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Abstract
As a generalization of convexity, E-convexity has been defined
and studied in many publications. In this study, we recall the
class of E-Q-convex sets, E-Q-convex and E-additive functions
and proved some properties of E-Q-convex functions. Also, we
develop the classical theorems of Jensen and Bernstein-Doetsch
on E-Q-convex functions when vector spaces are over the ratio-
nal numbers Q.
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1. Introduction

The concept of convexity and Q-convexity are important for various branches of mathematical
sciences. A question that received much interest is the following one: under what conditions a Q-
convex function is continuous? In 1905, Jensen proved that every Q-convex function f : (a, b) −→
R which is bounded on interval (a, b) is continuous. In 1915, F. Bernstein and Doetsch proved that
every Q-convex function f : (a, b) −→ R which is bounded above on some open subinterval
of (a, b) is continuous. Results concerning various conditions for representation and continuity
of Q-convex functions and their generalizations have been obtained in a number of papers (see
‘[1, 3, 4, 6, 11]’).
Let us fix our notation and terminology. As we know a subset U of a vector space X is Q-convex
if λx + (1 − λ)y ∈ U for each x, y ∈ U and λ ∈ (0, 1) ∩Q also U is Q-radial at a point a ∈ U if for
every x ∈ X there exists a number rx > 0 such that a + rx ∈ U whenever r ∈ Q

⋂
(0, rx). A subset

B of a vector space X is said to be balanced if αB ⊆ B for every α ∈ F with | α |≤ 1. Also B is said
to be symmetric if B = −B.

E-convexity is one of the generalizations of convexity, introduced by Youness ‘[16]’. However,
as pointed out by Yang ‘[15]’, some results and proofs in Youness ‘[16]’ seems to be incorrect.
Youness ‘[17]’ also discussed optimality criteria for E-convex programming problems. Subse-
quently, some mathematicians have investigated various aspects of this concept and its generaliza-
tion, and the reader can refer to the papers for more information see ‘[3, 4, 6, 7, 11, 12, 13, 17]’.
Let X be a vector space. A set U ⊆ X is said to be an E-convex if there exists a map E : X → X
such that λE(x) + (1 − λ)E(y) ∈ U for each x, y ∈ U and 0 6 λ 6 1. Clearly, every convex set is
E-convex if E is the identity map. A function ϕ : X → R is called an E-convex on a set U ⊂ X if
there exists a map E : X → X such that U is an E-convex, also for each x, y ∈ U and 0 6 λ 6 1,
ϕ(λE(x) + (1 − λ)E(y)) 6 λϕ(E(x)) + (1 − λ)ϕ(E(y)). It is clear that every convex function is
E-convex if E is the identity map.
In the present paper, we recall the class of E-Q-convex sets, E-Q-convex and E-additive functions.
Then, we extend Theorem 1.1 by M. Kuczma ‘[5]’, for an E-additive function.

M. Kuczma ‘[5]’ proved the following theorem.

Theorem 1.1. Let X be a vector space over Q, Y be a subspace of X and S ⊆ X be a Q-convex and
Q-radial at 0. If ϕ : Y → R is an additive function with ϕ |Y∩S6 1, then there exists an additive
function φ : X → R such that φ |Y= ϕ and φ |S6 1.

Recently, Mirzapour et al.‘[10]’ proved the classical theorems of Jensen, Bernstein-Doetsch,
Blumberg-Sierpinski, and Ostrowski for E-Q-convex function when vector spaces are over the real
numbers R.
Inspired by the above research, we extend such theorems over Q and prove them.

2. Main results

Throughout this paper, X is a vector space and all vector spaces are over the field Q of rational
numbers. The notion of an E-Q-convex is a natural generalization of that of an E-convex arising
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under the replacement of the field of scalars R by Q.

Definition 2.1. A subset U of X is an E-Q-convex if there exists a map E : X → X such that
λE(x) + (1 − λ)E(y) ∈ U for all x, y ∈ U and every rational number 0 6 λ 6 1.

Definition 2.2. A function ϕ : X → R is said to be an E-additive if there exists a map E : X → X
such that ϕ(E(x) + E(y)) = ϕ(E(x)) + ϕ(E(y)), for all x, y ∈ X.

Definition 2.3. A function ϕ : X → R is said to be an E-Q-convex on a set U ⊂ X if there exists
a map E : X → X such that U is an E-Q-convex also for all x, y ∈ U and every rational number
0 6 λ 6 1, ϕ(λE(x) + (1 − λ)E(y)) 6 λϕ(E(x)) + (1 − λ)ϕ(E(y)).

It is evident that each E-convex function is an E-Q-convex function, but the converse is not
true.

Example 2.4. Let f , E : R→ R be defined by

f (x) = E(x) =

{
0 x ∈ Q
2 x < Q.

Then, f is E-Q-convex on R but it is not E-convex.

Definition 2.5. ‘[5]’ A subset A of X is a convex cone if for all x, y ∈ A and the real number λ > 0,
λx + y ∈ A.

Lemma 2.6. Let E : X → X be a map such that E(K) is a convex cone of K for every subspace
K ⊆ X and let Y and Z be two subspaces of X with Z = Y + Qz0 for some z0 ∈ X \ Y. If S ⊆ X is
a Q-convex and Q-radial at 0, E(Z) ⊆ E(Y) + Qz0 and ϕ : Y → R is an E-additive function with
ϕ |Y∩S6 1, then there exists an E-additive function φ : Z → R such that φ |Y= ϕ and φ |E(Z)∩S6 1.

Proof. Consider the following sets A, B ⊂ Y ×Q:

A :=
{

(y, r) : y ∈ Y, r > 0,
E(y) − z0

r
∈ S

}
,

B :=
{

(y, r) : y ∈ Y, r > 0,
E(y) + z0

r
∈ S

}
.

Since S is Q-radial at 0, there exists a rational number r > 0 such that
E(y) ± z0

r
∈ S . Consequently

A, B , ∅. Put
a = sup {ϕ(E(y)) − r : (y, r) ∈ A}

b = in f {r − ϕ(E(y)) : (y, r) ∈ B} .

We show that a ≤ b and therefore −∞ < a ≤ b < ∞. Assume towards a contradiction that a > b.
Then there exist (y, r) ∈ A and (y′, s) ∈ B such that ϕ(E(y))− r > b and ϕ(E(y))− r > s− ϕ(E(y′)).
So ϕ(E(y)) + ϕ(E(y′)) > r + s. On the other hand, we have

E(y) + E(y′)
r + s

=
r

r + s
E(y) − z0

r
+

s
r + s

E(y′) + z0

s
.
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Hence
E(y) + E(y′)

r + s
∈ S .

Since E(Y) is a convex cone of Y , we get
E(y) + E(y′)

r + s
∈ Y ∩ S , and so

ϕ

(
E(y) + E(y′)

r + s

)
6 1.

Since r + s ∈ Q and ϕ is an E-additive function, ϕ(E(y))+ϕ(E(y′)) 6 r + s. This is a contradiction,
so a ≤ b.
Set m ∈ [a, b] and define φ : Z → R by

φ(z) =


ϕ(z) z ∈ Y
m z = z0

ϕ(y) + qm z ∈ Y + qz0.

We claim that φ |E(Z)∩S6 1. Let E(z) ∈ E(Z) ∩ S . By the hypothesis, E(z) = E(y) + qz0 for some
y ∈ Y and q ∈ Q. If q > 0, then

E(z) =

1
q

E(y) + z0

1
q

∈ S .

Since E(Y) is a cone,
1
q

E(y) = E(y′) for some y′ ∈ Y , and so
(
y′,

1
q

)
∈ B. Thus

1
q
− ϕ(E(y′)) > b > m⇒ 1 − qϕ(E(y′)) > qm

⇒ qϕ(E(y′)) + qm < 1
⇒ ϕ(qE(y′)) + qm < 1
⇒ ϕ(E(y)) + qm < 1
⇒ φ(E(y) + qz0) < 1.

If q < 0, then

−
1
q

E(y) − z0

−
1
q

∈ S .

A similar argument shows that

ϕ

(
−E(y)

q

)
+

1
q
6 a < m,

and so ϕ(E(y)) + qm < 1. This establishes the claim.
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Theorem 2.7. Let E : X → X be a map such that, E(K) is a convex cone of K for every subspace
K ⊆ X and let Y and Z be two subspaces of X with Z = Y + Qz0 for some z0 ∈ X \ Y. If S ⊆ X
is Q-convex and Q-radial at 0, E(Z) ⊆ E(Y) + Qz0 and ϕ : Y → R is an E-additive function
with ϕ |E(Y)∩S6 1, then there exists an E-additive function φ : X → R such that φ |Y= ϕ and
φ |E(X)∩S6 1.

Proof. Let F be the set of all pairs (Y ′, ϕ′), where Y ′ is a subspace of Y , and ϕ′ : Y ′ → R is an
E-additive function with ϕ′ |Y= ϕ and ϕ′ |E(Y′)∩S6 1. It is immediately that we obtain a nonempty
poset, indeed (Y, ϕ) ∈ F. Suppose that F0 = {(Yα, ϕα)}α∈I is a chain in F. Then we set Ỹ := ∪α∈IYα
and define ϕ̃ : Ỹ → R by ϕ̃ |Yα= ϕα for all α ∈ I. Then (Ỹ , ϕ̃) ∈ F and (Ỹ , ϕ̃) is clearly an upper
bound for the chain F0. By Zorns lemma, F has a maximal element, say (Ymax, ϕmax). Assume
towards a contradiction that Ymax , X. Then choose any y0 ∈ X \ Ymax and put Y = Ymax + Qy0.
So Y satisfies the condition of the preceding lemma with Ymax for Y and Y for Z. Then there exists
ψ : Y → R such that ψ|Ymax = ϕmax and ψ|E(Ymax)∩S 6 1. Thus (Y, ψ) ∈ F and this contradicts
the maximality claimed for (Ymax, ϕmax). Hence Ymax = X and so by taking φ = ϕmax the result
follows.

Proposition 2.8. Let S be a Q-convex subset of R and Q-radial at some point in S . Then S is
an interval or there exists a discontinuous E-additive function φ : R → R such that φ is upper
bounded on S , where E : R→ R is a function.

Proof. By [5, Theorem 2], S is an interval or there exists a discontinuous additive function φ :
R → R where φ is upper bounded on S . Since every additive function is E-additive, the proof is
completed.

Similar to the above theorem, by [5, Theorem 3], the following theorem is now immediate.

Theorem 2.9. Let S ⊆ Rn be a Q-convex set and Q-radial at some point in S . Then either S
contains a ball or there exists a discontinuous E-additive function φ : Rn → R such that φ is
upper bounded on S , where E : Rn → Rn is a function.

Theorem 2.10. Let E : Rn → Rn be an open map with 0 ∈ E(Rn), S ⊆ E(∆) where ∆ is an
open, E-Q-convex subset of Rn . Suppose that ϕ : Rn → R is an E-Q-convex function and upper
bounded on S . If S contains a ball, then ϕ is continuous at every interior point of S .

Proof. Suppose that E(x0) is an interior point of S . We can find an open neighborhood W of 0 such
that E(x0) + (W ∩ E(Rn)) ⊂ S . Put W ∩ E(Rn) := E(V) . We can assume that E(V) is symmetric
and balanced. Since ϕ is upper bounded on S , there exists M ∈ R with ϕ(y) < ϕ(E(x0)) + M for
any y ∈ E(x0) + E(V). Take ε > 0. Then there exists δ ∈ (0, 1) ∩Q, δM < ε. For any E(z) ∈ E(V),
we have

E(x0) + δE(z) = (1 − δ)E(x0) + δ(E(x0) + E(z)).

Since ϕ is an E-Q-convex function, we obtain

ϕ(E(x0) + δE(z)) 6 (1 − δ)ϕ(E(x0)) + δϕ(E(x0) + E(z)).
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So

ϕ(E(x0) + δE(z)) − ϕ(E(x0)) 6 δ (ϕ(E(x0) + E(z)) − ϕ(E(x0))) . (2.1)

By replacing E(z) with −E(z), we have

ϕ(E(x0) − δE(z)) − ϕ(E(x0)) 6 δ (ϕ(E(x0) − E(z)) − ϕ(E(x0))) . (2.2)

On the other hand,

E(x0) =
1
2

[E(x0) + δE(z) + E(x0) − δE(z)] ,

and since E(V) is symmetric and balanced, we obtain

ϕ(E(x0)) 6
ϕ(E(x0) + δE(z))

2
+
ϕ(E(x0) − δE(z))

2
.

Therefore

ϕ(E(x0)) − ϕ(E(x0) + δE(z)) 6 ϕ(E(x0) − δE(z)) − ϕ(E(x0)). (2.3)

By ‘(2.2)’ and ‘(2.3)’ we have

ϕ(E(x0)) − ϕ(E(x0) + δE(z)) 6 δ(ϕ(E(x0) − E(z)) − ϕ(E(x0))). (2.4)

Now, by ‘(2.1)’ and ‘(2.4)’ we have

| ϕ(E(x0)) − ϕ(E(x0) + δE(z)) |
6 δmax{ϕ(E(x0) + E(z)) − ϕ(E(x0)), ϕ(E(x0) − E(z)) − ϕ(E(x0))}

<
ε

M
.M = ε.

Therefore ϕ is continuous at E(x0).

Corollary 2.11. Let E : Rn → Rn be an open map with 0 ∈ E(Rn), ∆ ⊆ Rn be open, E-Q-convex.
Suppose that ϕ : ∆ → R is an E-Q-convex function and upper bounded on E(∆). Then ϕ is
continuous on E(∆).

Proof. If we take S = E(∆) in the previous theorem, then the result follows.

Theorem 2.12. Let E : Rn → Rn be an open map with 0 ∈ E(Rn), ∆ ⊂ Rn be open and E-
Q-convex set and let E(Rn) be a convex cone. Suppose that T ⊆ E(∆) and ϕ : ∆ → R is an
E-Q-convex function, and upper bounded on E(T ). If ϕ is discontinuous on E(∆), then there exists
a discontinuous E-additive function ψ : Rn → R such that ψ is upper bounded on E(T ).

Proof. Let ϕ |E(T )6 M and S = {E(x) : x ∈ ∆, ϕ(E(x)) < M}. It is easy to see that E(T ) ⊆ S .
Suppose that E(x), E(y) ∈ S and λ ∈ [0, 1] ∩Q. Then

ϕ(λE(x) + (1 − λ)E(y)) 6 λϕ(E(x)) + (1 − λ)ϕ(E(y)) < M.
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So S is Q-convex. Since ϕ is discontinuous, it follows from Corollary 2.11 that S contains no
ball. Now, we show that S is Q-radial at some point E(x0) ∈ S . Let x ∈ Rn. Since E is open
and E(Rn) is convex cone with nonempty interior, Rn = E(Rn) − E(Rn). Then there exist y1, y2 ∈

Rn, x = E(y1) − E(y2). Also ∆ is open, thus there exists a rational number γ > 0 such that
E(x0) + γ(E(y1) − E(y2)) ∈ E(∆). Then

ϕ(E(x0) + γ(E(y1) − E(y2))) =ϕ

[(
1 −

α

γ

)
E(x0) +

α

γ
(E(x0) + γ(E(y1) − E(y2)))

]
6

(
1 −

α

γ

)
ϕ(E(x0) +

α

γ
ϕ
[
E(x0) + γ((E(y1) − E(y2))

]
,

for any α ∈ (0, γ) ∩Q. So

lim
α→0

supϕ(E(x0) + γ(E(y1) − E(y2))) 6 ϕ(E(x0)) < M.

So for a small rational number α, ϕ(E(x0) + α(E(y1) − E(y2))) < M, hence S is Q-radial at E(x0).
Since S contains no ball, we conclude from Theorem 2.9 that there is a discontinuous E-additive
function ψ : Rn → R such that ψ is upper bounded on E(T ).
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