUPZ|<8 gl

<1 4 lgli<1 4=

,8i>|2

1S

<25upZ|<h M +25upZ|(g gl

lInll=1 llgll=1

O

Corollary 2.2. Let {f;};, and {g;}:2, be ultra Bessel sequences for Hilbert space H and let a, B
be scalars such that |a| + |8 # 0. Then {lafi + Bgi}2, is an ultra Bessel sequences.

Proof. It is sufficient to take 7 = af and S = SI in Proposition 2.1. ]

Example 2.3. Let H be a separable Hilbert space and {e;};2, be an orthonormal basis for H. Let
fi = e; + ey, for all i € N. Then {f;}2, is a Bessel sequence for H, but it is not an ultra Bessel
sequence for H.

In fact,
D Kfre+ e = D Kfey + (frei)
i=1 i=1
<23 Kf.edl +2 ) Kfrewn)l
i=1 i=1
< 4IIf1l
and

sule(f ei + eid) 2 Kew e + en) = 1.
A 11=1

We recall that if H; is a Hilbert spaces for j = 1,2, ..., M, then the space

H; =gl gy e H; j=1.2,... M}

P
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is a Hilbert space with the point wise operations and with the inner product given by

(et Z(gj,h -

We intend to study ultra Bessel sequences in Hilbert space @]Ai] H ;. We first prove the following
lemma.

Lemma 2.4. Let {f;};, be a Bessel sequence for Hilbert space H. Then

sup Z (. P < sup Z P neN.

<15 lIf11=1

Proof. Let us consider @ = sup -, X2, ICF, fl2. IF f = 0, it is clear that Y50 [(f, f)l* < a. Let

0 < ||fll = k < 1. Then
1< > f
= Z K, fi)P = Z (e SOF < a.

So X2, Ifs fdl? < k*a < a. Therefor sup ., 222, Kf, i)l < a. O

Theorem 2.5. Let H and K be Hilbert spaces. Let {fi}2, and {g;};2, be respective Bessel se-
quences for H and K. Then {(f;, g)};2, is a an ultra Bessel sequence for H & K if and only if
{fi}2, and {g;}32, are ultra Bessel sequences for H and K, respectively.

Proof. Let {(f;, g}, be a an ultra Bessel sequence for H @ K. Since the operator
T-HeK->H, T(feg=f

is bounded, Lemma 2.4 of [6] implies that {f;};?, is an ultra Bessel sequence for . Similarly
{gi}2, is an ultra Bessel sequence for K.
For the converse implication, it is enough to show that

s Z (F.9). (o8I <2 sup Z 4P +2 sup ) Z (g 8P
Let (f,g) € HOK and ||(f, @)l = 1. If £ = O then ||g|| = 1 and
Z ((f.8). (fis g = Z (g, g0 < sup ) Z (g: g0
If |f]l = 1 then g = 0 and

D K0, (fogP = Y KE P < sup Z Kf P
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When O < ||f]| < 1, by using Lemma 2.4 we have
DK &) i gD = Y K i)+ (80 g
<2 Z Kf FIP +2 Z (g &I’

<25up DA A +2sup D g0

Ifl1<1 = lgli<1 4=

<2 sup Z KF. £ +2 sup Z Kg. 8P

IAI=17

[]

Corollary 2.6. Let H; be a Hilbert space and {f;;};2, be a Bessel sequence for H;, for j =
1,2,..,M. Then {F;}?, is a an ultra Bessel sequence for @Zl H; if and only if {f;;}2, is an
ultra Bessel sequence for H;, for j=1,2,...,M, where F; = {fl-j}j"il.

Proof. If {F;}2, is a an ultra Bessel sequence for EB H;, then it is clear that {f;;}2, is an ultra
Bessel sequence for H; for j=1,2,...,M. The converse concluded by

sup Z|<gm, f,J,1>|2<MZ sup Z|<g,,fl,>|2

litg i 1=1 "=n —1 llgili=l.gjeH; 5=,
[]

Example 2.7. Let {¢;}:2, and {h;};, be orthonormal basis for Hilbert spaces H and K, respectively.
Then

(1) {(¢ )}f"] is an ultra Bessel sequence for H & K.
2) {(el, h i)}, is a Bessel sequence for H @ K but it is not an ultra Bessel sequence for H & K.

Proof. (1) Let||(f, @)l = 1. Then

[ee]

i (0. %D\z Z KF. e + (g hi)P
2Z—|<fe>| +2Z—|(g,h)|
zznfnz 2Z||g||2

<4Z-—z-
i:nl
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(2) We have
DK @) e h)P = > K fre) + (g h)P
i=1 i=1

<2 KfredP +2 ) Kg.hl?
l:}’l2 ) ~ =n )
< 2171P + 2llglP = 211/, I,

so {(e;, h;)}2, is a Bessel sequence for H @ K. On the other hand,

[

1
sup Z K(fs 8)s (ei i) = |<$(€nahn)’ (en, D) = 2,

If8l=1 4=

hence {(f;, ¢;)}:2, is not an ultra Bessel sequence for H & K. O

3. ultra Bessel sequences of subspaces

It is proved in [2], if {W;}:2, is a family of closed subspaces in a Hilbert space H and {v;}2, is
a family of weights such that },7°, v? < oo, then {W;}, is an ultra Bessel sequence of subspaces
in H. Here, we give another sufficient condition on a sequence of subspaces to be an ultra Bessel
sequence of subspaces.

Proposition 3.1. Let {W;}2, be a sequence of closed subspaces of H and {v;}:2, be a sequence of
weights. If the operators

[ [

T (D 0W), »>H, Tu(fiR) =) vif

i=1 i=n

are bounded for all n € N and ||T || — O then {W;}*, is an ultra Bessel sequence of subspaces in

H.

Proof. 1t is clear that {W;}2, is Bessel sequence of subspaces for H with respect to {v;};2,. Let
f € H with ||f]| = 1, then we have

(o) [ee)

> OIF = ) virw (. £)

=n

=n

<
= (T (tvmw (DY), £)
<

= (T, Ty, () f)
< ITlllT5, 1,

forall n € N. [
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Corollary 3.2. Let {W;}2, be a Bessel sequence of subspaces in H with respect to {v;}32,. Let

[ (9]

T (D 0W), > H,  T(fl2) = D vif

i=1 i=n
be given for all n € N. If ||T,,,,|| — O then {W;}:, is an ultra Bessel sequence of subspaces in H.
Now, we give an example of an ultra Bessel sequence of subspaces.

Example 3.3. If {¢;};2, is an orthonormal basis for a Hilbert space H and

e.
W; = span{—}, i€N,
Vi

then {W;}2, is an ultra Bessel sequence of subspaces in H with respect to v; = \[, forallie . In
fact,

sup Z I, (P = sup Z A

I11=1"7
< sup ( ZW)' 7 Z|<fe>| )

Ifl=1 4

as n — oo,

Proposition 3.4. Let {W;}*| and {Z;}°| be two ultra Bessel sequences of subspaces in Hilbert
space H with respect to {v;}:2, for which W; L Z;, for all i € N. Then (W, + Z; Z;}2 | is an ultra Bessel
sequence of subspaces in H with respect to {v;}2 .

Proof. Let f € H and ||f]| = 1. Then for each n € N we have

o0 (o8]

D Vil (O = D villmw () + n7,(FIP

i=n i=n

- Z VRllmw,(HIP + Z Vil (FIP

< sup Z vilmw (DI + sup Z Villaz(DIP.

llf1I=1 Ilf1I=1
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Corollary 3.5. Let ‘H and K be Hilbert spaces. Let {W;}2, and {Z;}2, be two ultra Bessel se-
quences of subspaces in H with respect to {v;}2,. Let T\, T, € B(H,K) be invertible operators
such that T\(W;) L Ty(Z)), for all i € N. Then {T\(W)) + T2(Z;)}2, is an ultra Bessel sequence of
subspaces in K with respect to {v;}} .

Corollary 3.6. Let H and K be Hilbert spaces Let {W;}2, and {Z;}?2, be two ultra Bessel se-
quences of subspaces in H with respect to {v;}2 |, for which W; L Z;, for all ieN.IfT € B(H,K)

is an unitary operator then {T(W; + Z;)}, is an ultra Bessel sequence of subspaces in K with
respect to {v;}2,.

Proposition 3.7. Let {W;}2, and {W!}72, be ultra Bessel sequences of subspaces in Hilbert spaces
H and K with respect to {v;}2,, respectlvely Then {W; ® W/}, is an ultra Bessel sequence of
subspaces in Hilbert space H & K with respect to {v;}:,

Proof. Let mw,ew: be orthogonal projection from H & K onto W; & W/. It clear that

ﬂW;@W;(f’ g) = (ﬂ-W,'f’n-W['g)’ (f’ g) € 7_{@(](
Let (f,g) € H® K and ||(f, g)l| = 1. For each n € N we have

(> [

D Vilmwew, (f @I = Z villGrw, £, mw I
= Z Vllmw,(HIP + Z villmw ()1

< sup Zv ||7TW(f)|| + sup ZV ll7rw: @I

Ifll<1 4= lgl<1 4=

< sup Zv ||7TWt(f)|| + sup ZV ll7rw: @I

lf11=1 llgli=1
[]

Corollary 3. 8 Let {W;;}2, be an ultra Bessel sequence of subspaces in Hilbert spaces H; with
respect to {vi}2,, for j=1,2,..., M . Then {® 1W i}, is an ultra Bessel sequence of subspaces in
Hilbert space 69’1"2 H; with respect to{vi}2,.

It is proved in [2], if H is a finite dimensional Hilbert space and {W;}?, is a frame of subspace
for H with respect to {v;};2,, then there exists Ny € N such that {W;}"_, is a frame of subspaces for
H with respect to {v;}%_,, for all n > Ny. We call the integer N, the frameness bound of {W;}*,.
On the other hand, if {W;}:2, and {W/}:2, be frames of subspaces for Hilbert spaces H and K with
respect to {v;}2,, respectively, then {W; 69 Wi}z, is a frame of subspaces for H @ K with respect to
vi}2, [7]. Let 7{ and K; be Hilbert spaces and T; € B(H;, K;) for i = 1,2. We define the operator

T\ T, € B(H & H,, K, &K>) by

(T1 & To)(f,8) = (T1f, T28).
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Proposition 3.9. Let H and K be finite dimensional Hilbert spaces and {W;}2, and {W!}2, be
frames of subspaces for H and K with respect to {v;};2 |, respectively. Let Ny and N/, be respective
frameness bound of {W;}2, and {W;}2 . Let n > max{Ny, Ny} and S, and T, be the frame operator

and synthesis operator of {W; @ W!}._,, respectively. Then

(l) Sn - SW,\,@SWI,V in B(?‘(@?(),
(ii) Ty — Twaw in B((Z2, & Wi & W), H).

Proof. By Theorem 2.4 of [3], S, = Swew, and T,, = Twew.,, where Tyey-, and S yew-, are
the synthesis and frame operator of {W; & W/}, respectively. But

=1’

[

Swow o (,8) = ) Vimwew (f,8) = D Vi(mw(H), mw(2)
i=1

i=1

i vimw (s i Vi (2))
1 i=1

i=

(
(Swal S wr(®)) = (Swy ® S wr)(f 8):

forall (f,g) e Ho K. O
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