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1. Introduction

The norm || - ||, was used by Hagler in [5] to construct a separable Banach space X with
non-separable dual such that /; does not embed in X and every weakly normalized null sequence
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in X has a subsequence equivalent to the canonical basis of ¢y. In paper [1], Bayati considered a
natural preorder on c((/) and defined a norm on cy(I), where [ is assumed to be an infinite set.

The large volume of researches dealing with extreme points makes it apparent that this area
is an important segment of functional analysis. Extreme points have been studied since the early
part of the 19th century. In recent years mathematicians have dealt with extreme points in infinite
dimensional spaces. These studies have led to useful theorems concerning the isometric and iso-
morphic properties of Banach spaces. The study of such properties is one of the most active areas
in functional analysis. In [4], Gerald characterized the extreme points of the unit ball in some well
known Banach spaces, he showed that the set of extreme points of the unit ball of ¢ is empty.

The present study is thus aimed to examine the properties of ¢(/) by difining D-norm on ¢(7)
which is extension of the d—norm. The extreme points of the unit balls of the spaces cy(/) and c(1)
are also specified and, in addition we find some orthogonal vectors in space c([).

Definition 1.1. [1]. Let / be an infinite set (with a discrete topology) the point / € R is called the
limit of f: I — R and is denoted by

lim f(i) = 1,
(or more briefly lim f = [) if for each neighbor V of [/ there exists a finite set /' C I such that
f@) eV foralliel\F.

It can be easily verified that lim f is unique if it exists. The notation of c¢(J) is used for the set
of all functions f : I — R for which lim f exists. We define a norm on c¢(/), where [ is assumed
to be an infinite set, that is equivalent to || - ||. The set of all bounded functions f : I — R is
denote by [*(I), thus c(I) € [*(I). It can be shown that ¢(]) is a Banach space with the norm
I[fllc = sup{|f(i)| : i € I}. The notation cy(I) is used for the set of all functions f : I — R with
lim f = 0. Then cy(/) is a vector space, thus, it is a subspace of c¢(I). We define e : I — R by
e(i) = 1forallielande; : I — R by e;(j) = 6;;, the Kroneckers delta.

For a non-empty subset C of metric space (X, d) the diameter of C is denoted by diam(C) and
defined as diam(C) = sup{d(x,y); x,y € C}.

Also, we put

ci(l)={f €c(I): Al € R and finite set F C I suchthat f(i) =[Viel\ F}.

To simplify notations, diam(f), inf(f) and sup(f) are employed instead of
diam(Im(f)), inf{f (@) : i € I}, sup{f(Q) : i € I}.

Definition 1.2. [2]. Let X be a real Banach space. For any two elements x,y € X, x is said to be
orthogonal to y in the sense of Birkhoff-James, written as x Lp y, if

Il (1< lx + Ayl
forall 4 € R.

Definition 1.3. [4]. Let K be a convex set. Then a point x € K is said to be an extreme point of K
if whenever y,z € K with x = ay + (1 — )z, 0 < @ < 1, then x = y = z. The set of extreme points
of K will be denoted by extK.
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The unit ball of a space X is U(X) :={x € X : [|x]| < 1}.

Lemma 1.4. [4]. Let K be a convex subset of a vector space X and x € K. x ¢ extK if and only if
there exist v,w € K, with x = (%)(V +w)and x #vorx#w

Lemma 1.5. [4]. If x € extU(X), then ||x|| = 1.
Definition 1.6. [1]. The d—norm on c¢((/) is defined as || f]|; := diam(f), for all f € cy(I).

It can be easily verified that the d—norm is a norm on cy(/), if I is an infinite set. Moreover,
since || - llo < Il -l < 2| - ||, two norms || - ||; and || - ||, are equivalent. Also, notice that,

1flla := sup(f) — inf(f).
Example 1.7. Suppose f : [0,1] — R and

1
f(i):{ i if ie{l,i,...},

0 otherwise

then lim f = 0, since for each € > 0, there exists M € N such that € > L ' Consider F =

M
{1, %, cees ﬁ}, then for all i € [0, 1] \ F, we wil have

|f(i)|si<%<e.

Example 1.8. Suppose g : R? — R and

b

otherwise

1 1
.. 1+-+-= i,/)) e NxN
g, j) = { i J o

this function has no limit on R?, since, given m € N, if we put € = — and
m

F={(m,1),(m,2),...},

then F is an infinite set and for each finite set H C R?, R? \ H, contains infinitely many points of

1 1 1
Fand|g@i j)—1||=—-+—->—forall (i, j) € F.
i J m

2. Main results

In this section, some theorems are proposed to represent the properties of members of c([).
The extreme points of the unit balls of the spaces cy(/) and c(I) are also specified. In addition we
find some orthogonal vectors in c¢(/). Throughout this section, consider / as an infinite set (with a
discrete topology) and R as the set of the real numbers.

Theorem 2.1. Suppose f : I — R. Then the limit of f on I exists if and only if for each € > 0
there exists a finite subset F C I such that diamf(I \ F) < e.
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Proof. Let lim f = [, then for each € > 0, there exists a finite subset /' C [ such that for each
i €I\ F, wehave

, €
@D =1 <3, .1)

leti, je I\ F. Thenby (2.1)

€

2

f@ = fDI=1f@O=1+1=-fDI<IfO-U+1f(H-U< §+ =€,
which concludes that diamf(/ \ F') < e. Conversely, suppose for each € > 0, there exists a finite
subset F' C I such that diamf(/ \ F) < €. Clearly, the function f is bounded on /. Let (i,),en €
be an infinite sequence. Then {f(i,)} is a real bounded sequence, so there exists a subsequence of
{f(i,)}neny Which converges to [. Without loss of generality, it can be assumed that lim,,_,, f(i,) = L.
Then for each € > 0, there is N € N such that for all n > N,

1FG) — 1] < g 2.2)

On the other hand for € > 0, there exists a finite subset H C I such that diamf(/ \ H) < 3 then for
i,jel\ H, wehave

£() = ()| < diamf(I\ F) < g 2.3)

For each € > 0, we consider G = H, since G is a finite set, we can choose n > N such that
in € I\ G, then according to inequalities (2.2) and (2.3), for each i € I \ G, we will have

= €.

f@ = U = 1f@) = fGu) + fG) = | < 1f@) = fG)l + 1 f () = 1] S§+

N m

Then lim f = L. O

Theorem 2.2. Suppose f : I — R, then lim f = [ on I if and only if for any infinite subset D of
I, flp has a limit on D and

lig /=t
Proof. Suppose lim f = [, then for each € > 0, there exists a finite subset F' C [ such that for each
iel\F,

lf() -1 <e. 2.4)
Foreache > 0,put G = FN D, then D\ G C I\ F and inequality (2.4) for all i € D \ G. Therefore
lig s =1

Conversely, since for each infinite subset of I there exists a limit and [ is its subset, so it is true for
I O

Example 2.3. Let f : R — R and

1€

f(i)={(1) o
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we have flp = 1 and flg- = 0, so

linf=1 . limf=0

According to the preceding theorem, this function has no limit on R.

Theorem 2.4. lim f = [ if and only if there exists a sequence (i,),en C I, such that lim,_,, f(i,) =1
and f(i) = lforalli eI\ {i,i,...}.

. 1 . .
Proof. Suppose lim f = [. For each n € N, let €, = —, then there exists a finite subset F,, C I such
n

1
that |f(i)) - Il| < —forallie I\ F,. We put F = | J,en F, then
n

1
IfG) -1 < =,Yiel\F,V¥neN,
n

therefore

_ I T
Fly e (Y= 1+ —) =1}

neN

That is, f(i) = [ forall i € I\ F. Since F is a countable set, it can be assumed that F = {i}, i, ...} =
(iy)nen. For each € > 0, there exists N € N such that ﬁ < €. Also, there exists a finite subset Fy C [
such that forall i € I \ Fy, we have

1
-l <+ <e 2.5)

without loss of generality, it can be assumed that Fy = {i1,i5,...,ix}, thus, F\ Fy C I\ Fy.
Inequality (2.5) is established for all i, € F'\ Fy, so for each n > N, we have

[fG) =1 <e

Therefore, lim,_,, f(i,) = [.
Conversely, suppose that there exists a sequence (i,),eny C I such that

lim f(i,) =1,
and f(i) = [foralli € I'\{i}, i5,...}. Then for each € > 0 there exists N € N such that for alln > N,

[fG) =1 <e

Consider F = {i,ip,...} and H = {iy,is,...,ixy}, thenforalli € I\ H, if i € I \ F we will have
f@ =Lso|f(i)—|=0<e¢andifi € F\ H we have n > N then |f(i,) — /| < e. Consequently,
foreachi e I\ H, we have

lf() -1l <e.
So it can be conclude that lim f = [. O
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Lemma 2.5. Iflim f =l and ¢ : | — [ is an injective function. Then, lim f o ¢ = L
Proof. Since lim f = [, for each € > 0, there exists a finite subset F' C I such thatforalli eI\ F,
lf() -1 <e (2.6)
Pick H := ¢ '(F) then H is finite. For all i € I \ H, we have ¢(i) ¢ F, therefore by (2.6),
lf o) =1l =1fle@) - Il <e,
which means that lim f o ¢ = [. [

In the previous lemma, the injective condition is necessary. Because for example if we consider
¢ :[0,1] — [0, 1] and define

. 1
(i) = 1 if 16{1,5,...} ,
I otherwise
and define f : [0,1] — R by
1
f(i):{ i if ie{l,i,...} ,
0 otherwise

then

1
. 1 ifiefl,=,...
fowo={ wietha
otherwise
so, lim f = 0, but lim f o ¢ does not exist.
Theorem 2.6. (c¢(1), || - ||l) is a Banach space.

Proof. Since c(I) C [*(1) it is sufficient to show that c(/) is closed in [*(I). Let (f,)ueny C c(I) be
a sequence converging to f € [*(I). Then for each n € N there exists [, € R such that lim f, = [,.
First, it is shown that (/,,),cxy 1s a Cauchy sequence. Clearly for n,m € N

|l = Ll = [1im f,, = lim | = [Tim(f;, = fi)l < [1fa = finlloo-

Thus, (/,).en 1s a Cauchy sequence, so there exists [ € R such that lim /, = . Then, for each € > 0
there is N, € N such that for all n > N,

€
I, =1 <=. 2.7
=1 < 3 2.7

We show that that lim f = [. For each € > 0 there is N; € N such that for all n > N; we have

|m—ﬂu<§. 2.8)

On the other hand lim f, = [, so for each € > 0 there exists a finite subset F,, C I such that for all
i€l\ F, wehave

Iﬂ@—M<§, 2.9)
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By (2.7), (2.8), and (2.9) it can be shown that for sufficiently large n € Nandie I\ F,
F@ = U< 1f@) = ful + /@) = Ll + 1L, = 1]

€ € €
< -+ -+ =-=k¢,
3 3 3
then, lim f = I. So, ¢(I) is complete with the norm || - ||, and it is a Banach space. O
Definition 2.7. For f € c(I) define ||f]||p = ||f — (Ilim f)e ||; + | lim f| which is called the D-norm

on c(/), such that, e(i) = 1 for all i € I. The D-norm on ¢(/) is an extension of the d—norm on
co(D).
Lemma 2.8. The D-norm is a norm on c(l).
Proof. For each f € c(I), if ||fllp = 0, then ||f — (lim f)e||; + |lim f| = 0, so ||f — (lim f)el|; = 0
and |lim f] = 0. Since f —(lim f)e € co(/) and || - ||; is a norm on c¢y(/), then f = 0. Also, for every
f, g € c(I), we have
If + gllp = I(f + g) — Aim(f + g))ells + [ im(f + g)|

= [|(f — (im f)e) + (g — (lim g)e)ll; + [1im f + lim g|

<|lf = (im f)ell; + [lg — (lim g)e|l; + [1im f] + [lim g|

< Ifllp + ligllp-

Finally, for each r € R and f € c(I), we have ||rfllp = |7lllfllp. Therefore || - ||p is a norm on
c(). O

Theorem 2.9. (c¢(1), || - ||p) is a Banach space.
Proof. For each f € c¢(I), we have f — (lim f)e € co(I) and

- lloo <1 Mla < 21 - lleo,
then
Ilf — (im flello < [If — (dim flells < 2/ f — (lim f)e|.
On the other hand, we have |lim f| < || f||«, therefore,
IAllp = IIf — (dim flelly + [1im f] < 2[|f = (im f)efloo + [ f1leo
< 2[|flleo + 2M|(lim f)elloo + |11l
< 2| flleo + 2 flleo + N 1leo = Sl flco-

Also
Iflle = Ilf — (lim f)e + (lim fell < |If — (lim f)ello + [I(lim f)eflo
<|If = (im f)efl + [1lim f|
= [Ifllp,
thus
Ifllo < 111D < 51 fleo-

Consequently, two norms are equivalent, so ¢(/) is a Banach space. O]
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Lemma 2.10. The space c (1) is dense in c(I) with the D-norm.

Proof. 1t is sufficient to show that c¢;(/) is dense in ¢(/) with respect to the norm || - ||.. Let
f € c(I), then there exists [ € R such that lim f = [. Therefore, for all n € N there exists a finite
subsets F,, such that foralli e I \ F,,

1
lf() =1 < o (2.10)

Define £
. i i€ F,
ﬁl(l) = { l l¢ Fn 1)

then f, € c;(I). We show that ||f, — flle = 0asn — oco. Ifi € I, then,i € F,ori €I\ F,. In the
first case, we have f,(i) = f(i); then, |f,(i) — f(i)] = 0 < €. Secondly, according to (2.10),

1
@D = DI = 1O =l < =, Vi€ I\ F,.

Therefore, .
fn = flleo = sup|fu(@) = f()I < —
iel
That is || f, — fllo — 0 as n — oo, which implies that c(/) is dense in c(I). ]

It can be easily indicated that || ]|, = diam(f) + |lim f], then

1flle < MIfllp < 31 flco-

If f € c(I) define ||f|| = diam(f) + ||f]l, it is easily indicated that || - || is @ norm on ¢(/) and it is
equivalent with the D— norm.

In the following, the extreme points of the unit balls of ¢o(/) and ¢() are determined. Also
some orthogonal vectors are obtained in c([).

Lemma 2.11. For f € co(I) we have f € extU(co(I)) if and only if there exists a non-empty finite
subset F C I such that
f =+ Z e;.

i€eF
Proof. Let f € ext U(co(I)). We claim that there is no i € I such that,
inf(f) < f(i) < sup(f). (2.11)

Suppose there exists iy € I such that inf(f) < f(ip) < sup(f). We put 0 < @ < min{sup(f) —
f(ip), f(ip) —inf(f)} and

N f(io)+6¥ i =1 N f(io)—&’ i =i
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Because g(iy) # h(ip), we have g # h. On the other hand,

inf(f) < f(io) < flio) + a < fio) + sup(f) — f(ip) = sup(f),
and

sup(f) = f(io) = f(io) — a = f(io) + Inf(f) — f(ip) = inf(f).
Then, inf(f) < g(iy) < sup(f) and inf(f) < h(iy) < sup(f). Therefore

1 la = llglla = [1Alla = 1,

and f = %(g + h), that g, h € U(co(1)). This is a contradiction, thus the function f takes at most
two values. This shows that there exists a set F' C [ such that

a ieF

f(i):{ﬁ ieI\F"

We claim that only one of the two sets F or I \ F can be infinite. Suppose F and I \ F are infinite.
Since lim f = 0 then by Theorem (2.2), we have

lim f(i) = @ =0, iilﬂf(l) =B =0,

that is f = 0, which is impossible. Without loss of generality, we assume that F is finite, thus 7\ F
is infinite. Then based on Theorem (2.2) we will have 8 = 0. On the other hand f # 0, then the set
F is non-empty. So the function f will be as follows:

a ieF

f(i):{ 0 iel\F’

Since f € ext U(cy(1)), we have ||f]l; = 1. Consequently || = 1, hence
f ==+ Z é;.
i€eF
Conversely, assume that f = ;. e; for some finite set F C I. Then clearly ||f]l; = 1. Suppose

f=2Xg+h),and
llglla, Al < 1.

In this case, for each i € F, g(i) + h(i) = 2 and foreach i € I\ F, f(i) + g(i) = 0. We claim that for
eachie F, g(i) = h(i) = 1 and foreach i € I \ F, f(i) = g(i) = 0. Suppose there exists iy € F such
that g(ip) > 1 or h(iy) > 1. Considering lim g = 0, we have inf(g) < 0 < sup(g) , then

liglls = sup(g) — inf(g) > g(ip) — 0 > 1.

That is a contradiction. Similarly, for the case h(iy) > 1, a contradiction is obtained. So for each
ieF,
g(@) = h(@) = 1.
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If jo € I\ F, exists such that g(jo) = —h(jo) # 0, now if g(jy) < 0, then

liglla = sup(g) —inf(g) > 1 — g(jo) > 1,

which is a contradiction. In the case of g(jy) > 0, we have A(j;) < 0. Similar to the previous case
it can be shown ||A]|; > 1, so g = h. Consequently f = },.r e; € ext U(co()). Similarly, we deduce
that, f = — > ;cp e € ext U(co(1)). O]

Theorem 2.12. f € ext U(c(l)) if and only if there exists a non-empty finite F C I such that
f==x2icreiorf=ze

Proof. We first show that +e € ext U(c(l)). Suppose g,h € U(c(I)) such that e = %(g + h) and
|1Allp, lIgllp < 1. Therefore, h + g = 2e. We claim that g(i) = h(i) = 1, for each i € I. Assuming
there exists ip € I such that g(iy) > 1 or h(iy) > 1, then we have ||g|lp > ||gllc = g(ip) > 1. That is
a contradiction. Similarly the case where h(iy) > 1, also leads to a contradiction. So, g = & which
concludes that e € ext U(c(I)). Similarly, we deduce that, —e € ext U(c(1)).

If F c Iis finite and f = ) ,.r e;, we show that f € ext U(c(I)). Suppose f = %(g + h), where

g,h € c(l) and ||A||p,|Igllp < 1. Then for all i € F, we get
g() + h(i) =2,

and for each i € I\ F, we conclude g(i) + h(i) = 0. We show that h(i) = g(i) = 1, forall i € F, and
h(i) = g(i) = 0, for all i € I\ F. Otherwise, there exists iy € F such that g(iy) > 1 or h(ip) > 1.
Then ||gllp > |Igll = g(ip) > 1 or ||Allp = ||All = h(ip) > 1. This is a contradiction. Thus for each
i € F, we have

g(i) = h(i) = 1. (2.13)

Now it is enough to show g(i) = h(i) = 0O, for eachi € I\ F. Suppose iy € I\ F, such that
g(ip) = —h(ip) # 0. If g(ip) < 0, then

ligllp = diam(g) + [lim g| > 1 — g(ip) > 1.
If g(ip) > O then ||h]|p > 1 which is a contradiction. Thus, for eachi e I\ F,
g(i) = h(i) = 0. (2.14)

Based on (2.13) and (2.14), we have g = h. So, f = };cr e; € ext U(c(1)), and similarly, we deduce
that — ) ;cp e; € ext U(c(1)).
Conversely, if f € ext U(c(I)). Then as in Lemma (2.11), we see that f takes at most two
values, that is there exists a finite set F' C I and real numbers of «, 8 such that |a| < 1,|8] < 1 and
. a ieF

In the following, it will be demonstrated that eithera = =+l ora = 1, §=0. If 8 =1,
then || fllp = 1 = B — a + B; we conclude, @ = 1. In the same way, 8 = —1 implies that « = —1. In
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the case that @ = +1, we show that either f =0 or 8 = £1. Assuminga = 1 and 0 < S8 < 1, we put
0 < ap < min{l — 83,8} and

N 1 i€F N 1 i€F
g<l)_{,8+ao ie?:‘F’h(l)_{,B—ao e

So,llglp=1-B—-—ap+B+ay=1lhp=1-B+ay+B—-—ay=1,and f = %(g+h), which
is a contradiction. For the case that @ = 1 and § < 0, we have diam(f) = 1 — 8 > 1 which is
a contradiction. Consequently, if « = 1 then 8 = 0 or § = 1. Similarly, it can be shown that if
a=-1thenf=0o0rp=-1.

Now, it suffices to show that if 0 < |@| < 1 and O < || < 1 then f ¢ ext U(c(/)). Suppose
O<B<a<l,and f € ext U(c(])), then we have

L=|lfllp=a-B+8

So, @ = 1, which is a contradiction. let 0 < @ < 8 < 1, and f € ext U(c(I)). Then there exists
neNsuchthate <%t and 1 =||fllp=B-a+B=28-a.So, 28> a + 2B, p = <L Putting

n+l? n

2 : 2 :
a+ —f icF a— -0 icF
. n . n
g() = , h(i) =
n+1 , n-1 .
i¢F Jé] i¢F
n n
n+1 2 n+1 ]
Thus, |igllp = —B-a—-f+ B=28—a=1|hlp =1, and f = 3(g+h), h # g,

which is a contradiction. With a similar argument for state —1 < @ < 0 < 8 < 1, we can show that
féeextUC). If-1<a<B<0,-1<B<a<0or-1<pB<0<a<l,than f ¢ ext U(c(])).
Because if we have f € ext U(c(])), then —f € ext U(c(I)), and by the previous argument, we
come to a contradiction. So we have f = +e or f = + ) ,.r ¢; for non-empty finite F' C 1. ]

Example 2.13. Let / = N. Then, by the previous theorem, and Lemma (2.11), we have e¢; =
©,...,1,0,...) eext U(cy(N)) , e; € ext U(c(N)) and (1, 1, ...) € ext U(c(N)), which ¢(N) = ¢y =
{(xn)nEN : limn—wo Xn = O}

Finally, we identify some orthogonal elements in the Banach space c¢(/). For example if i # j,
then e; is orthogonal to ¢, because ||e;||p = 1 and for every A € R, we have

1 r=1i
(e;+Aej)(r) =1 4 r=j
0 r#ELj

Assuming A > 1, we have |le; + Aej||p = A. Consequently 1 = |le;l|p < |le;+Aejl|p. If 0 < A < 1,then
we have 1 = |lejllp < lle; + Aejllp = 1. Now if 4 < O then inf(e; + de;) = A, which, implies that
I=llellp <1—-2=|le; + 2ejllp.

If there exists i € I sach that min(f) < f(i) < max(f), then f is orthogonal to e;, because for
every r € I and any 4 € R.
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If £(i) + A > max(f), then max(f) < max(f + Ae;) and min(f) = min(f + Ae;), on the other hand,
lim f = lim(f + Ae;),

and hence

fllp < I(f + 2edllp.
If f(i) + A < min(f) then min(f) > min(f + Ae;) and max(f) = max(f + Ae;). Therefore

Ifllp < NI(f + Aedllp.
If min(f) < f(i) + 4 < max(f), since min(f) < f(i) < max(f), we have
max(f) = max(f + Ae;), min(f) = min(f + Ae;)

and consequently

Ifllp = ICf + Aellp.

According to the above relations, the function f is orthogonal to e;. Also the function f is orthog-
onal to the element u in the linear space of

{e; - min(f) < f(@) < max(f)}.

Indeed, if a1, @z, ..., ar € Rand u = ay¢;, + aze;, + -+ - + aie;,. Then foreach A1 € Rand r € 1, we

have 0
r) + Aa, r=i,
(f+MMH:{‘ﬂﬂ e

If there exists i, € I such that f(i, + Ada,) > max(f) or f(i, + Aa,) < min(f), then max(f + Au) >
max(f) or min(f+Au) < min(f). In such cases, it can be similarly shown that min(f) = min(f+Au)
or max(f) = max(f + Au). So in these cases || f||p < ||(f + Aw)||p and so f is orthogonal to u. In the
case of min(f) < f(i,) + da, < max(f), it can be concluded that the function f is orthogonal to u.
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