Wavelets and Linear Algebra 10(2) (2023) 19- 27

Wavelets and Linear Algebra e

Li r Algebra

http://wala.vru.ac.ir

Vali-e-Asr University

of Rafsanjan

Localization Operators on Sobolev Spaces

Fatemeh Esmaeelzadeh®*

“Department of Mathematics, Bojnourd Branch, Islamic Azad University,
Bojnourd, Iran.

ARTICLE INFO ABSTRACT
Article history: In this paper, we discuss some generalizations coming from
Received 2 August 2022 wavelet transform on Sobolev spaces. In particular, we intro-
Accepted 29 October 2023 duce the bounded localization operators on Sobolev spaces which
Available online 22 November are related to multi-dimensional wavelet transform on Sobolev
2023 spaces. Moreover, we propose the localization operators on
Communicated by Ali Akbar Sobolev spaces are in p-Schatten class and they are compact.
Arefijamaal Finally, we give the boundedness and compactness of localiza-
tion operators on Sobolev spaces with two admissible wavelets.
Keywords: © (2023) Wavelets and Linear Algebra

Sobolev space,
Admissible wavelet,
Localization operator,
P-Schatten class,
Compact operator.

2010 MSC:
43A15, 43A85.

1. Introduction and preliminaries

Wavelet analysis is a universal tool with a very rich mathematical content and great potential
for applications in various scientific fields. The localization operators were introduced and studied
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by Daubechies [3, 4]. This class of operators occurs in various branches of applied and pure
mathematics and has been studied by many authors. Localization operators are recognized as an
important new mathematical tool and have found many applications to the theory of differential
equations, quantum mechanics, time-frequency analysis, signal processing (see [9, 5]). The multi-
dimensional continuous wavelet transform on Sobolev space has been studied in [7] whereas in
this paper, we give a systematic study of localization operators on Sobolev space which related to
the multi-dimensional continuous wavelet transform.

The space of infinity differentiable functions on R” denoted by C*(R") accompanied by uniform
convergence on compact sets of functional sequences and all their derivatives. Let C.°(R") be the
space of infinitely differentiable function on R” with compact support. A tempered distribution
is a continuous linear functional on Schwartz spaces S. We recall that S is a Fréchet space with
topology defined by the norm:

Blliva) = Suprers(1 + XN P(x),

for multi-index @ and N € N. The space of tempered distributions is denoted by &’. This space is
identified with the set of distributions that extend continuously from C;° to S. A locally integrable
function is said to be tempered if it is tempered as a distribution. Note that every compactly sup-
ported distribution is tempered (for more details see [6].)

For the reader’s convenience, we review the definition of Sobolev spaces and mention some prop-
erties of them. Suppose that k € N and let H; be the space of all f € L*(R") whose distribution
derivatives 0% f are L?>-functions, for multi index @ with || < k. It has been shown that H; is a
Hilbert space with the inner product

<fem= Y [ @ po@s s

la|<k

for f,g € Hy. It is more convenient to use an equivalent inner product defined in terms of the
Fourier transform. One can check that f € H, if and only if (1 + |£1)"2f € L*(R") and that the
norms f — (X« 10°f13)"* and f +— [I(1 + |€*)*2f]l, are equivalent. The latter norm makes
sense for any k € IR, the definition of Hj can be extended to all real k. Furthermore, for any
s € R, the function & — (1 + |£%)*? is in C*(R") and slowly increasing, so the map J, defined by
Jof = (1 +1€P)*2f)" is a continuous linear operator on &', in which f is the Fourier transform of
f and fV is the inversion of the Fourier transform. Note that J, is isomorphism, since J;! = J_;.
Now, for any real s, by H(IR") we denote the Sobolev space and define as:

H,(R") = {f € 8'1J,f € L*(R")}.
The inner product and norm on H(R") are given as:
<figm= | (A+ERfEOREE.
and
R 1/2
Al = [fﬂ(l + Iflz)“'lf(f)lzdf] :

The following properties of Sobolev spaces are simple consequences of the definitions:
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i (i) The Fourier transform is a unitary isomorphism from H(R") to L*(R", ;) where du(¢) =
(1 + |£?)*dé. In particular H(R") is a Hilbert space.

it (ii) Schwartz space S is a dense subspace of H(R") for all s € R.
iii (iii) J, is a unitary isomorphism from H to H,_, for all 5,7 € R.

iv (iv) Ho = L* and |l = Il (see [6, 8]).

2. Main results

In this section, the multi-dimensional wavelet transform on Sobolev space H (R") is intro-
duced. It is shown that the multi-dimensional wavelet transform of Sobolev space H,(R") into
Ho (R" x R} x $"7") is an isometry, for arbitrary real s. Also, the boundedness localization oper-
ators regarding this transform on Sobolev space are obtained.

Multi-dimensional wavelets may be derived from the similitude group of R"(n > 1) denoted by
SIM(n) = R" x (Rj x § O(n)), consisting of dilations, rotations and translations. This group has
the following natural action on a n-dimensional signal

foar(x) = [x(b,a, R)f1(x) = a™" f(a™'R™!(x — b)), 2.1

for all (b,a,R) € SIM(n). In [1, Theorem 14.2.1], it has been shown that the operator defined in
(2.1) is a unitary irreducible representation of S IM(n) in L*>(R"). Also, this representation is square
integrable. A vector 0 # ¢ € L*(R") is called admissible if < .z, ¥ >12n) i in L*(SIM(n)).
Moreover, one can check a vector € L*(R") is admissible if and only if, it satisfies

d"k
|kl"

cy = 2n)" Ay f WP == < oo, 2.2
Rn

where A,_| = HZ;% % is the volume of S O(n—1). The admissible vector ¢ is called an admissi-
ble wavelet if ||| = 1. The continuous wavelet transform corresponding to the wavelet ¢ € L*(R")

is defined as
Wy f(b,a,R) = ;' <Wpap. f >, (2.3)

forall f € L>(R"). Note that if the wavelet i is axially symmetric i.e. S O(n—1)—invariant, then one
can replace everywhere S O(n) by SSO?X)I) ~ §"~!, the unit sphere in R”. The rotation R becomes
R = R(w),w € SO(n - 1), and continuous wavelet transform leads to W, f(b, a, w) € L*(X, dv),

in which

_ SIM(n)
- SO(n-1)
and dv = a‘,ffl dwdb, is S IM(n)—invariant measure for X (for more details see [1]).

In the following, we assume that iy € L*(R") is an admissible wavelet and integrable. The multi-
dimensional continuous wavelet transform defined on the similitude group S 1M (n) as:

=R" x (Rf x $"™,

Wy fb,a,@) = ¢, < Ypam f >, (2.4)
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where f € L*(R") and WUbaw,Cy are as in (2.1) and (2.2), respectively. We now prove that for
feH(R"), W, fisin Lz((]Rar x S ,Hldw) H,(R™)) in which,

d
LR % §™, S5 dw), Hy(R")) =
an

{f € Hy(R"), G,

RSXS" 1

}.

To this end, let ¢ € L?>(R") be an admissible wavelet. For f € H(R") we have,
Wl//f(b’ a, 7D') = 0;1/2 < wb,a,w,f >

= ¢, f Wb aw(X) f(X)dx
= c;l/z fn a‘”ﬂt//(a_lw_l(x—b))?(x)dx

= ¢, f D_oLo(b — x) f(x)dx

= ¢, 2(D_oLoy * (D).
And then

Wy f(.a, @) &) = ¢, (D_Loyy * [ ()

= DL O]
= a6,

‘/%w(a‘lx) and Loy(x) := y(w 'x) are dilation and rotation

in which the operators D, ¥(x) :=
operators, respectively. So we have

(Wyf(.a, @) (€)= c,'a" (- —awé)[(©). (2.5)

Moreover, in [7], we have shown that, for an admissible and integrable wavelet ¢ € L*(R"), the
continuous wavelet transform, W, f is in L2((R6r x §n-1 4 “adw), H(R")), for f € H(R"). You can
see more details of the following proposition in [Proposition2.4, [7]].

Proposition 2.1. Let ¢ € L*(R") be admissible and integrable. For f € H(R"), the continuous
wavelet transform, Wy f is in L*(R} x $"~!, 44 dez), H(R")).

Note that the inner product and the norm on LZ((RBr x §n-1, 4 T Ldw), H(R")) are denoted by
<<,>>and |||, ||| defined as following:

a+!

d
<< Q07 ’70 >>= f < SD(’ a’ w)a w(’ a’ w) >S %dw’
RExsn-! a
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and
da

ligll = f et a. @I}~ dw.,
R+><S;1]

rdw), H*(R")).

for ¢,y in L* (R x §"!, 4

antl

The inversion formula for the wavelet transform on the Sobolev spaces is given as follows. For an
admissible and integrable vector ¢ € L*>(R"), we have

1 —_ — d
— 1+ Iflz)sf(f)g(f)lw(afw)lza,fl dw)de

Cy JSIM™n)

<< Wy f,Wyg >>

: U -~ . ==d
= f f awé)P(1 + 1) FE7E) s dm)de
C(p n RJrXS”*l a

wor
- — d
(f T

< f,8>s

in which, f, g € H,(R"). As an important consequence of the inversion formula is that, the contin-
uous multi-dimensional wavelet transform is an isometry from H (R") into Hy,(R" X R} x § n=hy,

Corollary 2.2. The multi-dimensional continuous wavelet transform is an isometry from Hy(R")
into Hy ((R" x R x S™=Y. In particular, Wy U= 11115

Proposition 2.3 (Proposition2.7, [7]). Let ¢,y € L*(R") be two admissible wavelets. For f,g €
H,(R"), we have,

c
<< W,f, Wyg >>= - f.8 >y
CoCy

in which ¢,y = [, |90(§)||l//(§)||§|n

In the sequel, we extend the localization operators related to continuous wavelet transform
which defined on L*(R") to Sobolev space H,(R") and we study their boundary properties and com-
paction. For admissible wavelet i in L*(R"), a class of bounded linear operators Tyr: L*(R") —
L?(R") has been studied in [4] for all F € LP(R" x R"),1 < p < oo. The localization operators
T, r are defined by

<Tyrf. g >=<F.W,f,W,g >,

for f,g € L>(R"). In this direction, some results for localization operators associated with the
representations of locally compact group G and Hilbert space H can be found in [9]. It has been
shown that for F € LP(G), 1 < p < oo, the operator T, ¢ is bounded and

1
1Ty rll < (—)”"IIFllp-
Cy
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Moreover, the localization operator Ty, r is in p-Schatten class S, and
4
1
ITy.Flls, < (=)"PIFIl,,
Cy

for 1 < p < co. The constant % can be improved to # and obtain a lower bound for the norm
ITy.Flls, of localization operator Ty r : L*(R") — L*(R"), i.e

1
ITy.rlls, < (IF|]:.
Cy

Now, let  be an admissible wavelet and F € LP(SIM(n)),1 < p < oco. The localization op-
erator T,%F on Sobolev spaces is given through T¢,,F = J_TyrJ, in which J, J_ are unitary
isomorphisms J; : H; — Hy and J_s : Hy — Hj, respectively. Therefore, we can introduce the
localization operator on Sobolev space as follows:

< Tl//,pf,g >S = < ]STlp,Ff, J;g >
= <TyrJsf,Jsg >
1

d
- F(b, a, ZD') < wb,a,zm Jsf > < Jsg’ lr//b,a,w >2 db%dw
Cy Jsimm) a

In the following proposition we show that the localization operator Tw,F : H(R") —» H(R") is
bounded.

Proposition 2.4. Assume that ¥ is an admissible wavelet and F € LP(SIM(n)). Then Tw’p on
H(R") is a bounded linear operator and

- 1
1Ty rflls < (C_)l/p”F”p“f”s-
v

Proof. Consider ¢ is an admissible wavelet and T, is the localization opeator on L*(R"). For
f € Hy(R"), we have

ITyrfl = WTur)flh
= W Tyrdfl
= TyrJsfll
< Ty A
< T AL
< ) IF AL

¥

Therefore, the linear operator Tw, r: H(R") —» H(R") is bounded. O
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Proposition 2.5. Let  be an admissible wavelet and F € L'(SIM(n)). Then Tw’p : H(R") —
H,R isinS"' and

N 4
Ty Fllst < —IIFIl;.
Cy

Proof. Let {¢;} be an orthonormal basis for H(IR"). Then we have

o0
Ty rlls = D)< Tyrdwee>s
k=1

= Z < J Ty rers Jsor >2
=1

= > <JI Tyl Jopi
k=1

= Z < Ty rJspi, Jspx >
=1

= [Ty Flls:

4
—IIFl;.
Cy

IA

]

Remark 2.6. Since J, is an unitary isometry, so Jp; is an orthonormal basis for Hy = L?. More-
over, by interpolation theorem, for F' € LP(SIM(n)), 1 < p < oo, we have

5 4
Ty Fllsr < (—)””IIFllp-
Cy

That is T, r is in Schatten P-class.

Theorem 2.7. Let F € LP(SIM(n)), 1 < p < co. Then the localization operator Tl/,’p : H(R") —
H(R") is compact.

Proof. Since the localization operator T, on L*(R") is compact and J; is unitary isomorphism,
so T r is a compact operator. ]

It turns out that it is possible and indeed natural to consider more general localization operators
TF,¢,¢ on Sobolev space H(R") associated with the functions F in LP(SIM(n)), 1 < p < oo and
two admissible wavelets ¢, . We follow Wong in [9], suppose ¢, ¥ are two admissible wavelets,
T, 1s the Daubecheis operator on L*(R™). Then, we define the two-wavelet localization operator
TF,cp,l// on Hs(Rn) by

<Trpufr8>s = <TrpydsfsJsg >
1 da

- F(b, a, w) < l/’b,a,w’ Jsf >< Jsg, ‘pb,a,w > db
Cy.p JSIM(n)

dw,
an+l
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in which ¢,y = [, ROV g

Proposition 2.8. Let F be a symbol in L'(SIM(n)) and ¢ € L*(R"),y € L' (R"). Then Ty, :
H,(R") — H(R") is a bounded linear operator and

I kgl < Nl 1IF

Proof. Let ¢, be two admissible wavelets. For f, g € H (R") we have,

| < TF,(p,xﬁf’g > | = | < TF,ga,{//Jsf’ Jsg >2 |
< l@llcoller 1 LF s f 11211 sl
< lelleoll e l1f sl s-

Therefore,
T Fpull < ll@llcollll IE 1]

O
Proposition 2.9. Let F € LY(SIM(n)),¢ € LP(R") and € LiI(R"), where q is the conjugate of
p, for 1 < p < oo. Then the localization operator TF,S‘,J/, : Hy,(R") — H,(R") is a bounded linear

operator and we have
ITFgull < ll@llpllllgl 1L - (2.6)

Proof. Letp € LP(R"),y € LY(R") . For f, g € H(R") we have,

| < TF,cp,lpf’g > | = | < TF,t,o,stf’ Jsg >2 |
< llollp g lgl E s fll 11581l
< llellpllllglE LAl

Therefore,
T Epull < ll@llpllerllgl 11

]

Theorem 2.10. Let F be in L'(SIM(n)) and ¢, € L*(R") N L'(R"). Then the bounded linear
operator T, on Hy(R") is compact.

Proof. Let {f,}>>, be a sequence of functions in H(R") such that f, — 0 weakly in H(R") as
n — oo. Since J, is unitary isomorphism, so J;f, — 0 weakly in L*(R™). Then TreyJsfn — 0.
Therefore, Trf, — 0. Thus the proof is complete. [
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