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1. Introduction

Duffin and Schaeffer introduced the concept of discrete frames in Hilbert spaces in 1952 to
study some deep problems in nonharmonic Fourier series [11]. These frames were reintroduced
and developed in 1986 by Daubechies et al. [9], and became more popular from then on. A
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sequence {f;}e; in a Hilbert space H is called a frame for H if there exist constants A, B > 0 such
that for all f € H,
AlFIE < Y KA P < BIAIR. (1.1)
jeJ

{fj}jes is called a Bessel sequence if the right hand side of (1.1) holds for all f € H.

A particular example of a frame is an orthonormal basis for H or, more generally, any isomor-
phic image of an orthonormal basis, i.e., a Riesz basis ([7, 15]). We say that a sequence {f}} je; is
a Riesz basis for the Hilbert space H if span{f}jc; = H (i.e., {f;}jes is complete in H), and there
exist constants A, B > 0 such that for any finite scalar sequence {c;},

aSr < Sesff <5 Tkt

Continuous frame as a generalization of frame was proposed by G. Kaiser [17] and indepen-
dently by Ali, Antoine and Gazeau [2] (see also [5], [13] ). In mathematical physics these frames
are referred to as coherent states [1]. The work done by Rahimi et.al in [21], gives us a more
routine study on continuous frames. Also, Gabardo and Han in [13], have provided some basic
properties of continuous frames and they have introduced a kind of continuous frame which pos-
sesses only one dual, called Riesz-type frame. For more details about continuos frames, the reader
can refer to [3, 8, 12, 18, 19].

Throughout this paper, H is a complex Hilbert space, J is a countable set, (€2, i) is a o--finite
measure space with positive measure u, B(H) is the set of all bounded linear operators on H. If
K € B(H) then N(K) and R(K) are the kernel and the range of the operator K, respectively. L*(Q)
represents an infinite-dimentional Hilbert space consisting of all measurable functions ¢ : Q — C
such that

1/2
lellz = ( f lp(w)Pdp(w)) < oo,
Q
In this space, the inner product is defined by
(o)1 = f (W (w)dp(w),
Q

for all ¢,y € L*(Q). Also, we denote by L*(Q, H) the set of all mappings F : Q — 7 such that
for all f € H, the function w — (f, F(w)) defined almost everywhere on Q, belongs to L*(Q).

A mapping F : Q — H is called a continuous frame (or a c-frame) for H, if F is weakly
measurable, i.e., for all f € H, w — (f, F(w)) is a measurable function on Q, and there exist
constants A, B > 0 such that

AllfIP < LI(f,F(w)>I2d#(w) < BIfIP, feH. (1.2)

If the right hand inequality of (1.2) holds for all f € H then we say that F : Q — H is a
c-Bessel mapping. We say that F is a tight c-frame, if there exists a constant A > 0 such that

, Kfs Fw))Pdu(w) = AllfIP for all f € H.
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Definition 1.1. [4] A c-Bessel mapping F € L*(Q, H) is said to be L2-independent if
f P(w)F(w)du(w) =0,
o

for ¢ € L*(Q), implies that ¢ = 0 almost everywhere.
Proposition 1.2. ([21] Theorem 2.6 and Proposition 2.7). A weakly measurable function F : Q —
H is a c-Bessel mapping for H if and only if Tr : L*(Q) — H weakly defined by

(Tre,hy = fQ (W) F (), Hydu(w), heH, (13)

is well-defined, linear and bounded operator. In this case, its adjoint is given by
T H — LXQ), (Tih)(w) = (h, F(w)), we Q. (1.4)

The operator T is called the pre-frame operator or synthesis operator and T}. is called the anal-
ysis operator of F.

If F is a c-Bessel mapping for H, then the operator Sz : H — H defined by Sy = TpT is a
bounded operator. We call S  the frame operator of F. Thus,

(Spf,g>=f<f,F(w)><F(w),g>dM(w), f,g€H. (1.5)
Q

The concept of continuous Riesz basis (or c-Riesz basis) was introduced by Arefijamaal et al.,
in [4]. A c-Bessel mapping F : Q — H is called u-complete if

{ fg $(w)F(w)du(w); ¢ € L(Q))

is dense in H. It is proved in [4] that a mapping F' : Q — H is c-Bessel if and only if for all
feH, fg If, F(w))Pdu(w) < co. A mapping F € L*(Q, H) is called a c-Riesz basis for H with
respect to (Q, w) if F is u-complete and there are two positive constants A and B such that

1/2

a( [ worduw)” <] [ stredue] <5 [ i)

for every ¢ € L?(Q) and for any measurable subset Q; of Q with u(€) < co. The constants A and
B are called the c-Riesz basis bounds.

L. Gavruta in [14] introduced a frame with respect to a bounded linear operator K in a Hilbert
space H to study the atomic decomposition systems. These frames are known as K-frames. For
K € B(H), a sequence {f;};c; in a Hilbert space H is called a K-frame for H, if there exist
constants A, B > 0 such that for each f € H,

AIK*FIP < ) K £)P < BIFIP.

jeJ
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Some properties of K-frames have been studied in [26].

Y. Huang and D. Hua [16], introduced the concept of K-Riesz basis in Hilbert spaces (see also
[27]). A sequence {f}je; in H is called R(K)-complete, if

(feH: (f.fy=0,jeltcREK) =NK").

A sequence {f;} je; is a K-Riesz basis for H, if it is R(K)-complete and there exist constants A, B >
0 such that for all finite scalar sequence {c,},

aSer <[ Serff <5 e

Rahimlou, et al., introduced the concept of continuous K-frame (or cK-frame) in [22], and they
studied some properties of it in [23].

Definition 1.3. [22] Let K € B(H) and F : Q — H be weakly measurable. Then the map F is
called a cK-frame for H, if there exist constants A, B > 0 such that for each h € H,

AIIK™hI? < L Kk, F(w))Pdu(w) < BllAIP.
A cK-frame F is called a tight cK-frame, whenever there exists A > 0 such that for every h € H,
fg Kk, F(w))Pdu(w) = AIK*RIP,
and it is called a Parseval cK-frame, whenever for every i € H,
fgl(h, F(w)Pdu(w) = KA.

Lemma 1.4. [22] Let F : Q — H be weakly measurable, and K € B(H). Then the following
assertions are equivalent:

(i) F is a cK-frame for H;

(ii) F is a c-Bessel mapping for H and there exists G € B(H, L*>(Q)) such that

Kh = fG(h)(w)F(a))d,u(a)), heH. (1.6)
Q

Note 1.5. Since a cK-frame F is a c-Bessel mapping for H, the operators Tr, Ty and S r can be
defined for F. If F is a Parseval cK-frame then S p = KK*.

Lemma 1.6. [7] Let H, and H, be Hilbert spaces and suppose that U : H, — H, is a bounded
operator with closed range R(U). Then there exists a bounded operator U' : H, — H, for which

UU'f=f, feRU).

We call UT the pseudo-inverse of the operator U.
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Theorem 1.7. [22] Let K € B(H) and F : Q — H be a cK-frame for H with bounds A, B. If K
is closed range then S ¢ is invertible on R(K) and for each h € R(K),

B7AIP < A(SF k)™ by < ATIKTPIAIR,
where K' is the pseudo-inverse of K.

Definition 1.8. [22] Let K € B(H) and let F : Q — H and G : Q — H be c-Bessel mappings for
H. We say that G is a cK-dual of F, if for all h, g € ‘H,

(Kh,g) = fg (h, G(w)F(w), g)dp(w).

Definition 1.9. [20] A function F : Q — 9 is called Bochner measurable if there exists a se-
quence of simple functions {F,} > such that lim, . ||F, — F|| = 0, u-almost everywhere. A

Bochner measurable function F' : Q — H is called Bochner integrable if there exists a sequence
of integrable simple functions {F,} , such that

,}LTOLIIFn(w)—F(w)IIdM(w)=0-

In this case, we have
f F(w)du(w) = lim f F,(w)du(w),
E n—oo JE
where E is a countable set.

Proposition 1.10. [22] Let K € B(H) be closed range, and F : Q — H be a cK-frame for H
and Bochner integrable. Then 11 = K*(Sr |ri) ™' 7s priin F is a cK-dual of nriyF with bounds
B! and A7Y|K|||IKT|?, respectively, where A and B are cK-frame bounds for F. 11 is called the
standard cK-dual of gk F.

What follows have been used in the rest of this paper, in which H; and H, are Hilbert spaces
and B(H;, H>) is the set of all bounded linear operators from H; to H,.

Definition 1.11. [6] We say that T' € B(H,, H>) is left-invertible (or, respectively, right-invertible)
if there exists a bounded linear operator G : H, — H; such that

GT =1y, (or TG = Iy,).
We say that such an operator G is a bounded linear left (or right) inverse of T'.

Proposition 1.12. [6] For T € B(H,, H>) the following assertions are equivalent:
(i) T is injective and R(T) is closed in H,.
(ii) T is left-invertible.

Lemma 1.13. [10] Let T, € B(H,,H) and T, € B(H,, H). The following statements are equiva-
lent:

() R(Ty) € R(T>);

@) T Ty < /lszTé‘, for some A > 0; and,

(iii) there exists a bounded operator Ty € B(H,, H,) such that T, = T,Ts.
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Remark 1.14. In Lemma 1.13,i1f T # 0, then 1 > 0.
Lemma 1.15. [25] Let T € B(H,, H,), then

R(T)" = N(T"), R(T*)" = N(T), R(T) = N(T")*, R(T*) = N(T)".
2. Some properties of cK-frames

In this section, the results shown in [26] for K-frames, are extended to continuous case or
cK-frames. Also, inspired by results provided in [13], we show similar consequences for cK-
frames. Moreover, we give a necessary and sufficient condition for a mapping F to be a cK-frame.
Throughout this section, the orthogonal projection of H onto a closed subspace V C H is denoted
by y.

Lemma 2.1. Let K € B(H) and F be a tight c-frame for H with bound A. Then KF and K*F are
tight cK-frame and tight cK*-frame for H with bound A, respectively.

Proof. For all f € H, we have

fg Kf, KF()Pdp(w) = AIK" fIP,

and

fg Kf, K*F(w)Pdu(w) = AIKfIP.
U

Theorem 2.2. [23] Let F : Q — H be a c-frame for H and K € B(H). Then KF : Q — Hisa
cK-frame for H.

In the following, we provide a trivial example of a cK-frame and a non-trivial example of a
Parseval cK-frame.

Example 2.3. From Corollary 8.1.4 in [7], for every 0 # g € L*(R), the family {E,T,g}.scr is a
c-frame for L?(R) with respect to Q = R? and the Lebesgue measure dbda. Let K € B(L*(R)),
then by Theorem 2.2, {KE,T,8},.cr 18 a cK-frame for L*(R).

Example 2.4. Consider H = R? with the standard basis {e;, e,}, where e; = (1,0) and e, = (0, 1).
Put Np: = {(x,y) € R : x> +y*> < 1}andlet N; = {(x,y) € R* : x> +y*> < 1, x > 0} and
N, = {(x,y) € R? : x> +y* < 1, x < 0} be partitions of Ng:. Let Q = Ng. and A be the Lebesgue
measure. Define F : Nz — R? such that

1
VA(N})

1
VA(N,)

ey, U)EN],

F(w) =

e, W EN,.
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It is easy to check that F is a Parseval c-frame for R? with respect to (N2, A). Define K : R?> — R?
by
Kf ={f.enes+{f,exei,

thus,
K'f ={f,ex)ei +(f,er)e.

Now, for all f € H we have

IK*fIIP = I, e2)er + (f er)eal?

1 1

=2 ) 2 1 ) 2
(NDIKS /l(Nl)el>| + AN S A(N2)€2>|
1 2 1 2
= , dAa , dA
N I<f /l(Nl)el>| (w) + N I<f /l(N2)62>| (w)

_ f (f, F@)PdAw).
Np2

R

This shows that F is a Parseval cK-frame for R2.

Proposition 2.5. Let T € B(H) and F be a cK-frame for H with bounds A and B. Then TF is a
cTK-frame for ‘H.

Proof. We have
fQKf, TF(w))du(w) = LI(T*f,F(w»Izd#(w) < BITIPAfIP, feH.
Also,
A||(TK)*f||2:A||K*T*f||2<LKT*f,F(w))Pd#(w):LKf»TF(w)de#(w)-

So, TF is a cTK-frame for H with bounds A and B||T|>. ]

Proposition 2.6. Suppose that F : Q — H is a cK-frame for H with respect to (Q,u). If F : Q —
H is L*-independent, then the mapping G € B(H, L*(Q)) satisfying (1.6) is unique.

Proof. Assume that there exists D € B(H, L*>(Q)) such that

Kh = fD(h)(w)F(a))d,u(w), heH.
Q

Then we have

f(G(h) — D(h))(w)F(w)du(w) =0, heH.
Q

Since F is L*-independent, G(h) — D(h) = 0 almost everywhere. Since h € H is arbitary, so we
get G = D. Hence the mapping G € B(H, L*(Q)) satisfying (1.6) is unique. U
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Theorems 2.7 and 2.9 are similar to Proposition 2.6 and corollary 2.7 in [13].

Theorem 2.7. Let {e;};c; be an orthonormal basis for H and let K € B(H) be an invertible
operator. Then the following are equivalent:

(i) F is a Parseval cK-frame for ‘H,

(ii) there exists an orthonormal set {;} in L*(Q) having the property that Y, jes W HW)P < oo for
a.e. w € Q such that F(w) = Y. ;c; ¥ j(w)Ke; holds for a.e. w € Q.

Proof. Assume that F is a Parseval cK-frame for ‘H. Let T be the analysis operator for F' defined
by (1.4), and write ¢; = ¢;, where ¢; = Tr(K')*e;. For all i, j € J, by Note 1.5 we have

W) = (i d;) = (Tp(K)er, TR(K™ ") e;y = (TrTp(K ™) e, (K "e;)
= (K 'Sr(K e e))
=(K'KK*(K')*e;, ;)

= e, €j>-

Therefore, {i/} e, 1s an orthonormal set. Also, we have

D)l = 1@ = Y (TiHK e

jeJ jeJ jeJ

= > KF(@), (K™ e))P

jeJ

= > KK 'F(w), e’

jeJ
= |K™ F(w)IP
< KPIF (@) < oo,

and

Dl = ) giwe; = Y (THK ) e)(we;

jeJ jeJ jeJ

= Y (K yej, Fw)e,

jeJ

= Z(K_IF(w), eje;

jeJ
= K'F(w).

So, F(w) = 2jes ¥ j(w)Ke;.
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Conversly if (ii) holds then for any f € H, we have

[ wrF@Pduer = [ (1.3 vk due = [ |2 Ke ()| duw)

jeJ
ISk
jeJ

= > KK frepP

jeJ
= K" f1P.
Ol

Corollary 2.8. Theorem 2.7 holds also for a unitary operator K € B(H). It is enough to put
(pj = T;Kej

Theorem 2.9. Let 0 # K € B(H) be an invertible operator. Then the following are equivalent:

(i) F is a cK-frame for H;

(i) F(w) = Xjes¥j(w)Ke; for some orthonormal basis {e}jc; of ‘H and some family {{};e; in
L*(Q) with the properties that {Wj}jes is a Riesz basis for span{ys;}jc; and that ) i, |1//j(a))|2 < o
fora.e. w € Q.

(iii) F(w) = X jes¥j(w)g; for some K-Riesz basis {g;} e, of H and some family {{ ;} e, in L*(Q)
with the proprties that {{;}jc; is a Riesz basis for spani{ys;}jc; and that i, [y (w)I* < oo for a.e.
w € Q.

Proof. (i) = (ii). Let F be > a cK-frame for H with bounds A and B. Let {e;}c; be an orthonormal
basis for H and put y; = ¢; where ¢; = T5(K~")*e;. Then for any finite scalar sequence {c;} we

have
| ewl =1 Z el =X =

CJ(K 1)*8])H2

2
= fQ ' c—j(K—l)*ej,F(w))‘ du(w)

_ fg '(F(w),Zc—j(K—l)*ej>|2dy(w).

Since F is a cK-frame, we have

(Yawtye)| < Dew| <8 Yawe

NS}

Then,

Satre)f <) Sewf
<o e

<BIKIP ) lejP.

a2 1ok =4 Sz -
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Therefore, {i/;} je; 1s a Riesz basis for span{y }jc; with bounds A and B||K ~1|2. Moreover, F(w) =

Yjes¥iw)Ke;and ¥ ;s W (w)* < oo forae. w € Q.
(it) = (i). Since {¢/;} je; 1s a Riesz basis for span{y ;} jc;, there exist 0 < A < B < oo such that

AN e <[ Sew| < BSle. teper e P
Then, for all f € H we have
AIKIP =4 Y Kep KPP < | Y e Ko
N < BJEZJ ey K P

jeJ
= BIK" fI < BIKIIIf1F,

and
[ 10 o) = [ kr@). pPduw) = [ (Y ustrke. ) ducw
Q Q Qe
= [| X witonkes | duce
Q jeJ
Sl
jeJ
Therefore,

ANKFIP < | Y e K pous [ = fg (f, F@)Pdu(w) < BIKIPIAIP,
jeJ

so, F is a cK-frame for H with bounds A and B||K]|*.
(it) = (iii). Puty; = ¢TJ where ¢; = T;(K‘l)*ej. According to (i) = (ii), {}es is a Riesz basis
for 'span{y}je; and 3, |zpj(a))|2 < oo forae. we Q. Also, F(w) = ) jc; ¥ (w)g; where g; = Ke;
for all j € J and {g,} e, is a K-Riesz basis for H with bounds |IK~!||"2 and ||K]||, recpectively.
(iii) = (7). {g;}jes is a K-Riesz basis for H, so it is a K-frame ([24]), then there exist C,D > 0
such that

CIK* fIF < Z Kf, ) < DIIfIP.

jeJ

On the other hand, let A, B > 0 be the bounds of Riesz basis {¢/,} ;. Then,

AN e <[ Sew| < BSle. teper e P
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For all f € H, we have

[ 1 F@nPdu) = [ KF@.Pduw) = [[( 3 uswrgs ) duco
jeJ

= [ 3wt pf dute)

jeJ
= H Z(gj»fﬁﬁjuz-
jeJ

Moreover,
2
ACIK fIP < A Y Kesn NP < || D e Hus|, < B ey O < BDISI
jeJ jeJ jeJ
for all f € H. Therefore,

ACIK™ fIP < fgl(f, F(w))’du(w) < BDI|fIP.

Corollary 2.10. Theorem 2.9 also holds for any unitary operator K € B(H).

Proposition 2.11. Let 0 # K € B(H) be an invertible operator and let F(w) = 3 ;c; ¥ j(w)g; in
which (g} je; is a K-frame for H and {{ ;} jc; is an orthonormal set in L*(Q) with the property that
Djes I (w)* < oo, for a.e. w € Q then F is a cK-frame for H.

Proof. For all f € H we have
fgl(f’ Fw)Pdu(w) = LI(F(w),szdﬂ(w)

B L K Z Yi(w)gj, f >‘2dﬂ(w)

jeJ

_ fg | > wiw)g. Hf dutw)

jeJ

= H Z(&J)'/ﬁ”i
jeJ

= > Kei HP.

jeJ

Then there exist A, B > 0 such that

AIIK"fIP < Z Kgj» HIF = LI(f, F(w))Pdu(w) < BIIfIP.

jeJ
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Theorem 2.12. Let 0 # K € B(H) and {y;}ic; be an orthonormal basis for L>(Q) and F : Q — H
be weakly measurable. Then F is a cK-frame for H if and only if there exists a bounded linear
operator ® : L*(Q) — H such that

(6, 0p) = (L FO)L i), xeH, i€l
and R(K) C R(®).

Proof. First, we suppose that F is a cK-frame for . Then, there exist A, B > 0 such that
AlIK* fI? < fl(f, F(w)Pdu(w) < BIIfIF, fe€H. (2.1)
Q
Let the mapping @ : H — L*(Q) be defined by @ f = (f, F(.)), for all f € H. By (2.1), we have

||<Df||§=qu)f(w)lzd,u(w):LI(f,F(w»IZdu(w)éB||f||2, feH.

Hence, @ is a bounded linear operator. Also, by (2.1) we have A||K*f||* < ||®f]]3, for all f € H.
Then, AKK* < ®*®, so by Lemma 1.13, R(K) C R(®), where ® = ®*. Also, for all x € H, we
have

(%, O) = (x, DY) = (Ox,¢) = (6 FO) i), i€ 1.
Conversely, for all f € H and for all i € I we have
(©° o) = £, 00 = ((f, FO) ).
So, @ f = (f, F()), for all f € H. F is a c-Bessel mapping, since

fgl(f, F(w))Pdu(w) = 110" fI? < 118I1.I/17.

Since, R(K) Cc R(®), Lemma 1.13 and Remark 1.14 imply that there exists 4 > 0 such that
KK* < A00*. Then

1 .
LK FIP < 1017 = f (f. F@)Pdu(w), f €.
Q
1
Therefore, F is a cK-frame for 94 with bounds 3 and ||®||%, respectively. ]
3. cK-Riesz bases

In this section, considering the method provided in [4], we introduce the concept of continuous
K-Riesz basis or cK-Riesz bases. We show that every cK-Riesz basis is a cK-frame, but a cK-
frame can not be a cK-Riesz basis unless some certain conditions satisfied. Moreover, we give
the definition of Riesz-type cK-frames and we show that when a Riesz-type cK-frame can be a
cK-Riesz basis.
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Definition 3.1. Let K € B(H) and put M = { fg d(W)F(w)du(w); ¢ € Lz(Q)}. A c-Bessel mapping
F : Q — H is called R(K)-u-complete, if

RK)c M (3.1)

Proposition 3.2. Let F € L*(Q, H). Then the following are equivalent:
(i) F is R(K)-u-complete,
(@0) if f € H so that {f, F(w)) = 0 for almost all w € Q, then f € N(K*).

Proof. (i) = (ii). Assume that f € H and (f, F(w)) = 0, for almost all w € Q. Then
(r fg $()F(w)du(w)) = fg (WX, F(w)du(w) =

for all ¢ € L2(Q). Thus f € M*. By (3.1) we have M* ¢ R(K) and Lemma 1.15 implies that
f e NKY).

(ii)) = (i). Let f € H be such that (f, [, ¢(w)F(w)du(w)) = 0 for all ¢ € L*(Q). Taking
¢ = (f, F())) € L*(Q), we get

= fg $(w)F(W)du(w), f) = fg Kf. F()du(w),
which shows that (f, F(w)) = 0 for almost all w € Q. Hence f € N(K*). Thus,
M* CR(K) .
therefore, R(K) C M. O

Definition 3.3. A mapping F € L*(Q, H) is called a cK-Riesz basis for H with respect to (Q, )
if F is R(K)-u-complete and there are two positive numbers A and B such that

A( [ wrauw)” <[ [ soroae] < s | weraw)” 62

for every ¢ € L*(Q) and for any measurable subset Q; of Q with u(Q;) < co. The integral is taken
in the weak sense and the constants A and B are called cK-Riesz basis bounds.

Remark 3.4. Let F be a cK-Riesz basis for H. Since (Q, u) is o-finite,

A( [ weraue)” < | [ swredue) < 8 [ sord)”

It means that (3.2) holds for whole €.

Theorem 3.5. Let 0 # K € B(H) and {{;}ic; be an orthonormal basis for L*(Q) and F € L*(Q, H).
If F is a cK-Riesz basis for H, then there exists a bounded left-invertible operator T'y : L*(Q) — H
such that

6 Try = (6 FOYL i), xeH, i€l
and R(K) € R(Tp).
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Proof. Suppose that F € L*(Q,H) is a cK-Riesz basis for H. Then, it is R(K)-u-complete and
there exist A, B > 0 such that for every ¢ € LX(Q),

1/2
fwm%m> wamwmmm ‘ﬂwwww). (3.3)

Define 'z : L*(Q) — H by
IH@=L¢@H@@@)

F € L*(Q,H) implies that F is a c-Bessel mapping, let D be its Bessel bound. Then by (3.3), we
have

ICr@)l = sup KCrp.d = sup th‘¢@»>F<aoaama»,hﬂ
heH ||h|=1 heH ||h|l=1 Q

172 12
<sw(fwm%mn(ﬂmmwww)
heH Jlhl=1 -~ Ja Q

< D¢l
Then, I'r is well-defined and bounded. Also, (3.3) implies that

Allgll, <IITE@)Il < Bllglh, ¢ € LA(). (3.4

By (3.4) we conclude that 'z is injective and R(I'r) is a closed subspace of H. Therefore, by
Proposition 1.5, I'r is left-invertible. We have

I H > LHQ), Trf)w) = (f, Fw)). (3.5)

Now, if f € H and I'.(f) = 0, then (f, F(w)) = 0, for all w € Q. Thus by Proposition 3.2,
f € N(K*). It means that N(I';,) € N(K*), so N(K*)* ¢ NI";)*. By Lemma 1.13, R(K) C R(K) C
R(Tr) = R(Tr). Moreover, for all x € H and for all i € I we have

(mm»m:Lmﬂwmwww:@menwwm%ume

[]

Proposition 3.6. Let 0 # K € B(H). If F € L>(Q,H) is a cK-Riesz basis for H, then it is a
cK-frame for H.

Proof. Let F € L*(Q, H) be a cK-Riesz basis for H, then it is a c-Bessel mapping with bound D
and by Theorem 3.5, there exists a bounded left-invertible operator I'y € B(L*(Q), H) such that
R(K) C RT'p) and T f = (f, F(-)). By Lemma 1.13, there exists 4 > 0 such that KK* < /IZFFF*
Then,

IK*fII? < 2ITRAIP = IS, FOMP ﬂzfl(f F(w))Pdu(w), feH.

1
Therefore, F is a cK-frame for { with bounds = and D. O
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Theorem 3.7. Let F : Q — H be a cK-frame for H with respect to (Q, i). Then F is a cK-Riesz
basis for H if and only if R(Tr) is closed and F is L*-independent.

Proof. Firstlet F : Q — H be a cK-Riesz basis for H with respect to (Q, i), then it is R(K)-u-
complete and there exist A, B > 0 such that for every ¢ € L*(Q),

A( [ werdu)” <| [ soredae] <8 [ porae)”. 6o

Let ¢ € L*(Q) and fg d(w)F(w)du(w) = 0, then by (3.6), ¢ = 0 almost everywhere. Thus, F is
L*-independent. Also from (3.6) we have

Allgll: < ITr(PI < Bligllz,

so we conclude that R(7Tr) is closed.
Conversely, let R(Tr) be closed and F be Lz—independent. Since F is a cK-frame, then there exist
A, B > 0 such that for all f € H,

AIIK™ fIP < fl(f, F(w))Pdu(w) < BIIfIP.
Q

Thus if (f, F(w)) = 0 for almost all w € Q, then A||K*f||*> = 0, so f € N(K*). Therefore, F is
R(K)-u-complete. Also, for all ¢ € L*(Q) we have

| [ v = su | | v@rF @i f)

< swp ([ |¢(w)<F(w),f>Idu(w))

<|i}”1p1 f |¢(w)|2d,u(w) f </, F(w)>|2d/1(w))

<5 [ olduce)

Since F is L*-independent, N(Tr) = {0} and since R(Tr) is closed, by Proposition 1.12, there
exists a bounded operator (Tf);' : H — L*(Q) such that for any ¢ € L*(Q), (Tr);'Tr(¢) = ¢.
Then

2 2 1 2 12 2 112 2
fg B(@)Pdu() = I9IE = (o)} T < TR IPITH@IF = 107 1P| fQ B(@) F(@)dp(w)

b

for all ¢ € L*(Q). Thus
o 17 ( [ ordue)” < | [ stor@due). oc v

Therefore, F is a cK-Riesz basis with bounds ||(TF);'||™! and B'/2, respectively. O
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Definition 3.8. Let K € B(H) be closed range. We say that F' : Q — H is a Riesz-type cK-frame,
if gk F has only one dual.

Theorem 3.9. Let K € B(H) be closed range and F be a cK-frame and Bochner integrable. Then
F is a Riesz-type cK-frame if and only if R(T <K>F) = L*(Q).

Proof. Let II be the standard cK-dual of g F' and assume that R(T;R(K) P * L*(Q). We can then
choose h € (R(T;R(K) )" such that ||4]] = 1. Define D(w) = h(w)h for each w € Q. Then, for each
f € L*(Q), we have

fg (. D(@))Pdu(w) = fg F PIR@)Rdu(@) = 1K WP < IfIP

Thus D is c-Bessel. Let V : L?(Q) — H be a bounded linear operator such that Vi # 0. For all
f € H, we have

L Kf, VD(w))Pdu(w) = fg KV* f, D(w))Pdu(w) < IVIPIAP,
so VD is a c-Bessel mapping as well. By Proposition 1.10,
fQ (f, M(w) + VD(w))Pdpu(w) < 2 fg K, T (w))Pdp(w) + 2 fg Kf, VD(w))Pdu(w)
< 2A7NKIPIKTIPIAR + 20VIPIAPR, f € H,
hence, IT + VD is a c-Bessel mapping. Note that for each x € H,
(x, VD(w)) = (V*x, D(w)) = (V*x, hyh(w).

Since h 1s orthogonal to R(T;R(K) ), it follows that

f (x, VD()X7trix) F (W), y)dp(w) = (V*x, h) f hw){mro F(w), yYdu(w)
Q Q

= (V" (e F (), ), h)
= 0’

for all x,y € H. Thus , for all x,y € H we have
fg . Tw) + VD(@)) gy F (@), y)du(w) = fg . TH@)) g F (@), Y)dja()
+ L(X, VD(w)Xmr F(w), y)ydu(w)

= f(x, (W) X7 F(w), yYdu(w)
Q

= (Kx,y).
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Therefore IT + VD is a dual of ng) F' which is different from the standard dual. Then F is not a
Riesz-type cK-frame.

Conversely, assume that g k) F' admits two different duals G| and G, and consider G3 = G| -G, #
0. Then, for all x,y € H,

f(X, G3(w)><7TR(K)F(w),)’>d/J(w) = f(x, Gi(w) - Gz(w)><7TR(K)F(w)a)7>dﬂ(w) =0.
Q Q

Thus R(T¢,,) L R(T, . r): which implies that (R(T,,, Nt #0,50R(T

Ri

oF) LX(Q). O

Theorem 3.10. Let K € B(H) be closed range and let F : Q — H be a cK-frame and Bochner
intagrable. Then ngx)F is a cK-Riesz basis if and only if it has only one dual.

Proof. Let mgpi F be a cK-Riesz basis and F; and F, are duals of ng)F. Then for all f,g € H
we have

fg;(f’ Fi(w) = Fy(w))}mri F(w), g)du(w) = 0,

then
A( [ 11 51@ = Fropfdu@) " < | [ 0. Fiw) = Fx@ma Pt =0,

which shows that, for all f € H
(f, Fi(w)) = {f, Fo(w)) (u — almost all w € Q).

Hence F| = F>.
For the converse, let F be a Riesz-type cK-frame. If ¢ € L?(Q) be such that

L d(w)mr)F(w)du(w) = 0,

thus for all & € H,
f (W) TRk F(w), hydu(w) = 0.
Q

Then by Theorem 3.9,
¢ € (R(TL, )" = (0).

Hence ¢ = 0 almost everywhere and mg(x)F is Lz—independent. Also, by Theorem 3.9, R(T;R(K) 7)

is closed, then R(T 7, r) is closed. Now Theorem 3.7 implies that gk F' is a cK-Riesz basis. [
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