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1. Introduction

Among the main tasks of applied harmonic analysis are, firstly, optimally sparse representation
of functions belonging to a specific family in terms of some “building blocks™ such as frames or

*Corresponding author
Email addresses: vahid.atayi83@gmail.com (V. Atayi), kamyabi@ferdowsi.um.ac.ir (R. A.
Kamyabi-Gol)

© (2015) Wavelets and Linear Algebra



V. Atayi, R. A. Kamyabi-Gol/ Wavelets and Linear Algebra 2 (1) (2015) 1-9 2

bases; secondly, identifying discontinuities of functions such as edge detection in image process-
ing. For a long time wavelet theory was the best possible tool for dealing with these problems, but
during the last 20 years many alternatives have been suggested. For instance, steerable pyramid
[18], two dimensional directional wavelets [3] and complex wavelets [15],[16] were some “direc-
tional” versions of wavelets which outperform the wavelets. However, they are not completely
satisfying. The first desirable representation was curvelet introduced by Candes and Donoho in
2004 [6]. Curvelets have two notable shortcomings: Firstly, this system is not singly generated,
to wit, it is not derived from the action of countably many operators applied to a single func-
tion; Secondly, there is no algebraic background for curvelets, namely, curvelet transform is not
voice transform of some locally compact group. Finally, the best directional representation out-
performing curvelets as well as the other representations was shearlet that was established in [17].
Kutyniok and et al. usually work with reduced shearlet group, namely, shearlet group with R* as
the parameter space of dilations and it is known that the standard unitary representation of this
group is not square-integrable or even irreducible. In this paper we exhibit two subrepresentations
of this representation which are at the same time irreducible and square-integrable.

2. Preliminaries and Notations

a 1

0 : : : . . s )
LetA, = (0 \/5) be anisotropic(parabolic) scaling matrix and S = (O 1) be shear matrix

acting on the plane. Let ¢ € L*(R?), and for each a € R* , s € R and ¢ € R? define ¥, ,, € L*(R?)
by

Vass(®) = a T(A,'S 7 (x = 1)),

Then the shearlet system generated by v is defined by {¢,,, : a € R*,s € R,t € R?}. The
associated continuous shearlet transform of f € L*(R?) is given by

SH,f :R"xRxR* — C

S?’(¢f(a, S, l) = <f, l//a,s,t>-

Consider the shearlet group S, defined as the set R* x R x R? along with the multiplication law
given by
(a,s,)(d,s',t) = (ad', s + Vas',t + S ,A.t).

The shearlet group is a locally compact group and as mentioned in [8], the left and righ Haar
measures of this group, respectively, are

d d
dua, s,1) = —=dsdt, dy,(a,s,1) = —dsdt.
a a

Moreover, o : S — U(L*(R?)) defined by

O_(a9 S, t)l// = l//a,s,t
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is a unitary representation of S on L*(IR?).

A function ¢ € L*(R?) is called a continuous shearlet, if it satisfies the admissibility condition.
That is, [|SH fl12s, < o, forany f € LA(R?).

As it is shown in [8], the shearlet transform tends to be an isometry. Indeed, for ¢ € L*(R?)
consider the following two quantities

o0 a2 0 U(EN?
C, = fo W) dé,dé, C, = I ) fR Wf(i)l dé&rdé;.

2
R &

For any f € L*(R?), we have

da .
SH 1R s, = f K sl dsdt = C; f f Flw)dwidew,
S R Jo

0 —_
+C¢fl;f [f()Pdw dw,. ()

Soif C; = C, = 1, then the shearlet transform is an isometry.
According to [8], for any classical shearlet we have C;; = C;, = 1, where by classical shearlet we

mean any ¢ € L?(R?) which is wavelet-like along one axis and bump-like along another one. As
an example consider i satisfying the following condition:

WO = ) = Jl@l)@(%),

where ¥, € L*(R) is a discrete wavelet in the sense that it satisfies the discrete Calderén condition,
given by
Z |l21\1(2_jf])|2 =1,forae. nelR
JEZ
with ¢ € C*(R) and supp(1) C [-1, —~L1UI%, 11, and ¢, € LA(R) is a bump function in the
sense that 1
Z I@()f + k> = 1,for ae. vel[-1,1]
k=—1

where > € C*(R) and supp(¥>) € [-1,1].

Now (*) shows that ¢ is admissible if

N2
f L 4 < o
R &

3. Main results

Consider the semidirect product H X, K of locally compact groups H and K, with the opera-
tions:
(h,k)(H' k') = (hl', kTy(K"))
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(h k)™ = (7 (K1),

in which, 7 is supposed to be a homomorphism from H to the set of automorphisms of K. Fol-
lowing [4], the quasiregular representation(U, L*(K)) of G = H x, K, which in general is not
irreducible, is defined by

Uh, k) f(y) = 800)* f (T4 (k). (h,k) € G

in which, f € L*(K)and y € K.

From now on assume that K is also Abelian and consider K as the dual group of K and denote
its left Haar measure by dw. Then one can define a continuous action from H on K by (h,w) —
woTt,-1. This action will play an important role in our discussion. Now for a fix w € K the stabilizer
and the orbit of w, that play a key role in our discussion are defined respectively by

H® :={h € H,wot)- = w}, O, :={wot,1;he H}.

H® is a closed subgroup of H and O, is an H—invariant subset in K.
For any measurable subset A of K of positive measure, put

LA(K) := {y € L(K); supp(p) C A).

It is easy to show that Lf\(K ) is a translation invariant closed subspace of L*(K).
Here we quote some essential theorems [4, Theorems 2.6 and 2.9] by which we deduce our main
results:

Proposition 3.1. With the notations as above, and for a measurable subset A in K we have:

i) Lf\ (K) are the only translation invariant closed subspaces of L*(K);

ii) The closed subspaces Lf‘(K ) are U—invariant if A is an invariant subset in K with respect to the
action of H on K.

(So in this case the restriction of U on Lf‘ (K) denoted by U, is a subrepresentation of U).

An H-invariant measurable subset A of X is called ergodic if every invariant subset of A is null
or conull(complement of a null set). For instance, orbits are ergodic subsets.

Corollary 3.2. A nonzero closed subspace M of L*(K) is invariant under the representation U
if and only if M = L%(K) for some measurable H-invariant subset A of K of positive measure.
Moreover the subrepresentation U, is irreducible if and only if A is ergodic.

Proposition 3.3. Let G = H X, K be the semidirect product of H and K. If A C K is an ergodic
set of positive measure such that A = O, a.e. for some w, then:

i) The representation U, is square-integrable if and only if H* is compact;

i)y e Li(K) is admissible if and only if h — ’z//\()/orh) is in L>(H) for almost all y € A.
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The special case K = R" has already been investigated in [2, chapter 9] , and [12, corollary
5.24].

Now we are able to apply the theory to our favorite group, the shearlet group. So we regard
the shearlet group as the semidirect product group

S = (R* x; R) x, R?

in which, 7 and A are given by 7,(s) = Vas, and A, (?) = S At
We find out that the standard representation of the shearlet group, namely, o(a, s, )Y = ¥, 1s the
quasiregular representation of this semidirect product group. Indeed

o(a, 5, O(x) = a” T P(A;'S T (x - 1)
= a (S 1, coAs(x=1)
= a WA o (X = 0)
= 6(d, ) YA g1 (x = 1),

where d(a, s) 1s given by:

dug:(1) = 6(a, s)dpgr2 (A5 (1))
= d(a, s)dug>(S ;A,t)
= 6(a, s)|det S (A, |dur:(t) (by [11, Theorem 2.44])

= 8(a, s)a? dug:(f).

Here it is natural to ask that if Kutyniok and et al. did not regard the family ¢, ,, as quasiregular
representation, then what was their approach? The path from wavelet to shearlet was “wavelets
with composite dilations”. Indeed seeking for more flexibility, authors in [13], inserted one addi-
tional dilation operator in the affine system to produce systems like:

Yapk = (DaDpT; A, B € GLy(R), k € R?},

in which, Ty(x) = ¥(x — k) and Day(x) = |det(A)|‘%zp(A‘1x).
From this point of view, shearlet systems are special cases of composite dilation wavelets in which,
the matrices A and B are taken as:

a O
0 +a

Now we are ready to exhibit our main theorem. But first note that for a unitary representation 7 of
the locally compact group G on the Hilbert space /H and an invariant closed subspace M of H, it
is well known that M™* is also an invariant closed subspace of H and hence r is a direct sum of
two subrepresentations resulting from M and M™*. The following lemma is needed in our main
theorem (3.5)

1 s

A::Aa:( 0 1

),aeR*, B::SS:( ),SER.
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Lemma 3.4. The action of (R* X, R) on R? = R? given by
(@, 8).y 1= yod( e

is free. That is, for any y € R2 = R? we have H” = {(1,0)}.

Proof. Since

2iy.S —s Ayt 2miA ST vt -
’)/O/l(a,s)—l(t) = ’}/(S %A%t) =e Va @ = g R — Aés%’}/(t)

we have
(a, 8).y == yodiy 51 = AiST,y
@
_é 0 10 Y1
AU AR ARVAVZ
-5 3)0
n Va) \2
_ i)’l
B %S?’l+\/%?’z '
l)’1 Y1
Now (‘;Wl + %m) = (n) yields (a, s) = (1,0). 0

1
In particular, since (a, s).y = —s a¥l 1 , we deduce this action has five orbits as follows:
PRANNAL

0,0 = 1{(0,0)}

O,y = {(0,y) €R*: y > 0},92 >0
Oy = {(0,y) € R*: y < 0},92 <0
Oy = {(x,y) €R? 1 x> 0}, 71 > 0
Oty = 1(x,y) €R* 1 x < 0}, 7, <O.

Computations are straightforward, for example, for y, > 0 we have:

1
Oy, =10, —y2) e R? : a > 0} = {(0,y) e R : y > O}
Va

Defining A, := O( ) and A_ := O, 5, we have:
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Theorem 3.5. Irreducible as well as square-integrable subrepresentations of the shearlet group
are precisely the following two:

oS — ULL RY), (a8 = Yas
o_:S— UL, (RY),  0(a,s,0¢ = Py

Proof. Since the action defined on R? is free so for any w € @, H® is compact. Moreover A,
and A_ are orbits of positive measure, thus proposition 3.3 (i) shows the above representations are
square-integrable. On the other hand, A, and A_ are the only invariant subsets of positive measure
in R? , hence corollary 3.2 concludes the proof. U

Corollary 3.6. With notations as in theorem (3.5), the standard representation of the shearlet
group is direct sum of two irreducible representations, in fact, we have

o=0,D0_

Proof. It is sufficient to show that [L} (R*)]* = L} (R?). Indeed for f € L} (R?),¢g € L} (R?), f
and g vanish on A, and A_ , respectively. So we have (f, g) = (f,fg) = fﬂ@ f’? = fA_LM+ f’: =0
which implies f € [L} (R?)]*. On the other hand, f € [L} (R*)]* implies that, fA+ fe=(f,g)=0
for any g € L} (R?). Now since L] (R?) is a selfdual Banach space we may regard f as a linear
functional on L} (R*) and deduce f vanishes on A,. So f € L} (R?). O

At this point, we are able to show the irreducibility of the standard representation of full shear-
let group which is studied for example in [9]. Full shearlet group is the set R* x R x R? along with
the multiplication law given by

(a,s,0)(d,s', 1) = (ad', s + lals',t + S A.t),

in which dilation and shear matrices are given by

a 0 1 s
A“:(o sgn(a)\/m)’ SS:(O 1)'

Moreover, we have 7,(s) = Vldls, and A, (t) = S ;A,(t). So the action reads

lal Y1+

1
1
(@,5):y := Yodupr = A1SL y = (—sgn(a)s sgn(@) ) :
lal \/m V2

Now it is easy to see that this action has three orbits:
O = {(0,0)}

Oy = {(0,y) € R* 1y #0},92 # 0
Oty = 1(x,y) €R* 1 x # 0}, 7y # 0.
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Since there is only one positive measure orbit (almost equal to the plane), so as it is shown in [9],
the representation of full shearlet group is irreducible.

As a result of our approach we offer an alternative proof for the well known admissibility
condition:

Proposition 3.7. A function  belonging to th (R?) or L (R?) is admissible if and only if

o 2
f (AL gy
R2 /12

Proof. For any y € RZ = R? we have

da
WASTy)Pds=

3
az

da
f [ Woodanrass =

aZ

+

Il
TSI
D

- da
W(AL(y1, syr + y2)Pds—

az
(sy1 +v2 =1t = yids = dt)
dt da
=f fw( LD ——
R+ JR Yia3
,dtda
=f fl a)’l,\/_t)l——
R+ JR Y1 a2z
da dt
=f fll//(a%, \/_l)l ——
R* JR 21
3
1 2
(ay, = /l:>da:d—/1, a:ﬁ,—g:y—z)
71 Y1 ax A
VA _,dA dr
= fflt//(/l )I2
R JR VB
_ f f' 0 «F , dt da
R JR \/77 \/_/12
A A
(it =n= idt =:dn)
o2l o
,dn da
= AP —=—
fRf]R VA
—~ dAa
= f f G, pPdn=5
R JR A
Now proposition 3.3 (ii) concludes the proof. L

4. conclusion

After the introduction of shearlets relative to bivariate signals, the theory was extended by the
authors of [10], to multivariate signals. Besides, due to rich group-theoretical background, shear-
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lets got immediately popular so that many mathematicians approached the subject from various
aspects. For example, in [7] the shearlet group was considered as an extension of the Heisenberg
group and recently authors in [1] studied the shearlet group as a reproducing subgroup of the sym-
plectic group S p(2, R). But similar to any theory in the scope of harmonic analysis, shearlet theory
is supposed to be extended to the setting of locally compact groups. Among the advantages of our
approach, is the possibility of extending shearlet theory from Euclidean space to locally compact
groups. In a forthcoming paper [14], we will investigate this issue.
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