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1. Introduction

Let G be a locally compact group and H and K be closed subgroups of G. The double coset
space of G by H and K respectively, is

K\G/H ={KxH; x € G},

which introduced by Liu in [13].

When K is trivial, a double coset K\G/H changes to a homogeneous space G/H. The existence
of quasi-invariant measures on homogeneous spaces G/H (with merely measurable rho-functions)
was first proved by Mackey [15] under the assumption that G is second countable. Bruhat [3]
and Loomis [14] showed how to obtain strongly quasi-invariant measures with no countability hy-
potheses. This work is extended in a special case in [6]. Also, the existence of a homomorphism
rho-function causes the existence of a relatively invariant measure on G/H is in [16]. One may
refer to [16, 8, 1,9, 10, 11] to find more informations about homogeneous space G/H.

When K = H, a double coset space K\G/H changes to a hypergroup in which the homogeneous
space G/H is a semi hypergroup [12]. It is worthwhile to note that the hypergroup plays important
role in physics.

In this paper, we construct an N-strongly quasi-invariant measure on K\G/H when H and K
are closed subgroups, not necessarily compact. Also we investigate when K is a normal closed
subgroup of G then K\G/H possesses a G-strongly quasi-invariant measure. In addition, when H
is trivial we show the existence of an N-strongly quasi-invariant measure on the right cosets of K
in G.

It is worth mentioning that in [7] the conditions for the existence of N-relatively invariant mea-
sures and N-invariant measures are investigated.

Some preliminaries and notations about coset space K\G/H and related measures on it are stated
in Section. 2.

In Section. 3, we construct a rho-function for the triple (K, G, H) and introduce an N-strongly
quasi-invariant measure which arises from this rho-function.

In particular, we obtain in Section. 4., conditions under which an N-strongly quasi-invariant mea-
sure arises from a rho-function.

2. Notations and preliminaries

Let G be a locally compact Hausdorff group and let H and K be closed subgroups of G.
Throughout this paper, we denote the left Haar measures on G, H and K respectively, by dx,
dh, dk, and their modular functions by Ag, Ay and Ak, respectively. If S is a locally compact
Hausdorff space, a (left) action of G on § is a continuous map (x, s) — xs from G X § to § such
that (i) s — xs is a homeomorphism of S for each x € G, and (ii) x(ys) = (xy)s for all x,y € G
and s € S. A space S equipped with an action of G is called a G-space. A G-space S is called
transitive if for every s,¢ € § there exists x € G such that xs = .

The standard examples of transitive G-spaces are the quotient spaces G/H (where H is a closed
subgroup of G), equipped with the quotient topology on which G acts by left multiplication. We
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shall use the term homogeneous space to mean a transitive space S that is isomorphic to a quotient
space G/H. In homogeneous space G/H, if u is a positive Radon measure on G/H, Borel set E
is called negligible with respect to u, if u(E) = 0. Let u, denote its transfer by x € G, that is
U (E) = u(x - E) for any Borel set E C G/H. u is called strongly quasi invariant if there is a
positive continuous function A on G X G/H such that du,(yH) = A(x, yH)du(yH), for all x,y € G.
A rho-function for the pair (G, H) is defined to be a positive locally integrable function p on G
which satisfies
An(h)

PO = 5y

It is known that for each pair (G, H) there is a strictly positive rho-function which constructs a
strongly quasi-invariant measure y on G/H such that

po(x), (xeG, heH).

fG J(x)p(x)dx = f f f(xh)dhdu(xH), (2.1
& JH

for all f € C.(G), the space of all continuous functions on G with compact supports.

And conversely, each strongly quasi-invariant measure on G/H arises from a rho-function which
satisfies (2.1) for a rho-function p, and all such measures are strongly equivalent. That is to say,
all strongly quasi-invariant measures on G/H have the same negligible sets (see [8, 16]).

The notion of double coset space is a natural generalization of that of coset space arising by two
subgroups, simultaneously. Recall that if K\G/H is a double coset space of G by H and K, then
elements of K\G/H are given by {KxH; x € G}.

The canonical mapping of which, is ¢ : G — K\G/H, defined by ¢(x) = KxH, which is abbre-
viated by ¥, and which is surjective. The double coset space K\G/H equipped with the quotient
topology, which is the largest topology, that makes g continuous. In this topology ¢ is also an open
mapping and proper—that is for each compact set F* C K\G/H there is a compact set E C G with
q(E) = F. Based on the above mentioned case, K\G/H is a locally compact and Hausdorff space.
Let N be the normalizer of K in G, 1i.e.,

N ={ge€G; gK=Kg}.
Then, there is a naturally defined mapping
¢: NxK\G/H - K\G/H

given by
¢(n,q(x)) := KnxH.
It can be verified that ¢ is a well-defined, continuous, transitive action of N on K\G/H. Consider-

ing K\G/H with this transitive action, we now denote ¢(n, g(x)) by n - g(x).
We define the mapping Q from C.(G) to C.(K\G/H) by

qmmm:ffﬂwam.
K JH

It is evident that Q is a well-defined continuous linear map, as well as supp(Q(f)) C q(supp (f)).
In the following, the properties of this mapping is investigated. However, we first recall that the
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definition of I/N-group and verification of a property of it is used in the sequel.

A locally compact group G is called an /N-group if there is a compact unit neighbourhood U in G
which is invariant under inner automorphism, that is, for any x € G, xUx™! = U. It is known that
the IN-groups are unimodular.

Lemma 2.1. If K is also an IN-group, then fo(k)dk = fo(nkn‘l)dk, forall f € C.(K) and
neN.

Proof. Letforne N, 4, : C.(K) — C be given by

Af) = f Flnkn™"ydk.
K

Then for every t € K, we have

(L f) = f L f(nkn™")dk = f f(tnkn™"Ydk = f f(nkn™")dk.
K K K

This shows that A, is left invariant, so it induced a left Haar measure A,, on K. Therefore, there
1s ¢ > 0 such that

f FONAAK) = ¢ f Pk,
K K

Since K is an IN-group, then there is a compact unit neighbourhood U in K such that xUx™! = U
for all x € K. Thus, |n~'Un| < |U| for each n € N, where |U| denotes the measure of U. Therefore,
we can write

lc = 1|U] = iUl - U]

,(U) = U|| = [nUn”"| - |U||
<|v1-1ul| =o.

This implies that ¢ = 1. []
Lemma 2.2. For any compact set F C K\G/H there exists f € C(G) such that Qf = 1onF.

Proof. Let E be a compact neighbourhood of F' in K\G/H. Then there exists a compact set F'; in
G such that g(F;) = E. Choose g € C/(G) such that g > 0 on F; and using the Urysohn’s Lemma,

there is ¢ € C.(K\G/H) with supp(p) C E and ¢ = 1 on F. Now, set f = (QSD;)‘f)qg. Since Qg > 0

on supp(¢), then f € Cc(G) and supp(f) € supp(g). Also Q(f) = Qo q- Gi=2) = ¢~ Qgk,) =
®. O

Note that for f € C.(G) and y € G, we consider L, f(x) = f (y"'x) and R, f(x) = f(xy), and for
eachn € N and F € C.(K\G/H), we define L,F(¥) = F((n"'x)") and R, f(¥) = F((xn)").

Lemma 2.3. Given the notation at the beginning of the section, the map Q : C.(G) — C.(K\G/H)
has the following properties .
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(i) Q(C(G)) = C(K\G/H)

(ii) If K is also an IN-group, then for eachn € N
Q(Lnf) = LnQ(f)» f € C(G).

Proof. For (i) suppose that F € C.(K\G/H). Since ¢ is proper, then there is a compact subset
D C G such that g(D) = supp (F). Let f € C.(G) be such that f(d) > O for all d € D. Consider
the function f; defined on G by

fi(x) = ey it 0(N(g(x) # 0
0 it Q(N)g) =0

Since Q(f)(g(x)) > 0 for x € g~'((supp (F))), and F(g(x)) = 0, for x € G \ ¢”'(supp (F)), which
is an open subset in G, f; € C.(G) and Q(f)) = F.
Finally, for (ii) according to Lemma 2.1, we may state that

O(L,f)(KxH) = f f f(nk™ xh)dhdk
K JH

= f f f(nk ' n~'nxh)dkdh
H JK

= f f f(k™ ' nxh)dkdh
H JK

= L, Q(f)(KxH).
[]

Next theorem gives a necessary and sufficient condition for the existence of a positive Radon
measure on K\G/H.

Theorem 2.4. If u is a positive Radon measure on K\G/H, then positive Radon measure fi on G
is defined by

f J0di(x) = f O(H)(F)du(x), (22)
G K\G/H
satisfying
f flexh™)dfi(x) = Ag(k)Ay(h) f J()df(x). (2.3)
G G

Conversely, if a positive Radon measure fi on G has the property (2.3), then the equation (2.2)
defines a positive Radon measure it on K\G/H.
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Proof. Suppose that y is a positive Radon measure on K\G/H, then ji defined by (2.2) is clearly a
positive Radon measure on G. Also, for each hy € H, ky € K, f € C.(G), we have

f fkoxhy"Ydji(x) = f f f Lt o Ryt f(k™" xh)dhdkdji(x)
G K\G/H JK JH
= f f f fkok™ xhhy " Ydhdkdu(x)
K\G/H JK JH

= An(ho)Ag (ko) Q(H)(F)du(x)

K\G/H
= Ap(ho)Ak (ko) L Jdp(x).
Conversely, suppose that the positive Radon measure fi on G has the property 2.3, then take
p: C(K\G/H) = (0, +00),
by
u(@) = [ fedn

Now we show that u is well-defined, let f € C.(G) such that Q(f) = 0. According to Lemma 2.2,
there is g in C.(G) such that Q(g) = 1 on Q(supp (f)). By using the Fubini’s Theorem, we have

fG fxdii = fG J(®)0(g(q(x))dp(x)

= f f(x) f f g(k™' xh)dhdkdji(x)
G K JH

= f f f fkxh™)g()A (k) A (h)df(x)dhdk
KJH JG

= f g(x) f f F(k" xh)dkdhdfi(x)
G H JK

= fG 8O g(x))dp(x) = 0.

It is easy to check that u is a positive linear functional, therefore it induces a positive Radon
measure u on K\G/H such that,

fﬂmwmif 0N Ddu(H.
G K\G/H

[]

Corollary 2.5. Considering the assumptions of Theorem 2.4, there is a correspondence between
the positive Radon measure fi on G and p on the double coset space G/[H, such that

fG f()di(x) = Q(f)(X)du(x)

G//H
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and

fG f(hxh™")dfi(x) = fG JSdp(x)
forall f € C.(G).

3. The existence of N-strongly quasi invariant measure

In this section, we refine and generalize the concept of strongly quasi invariant measure on
double coset spaces. Moreover, we investigate the existence of N-strongly quasi-invariant measure
on these spaces. We start our work with the following definitions.

Definition 3.1. Let G be a locally compact group and H and K be closed subgroups of it.

For a positive Radon measure u on K\G/H, assume that y, is its transfer by n € N, that is,
wn(E) = u(n - E), for any Borel set E € K\G/H. p is called

N-strongly quasi invariant if there is a continuous positive function 4 on N X K\G/H such that
forall n € N, du,(y) = A(n, y)du(y) (y € K\G/H). We call such A the modular function of u.

Remark 3.2. Note that if K is normal in G, then the N-strongly quasi-invariant measure y is the
G-strongly quasi invariant on K\G/H and if K = {e}, u is the strongly quasi invariant measure on
G/H.

Definition 3.3. Suppose that G is a locally compact group and H and K are closed subgroups of
G. A rho-function for the triple (K, G, H) is a non-negative locally integrable function p on G,

which satisfies Ax(K)Ag(h)
— —xK\WWAHR)
o(kxh) = A p(x).

In the following, it is shown that for every triple (K, G, H) there exists a rho-function and an
N-strongly quasi-invariant measure on K\G/H, which arises from this rho-function. For this, first
it is shown that for each f € C.(G) there exists a tho-function p for the triple (K, G, H).

Proposition 3.4. Suppose that G is a locally compact group and H and K are closed subgroups
of G. Then for each f € C.(G) there exists a continuous rho-function py on G.

Proof. For each f € C.(G), take

3 Ac(h) .
pr(x) = fK fH Aoy« hdhdk.

It is clear that p is a well-defined positive linear map and according to Fubini’s formula we have

Ag(h) f f Ag(h) -1
k™' xh)dhdk = k™" xh)dkdh
fz(f Antacn’ € Aaagn’ €

Ac(h)
—— fk'xh)dk x h
fm A(dg ey (KXt h).
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First, we show that p is uniformly continuous. Suppose that V' is a compact unit neighbourhood
in G. Since f € C.(G), for given & > 0 there is a symmetric neighbourhood U of e such that U C V
and foreach y € Ux, |f(x) — f(V)| < &.

Take M =V - supp(f)- V. If x € G\KMH, then f(k~'xh) = f(k™'yh) =0forallk € Kand h € H,
and if x € KMH, there is kg € K and hy € H such that kalxho € M. If y € Ux, then we have two
cases:

(1) If k™ 'ky'y € supp(f), then k™'k;'x € M. Therefore, k™' € MhoM™" N K. Also, if k”'k;'x €
supp (f), then k™! € MhoM™' N K.

(2) If yhoh € supp (f), then h € M‘lkalM N H. Also, if xhoh € supp (f) € M, then h €
M‘lkaan H.
Now put L = Ly X L,, where L; = MhoM™' N K and L, = M~'k;'M N H. The set L is
compact in K X H and if (k, h) ¢ L we have

Fk kg xhoh) = f(k™ kg yhoh) = 0

Hence, according to the above mentioned, we can write

AG() -1 _ -1
o) = pyy)] < f f o xh) = 0 ybdhdk

= AG(h/h) -1.777\ _ —1,,7,/
_ffAH(h'h)AK(k—l)lf(k xh'h) — f(k " yh'h)|dhdk

Ag('h) o L

KU xhhy — FCK T R R

ffAH(h’h)AK((k'k) A xhh) = f( yh'h)|
Al

k'K k' h) = F(kUK yh h)|dhdk
i fL et — o)

<d-dhxk)(L)-e

where (4, k') denotes ﬁﬁ(k’) and d is max{6(h’, k"), (W', k') € L}.

Next, if k; € K and h; € H are arbitrary, we have

Ac(h
p(kixhy) = f f AH(h)GA(sz 1)f(k‘1k1xh1h)dhdk

= f f Aghy'h) F(k Ky xh)dhdk
k Ji Au(h ALK

_ Ag(h) Ag(h) .
- AG(hl)ffAH(h)AK(k_lk—l)f(k xh)dkdh

_ Au(h)Ak(k) f f 86D __ et sydndk
T Asth) Ap(M)Ag (k- 1)f( o
Ag(h)

p7(x).

This proves py is a rho-function. O]
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In the next proposition, we will prove that for the triple (K, G, H) there is a positive continuous
rho-function whose support is G. But first we need the following technical Lemma.

Lemma 3.5. Let U be a symmetric unit neighbourhood of G with compact closure and N be the
normalizer of K in G. If Uy = U N N is taken, there exists a subset A of G with the following
properties:

(i) Forevery x € G, we have KxH (\ Uya # @, for some a € A.
(ii) If M is a compact subset of G, then {a € A; KMH (\ Uya # @} is finite.

Proof. Let A={A C G; foralla # bin A,a ¢ KUybH}. According to Zorn’s Lemma, A has a
maximal element, say A. We claim that A satisfies (i) and (ii).

(1) If x € A the claim is clear. If x € G\ A where such that KxH (| Uya = &, for all a € A, then
we could add x to A and make A strictly larger. So (i) holds for A.

(i) Let M be a compact subset of G and Ay, = {a € A; KMH N Uya + J}.
For every a € Ay, KMH N Uya # @ implies KaH N UyM # < and conversely.
Pick x, € KaHNUyM. If Ay, is infinite, then {x,;a € A)} would have a cluster point x, say,
in the compact set Uy M.
Let V be a unit neighbourhood such that VV~! € U. Then, by choosing Vy = V N N, we
have VNV;,l C Uy. Since the x, is a cluster at x, there exist distinct a,b € Ay such that
X4, Xp € Vyx. This implies that x,x;' € VyVy! € Uy. But x, € KaH and x, € KbH, so
x, € KUybH which forces a € KUybH, in contradiction to A € ‘A. So, Ay, is finite and (i)
1S met.

]

Next we use Lemma 3.5 and Proposition 3.4 to give a rho-function for each triple (K, G, H)
mentioned above, which is strictly positive on G.

Proposition 3.6. With the above notation, there exists a rho-function p for the triple (K, G, H),
which is continuous and everywhere strictly positive on G.

Proof. Choose f € C!(G) such that f(e) > 0 and f(x) = f(xYHforallx € G. Put U = {x €
G; f(x) > 0}, by choosing Uy = U N N and according to Lemma 3.5 there is subset A of G with
properties (i) and (ii) which are mentioned in this Lemma.

Let for every y € A, f(x) = f(xy™) for x € G. By using Proposition 3.4, we can define a
continuous rho-function py by

_ Ag(h) -1 -1
pfy(x)—LL—AH(h)AK(k_l)f(k xhy™")dhdk.

Now, by using the fact that pp(x) = 0 if x ¢ KUyyH and applying the Proposition 3.4, for any
compact subset M of G, we have py as being zero on M for all but finitely many y € A. Thus
P = Xyea Py s @ continuous function on G. Also, it is evident that p is a rho-function.

According to Lemma 3.5 (i), for each x € G, there is y € A such that fY(kxh) > O for some k € K
and h € H. Therefore, py(x) > 0 and hence p(x) > 0. O
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Next, we use Proposition 3.4 to construct a positive measure on K\G/H.

Theorem 3.7. Let p be a rho-function for the triple (K, G, H). Then there exists a positive Radon
measure y, on K\G/H such that

f Q(f)(X)du,(¥) = f f(p(x)dx
K\G/H G

forall f € C.(G).

Proof. By applying Proposition 3.6, for each triple (K, G, H) we can get a rho-function p. Take
the linear functional 1, on C.(K\G/H) by

1,(0(f)) = fG Fp)da.

By using Lemma 2.2, there exists g € C.(G) such that Q(g)(X) = 1 on supp(Q(f)). That is,
[ |5, 8™ xh))dhdk = 1 for all x € Supp f therefore we can write

fG Jp(x)dx = fG F(0p(x)Q(g)(¥)dx

= f f f F()p(x)g(k™ xh)dxdhdk
KJH JG

= f f f Flkxh™ YA Ag(k)p(x)g(x)dhdkdx
GJKJH

= f g(x)p(x)( f f Fk xhydhdk)dx.
G KJH

Now if Q(f) = 0, then fG fx)p(x)dx = 0. Therefore, 1, is a well-defined positive linear functional
on C.(K\G/H). We conclude that there exists a positive Radon measure u, on K\G/H such that

f O(f)(X)du, (%) = f Fo)p(x)dx.
G

]

We add the IN-group condition for closed subgroup K of G in Theorem 3.7 to achive our
result.

Theorem 3.8. Suppose also that K is an IN-group. Given any rho-function p for the triple
(K, G, H), there is an N-strongly quasi-invariant measure yu, on K\G/H such that

f JWpOdy = f QN 3dp,(3)
G K\G/H

= [ [ s smdndidu )
K\G/H JKk JH



Fahimian, Kamyabi Gol, Esmaeelzadeh/ Wavelets and Linear Algebra 9(1) (2022) 67- 84 77

Proof. By applying Theorem 3.7, we can get a unique measure u, on K\G/H, which satisfies the
following:

f SFOpdy = f f f [ yhydhdkdp, (5).
G K\G/H JKk JH

M, 18 an N-strongly quasi invariant. Indeed, let
A: N x K\G/Hx —> (0, +o0)

by

_ p(ny)
)
By using the fact that K is an /N-group, one can prove that A is well-defined. The continuity of
rho-function p results in the fact that A is also continuous. Moreover, for each n € N, we have

An, y)

(3.1)

f 0 )i (5) = f 0L f)F)da(y)
K\G/H K\G/H
_ fG Lf0)p()dy
- f O(f.A(n, ), 5).
K\G/H

Therefore,
du,(y)

)
duyy Y

O

Remark 3.9. According to Theorem 3.8, if K is also normal in G, then K\G/H has a G- strongly
quasi-invariant measure.

In the following proposition we list some properties of p,,.
Proposition 3.10. Let p be a rho-function for the triple (K, G, H).

(i). If Ais a closed subset of K\G/H such that p(n) = 0, for alln € N\ qg”'(A), then Supp(u,) C
A.

(ii). For eachn € N, L,p is also a rho-function for the triple (K, G, H) and ur,p = (4,)p1

(iii). Suppose that K is an IN-group, then if f € CI(G) and take p = py, therefore for any
a € C.(K\G/H)

| et = [ ataeoprear
K\G/H G
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Proof. The proof of (i) and (ii) are straightforward. For each @ € C.(K\G/H), there is ¢ € C.(G)
such that Q(¢) = a. Therefore, we have

f a(X)dp,(X) = f O(p)(¥)dp,(X)
K\G/H

K\G/H

= f @(x)p(x)dx
G

Ach) .
= k™ xh)dhdkd
b&mﬁﬁmﬁ(“ !

= f f @k xh) f(x)d(h X k)dx
G JHXK

= f £ f (k™ xh)d(h x k))dx
G HxK

- [ rmotraenx

This proves (iii). [

4. rho-function and N-strongly quasi-invariant measure

Suppose that G is a locally compact group, H and K are closed subgroups of G and N is the
normalizer group of K in G. Also, suppose that w is a left Haar measure on N with the modular
function Ay. In this section, we want to consider under which conditions an N-strongly quasi-
invariant measure on K\G/H arises from a rho-function.

First, we recall that if X is a locally compact Hausdorf space and y is a positive Radon measure on
X, then subset B is called locally negligible, if for each compact subset M of X, u(B N M) = 0.

Remark 4.1. In [2] has been shown that N is not locally negligible if and only if N is open subgroup
of G.

Lemma 4.2. If N is an open subgroup of G then each f € C.(N) may be regarded as a function in
C.(G)and Q : CC(G)|C w is surjective on B = {F € C.(K\G/H), supp (F) C g(N)}.

Proof. Suppose N is open and f € C.(N). So f : N — C is continuous and supp (f) € N. Now

we define,
_Jf(x) xeN
filx) = {0 XN

Then f1|1v = f is continuous. Also f1|NC = 0. So fl‘l({O}) = G\N and since N is open then G\N
is closed. Therefore, f1| e 18 continuous and supp (f1) = supp (f) € N € G is compact. Thus,

fieC(G)and fi, = f.
Now suppose F' € B. Since supp (F) C g(N), then we may suppose that f has support contained
in N. It follows that there exists f; in C.(G) such that F = Q(f). O

Our main result in this section is as follows:
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Theorem 4.3. Suppose also that K is an IN-group, N is not locally negligible, and H C N. Then

every N-strongly quasi-invariant measure u on K\G/H arises from a rho-function. That is, there
is a rho-function p : G — (0, +00), such that

f fff(k_lxh)dhdkd,u()'é) = ff(x)p(x)dxfor all f € C.(N), “4.1)
K\G/H JK JH G

and all such measures are N-strongly equivalent. That is to say that they have the same negligible
sets on g(N).

Proof. Suppose that u is an N-strongly quasi-invariant measure on K\G/H, then there is a positive
continuous function A on N X (K\G/H), such that (du,/du)(¥) = A(x, ¥). It is easy to check that

A(niny, p) = A(ny, nap)A(ny, p).

According to Remark 4.1, N is an open subgroup of G. Therefore, by applying Lemma 4.2,
each function in C.(N) may be regarded as a function in C.(G). Also, Range Q| .0 is {F €

C.(K\G/H); supp (F) € q(N)}. The mapping f +— fK\G/H O )KnH)A(n, KH) 'du(KnH) is a
left invariant positive linear functional on C.(N). Indeed;

f Q(L,, f)(KnH)A(n, KH) ™ du(KnH)
K\G/H
- f L, Q(f)(KnH)A(n, KH)" du(KnH)
K\G/H
- f O(f)Km™'nH)A(n, KH)™ ' du(KnH)
K\G/H
= f Q(f ) KnH)A(mn, KH)™" dp,,(KnH)
K\G/H
= f O(f)KnH)A(m, KnH) ' A(n, KH)™' A(m, KnH)du(KnH)
K\G/H
= f O(f)(KnH)A(n, KH) ' du(KnH).
K\G/H
By uniqueness of Haar measure on N, there is ¢ > 0 such that

f O(f)(KnH)A(n, KH)_ld,u(KnH) =c f f(x)dw(x). 4.2)
K\G/H

N

Let p; : N — (0, +00) be given by p;(n) = cA(n, KH). By replacing f by f - A(n, KH) in (4.2), we

see that
f f f f(k_lnh)dhdk: f f(m)p(n)dn 4.3)
K\G/H JK JH N



Fahimian, Kamyabi Gol, Esmaeelzadeh/ Wavelets and Linear Algebra 9(1) (2022) 67- 84 80

Now p; can be extended on G by the following definition:

p:G — (0,400)
o [P xeN
PP xene

then p is a positive continuous function on G. Moreover, if hy € H and ky € K, then by using
H C N, we can write

f F(x)p(koxho)dx = f JF()p(koxhy)dw(x)
G N

} f S (ks xh5 (o) Ay (g deo()
G

= f f f f kg k" xhhyYdkdhdu()
K\G/H JH JK

= Ag(hy") f f f F (k™" xh) A (ho)Ag (ko) dhdkdp(5)
K\G/H JK JH

= Ag(hy" ) Au(ho) Ak (ko) f Fp(x)dw(x)
G

_ Ak (ko)An(ho)
A (hg)

This being for all f € C.(N), p(konho) = 22802 &) ) When x ¢ N, the equality p(koxhy) =

Ag(ho)
Wp(x) is trivial. This proves that p is a rho-function.

Suppose that y; and u, are N-strongly quasi-invariant measures on K\G/H associated with rho-
function p; and p; on G, respectively. Then, we have

f S(0p(x)dw(x).
N

Ap(h)Ag (k)
piknh)  “aem P pi(n)

patkni) — SuDB) ) )~ pa()

foralln € N.
Take ¢ : K\G/H — [0, +00) by

bW f v e N

KxH) = p2(x) ,
# ) {0 ifx¢ N

clearly ¢ is well-defined and continuous.
Let f € C.(G). Then we can write

p1 _ pi1(k”'nh)
o(f pz)(KnH)—fff(k nh) = h)dhdk

_ @ f f £ nh)dhdk,
p2(n) Jx Ju
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foralln € N.
Therefore, we have

f QN idp (i) = f fm)pi(n)dn
K\G/H N

= [ g0yt
N p2(n)

= f O(N)i)e(it)dus(it).
K\G/H

Hence, % (it) = (i) for all ii € K\G/H.
Now, if A C g(N) is a negligible set with respect to u;, then we have

0= f La(0)dp (%) = f La()p()dpa (%)
K\G/H K\G/H

Therefore, G/H 14(3)p(X)dur(¥) = 0. By using the fact that for each n € N we can get ¢(ii) > 0

we have \GIH 14(X)dur (%) = 0, so up(A) = 0.
Therefore, the negligible sets of g(N) with respect to u; are the same as the negligible sets, with
respect to u,, and we are done. ]

Corollary 4.4. Let G be a semidirect product of K and H, respectively. Double coset space
K\G/H possesses a strongly quasi-invariant measure.

Corollary 4.5. If K < G, then each strongly quasi-invariant measure on K\G/H arises from a
rho-function. In other words, there exists a rho-function p on G such that

f fff(k_lxh)dhdkdu()'c’):ff(x)p(x)dx forall f € C(G)
K\G/H Jk JH G

Proof. It is sufficient to apply Theorem 4.3 and to note the fact that N = G U

Proposition 4.6. If u is an N-strongly quasi-invariant measure on K\G/H which arises from a
rho-function, then supp (u) = K\G/H.

Proof. Suppose that u is an N-strongly quasi-invariant measure on K\G/H which arises from a
rho-function p. Therefore, we can write

f f f £ xhydhdkdu(x) = f f(x)p(x)dx forall f € C(G).
K\G/H JK JH G

Now if supp (u) # K\G/H, then there is a non-empty open subset U of K\G/H such that u(U) =
0. By applying Urysohn’s Lemma, there is a non-zero F' € C.(K\G/H) such that supp (F) C U.
Also, there is a non-zero f € C.(G) such that Q(f) = F. So,

0= f F()dpu(i) = f 0 (D)du(x)
K\G/H K\G/H

= f f f f(k~ ' xh)dhdkdu(x)
K\G/H VK JH

= f Fp(x)dx >0
G
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which is a contradiction. Therefore, supp (1) = K\G/H. L

Proposition 4.7. Let N be open in G, and u be any N-strongly quasi-invariant measure on K\G/H
which arises from a rho-function. Then, for a Borel subset A € K\G/H, A N q(N) is locally
negligible if and only if g~'(A) N N is locally negligible in G.

Proof. Let A € K\G/H be a Borel set such that A N g(N) be locally negligible. By intersecting
A N g(N) with an arbitrary compact subset of K\G/H, we may assume, without loss of generality,
that A N g(N) is relatively compact, that is, A N g(N) is compact.

Let f € C*(G) be such that f # 0. By applying Fubini’s Theorem, we can write

f f}uyummuvwmmWWﬁiff' FO) - Lingn(x - $)du(deo().  (4.4)
K\G/H JN N JK\G/H

Suppose that u(A N g(N)) = 0, then u(x~! - A N g(N)) = 0 for all x € N. Thus, the right hand side
of (4.4) is zero, and so the left hand side. Therefore, we may state that

fo(x)lAﬂq(N)(x -Y)dw(x) =0

for almost all y € K\G/H.

Let C be any compact subset of G such that C N N # & and U a compact unit neighbourhood in
G. Select f € C(G) so that f(x) > 1 forall x e CU™' N N. Since u(q(U N N)) > 0, there exists
y € U N N such that

ff(x) T angwy(x - H)dw(x) = 0.
N
So,

o:mwﬂﬂmmmmmwmm

= ff(xy_l)lq"(A)ﬂN(x)dw(x)-

N
Now, for each x € CU™! N N, we have f(xy™!) > 1 which implies that

f lq*I(A)ﬂNﬁC(x)dw(x) =0.

N

Thus, g~'(A) N N N C is negligible set for any compact set C C G, that is, g~'(A) N N is locally
negligible.
Conversely, suppose that g~'(A) N N is locally negligible. Again, let f € C}(N), and § € g(N) be

arbitrary and from now fixed, since ¢ is onto, choose y € N such that g(y) = . Then, x — f(xy™!)
is continuous with compact support. So,

0= ‘f];f(xy_l)AN(y_l)lq‘l(A)ﬂN(X)dw(x)
:ff(x)lql(A)mN(xy)dw(x)
N

. f FO) Langy(x - g())dw(x).
N
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Then, the left hand side of (4.4) is zero, therefore the right hand side is zero as well. Hence, for
almost all x e N

0= [ 7 Lo (x- D)
K\G/H
= f() - pu(x" - AN g(N)).
Since f # 0, there is x € N so that u(x~! - A N g(N)) = 0 which implies that u(A N g(N)) = 0. [

Theorem 4.8. If K is also an IN-group and p is an N-strongly quasi-invariant measure on K\G/H,
then fi defined by i(f) = fK\ G/H O(f)(Xdu(xX) has the following property:

fG fxh™)da(x) = Ap(h) f; f(x) - An, g(x))dp(x). 4.5)

Proof. Suppose that u is an N-strongly quasi-invariant measure. Therefore, there is the continuous
positive function 4 on N X K\G/H such that du,(X¥) = A(n, X)du(x) for all n € N. Hence, by
applying Theorem 2.4, we have

f flnxh™"dp(x) = f Ly o Ry f(x)dfa(x)
G G
= An(h) fG L, f(x)dfi(x)

= An(h) L1 Q(f)(X)dp(%)

K\G/H

= An(h) O(f)X)A(n, X)dp(X)

K\G/H

= 8 [ (£ A a0

[]

Remark 4.9. Note that if K = {e}, then we conclude that each strongly quasi-invariant measure
on G/H arises from a rho-function and if H = {e}, then K\G (the right cosets of K in G) has N-
strongly quasi-invariant measure by the left action and if N is not locally negligible, this measure
arises from a rho-function.

Remark 4.10. Take K = H. Now if N is not locally negligible, each N-strongly quasi-invariant
measure on G//H arises from a rho-function.
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