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1. Introduction

Connes amenable dual Banach algebras were introduced by Runde in [16] and turned out to be
extremely interesting objects of researches. A dual Banach algebra A is called Connes amenable
if every weak”-continuous derivation from A into a normal, dual Banach A-bimodule is inner.
In [19], Runde showed that if the predual A, is injective, then A is Connes amenable. Let E
be a Banach A-bimodule. The collection of all elements of E that module maps from A to E
are weak*-weakly continuous is denoted by owc(E). A owc -virtual diagonal for (A is an element
M € owc((A®A)*)* such that a.M = M.a and a.A,,.M = aforeacha € Athat A : AQA — A is
the multiplication operator. Also in [19], it is shown that a Banach algebra A is Connes amenable
if and only if it has a so-called owc -virtual diagonal. In [3], Daws provided some simplifications
to the notion of injectivity and owc-virtual diagonals.

Recently the authors have introduced the ¢-version of Connes amenability of dual Banach
algebra A that ¢ is a homomorphism from A onto C and ¢ € A.[6]. A dual Banach algebra A
is ¢-Connes amenable if, for every normal A -bimodule E where the left action is of the form
a.x = ¢(a)x (a € A, x € E), every bounded weak”-continuous derivation D : A — E is inner. The
authors proved that a dual Banach algebra A is ¢-Connes amenable if and only if A™ has a ¢-
invariant mean on A., that is a functional m € A** such that (m, ¢) = 1 and (m,a.f) = ¢(a){(m, f)
for all a € A and f € A.. All of these concepts generalized the earlier concept of amenability for
Banach algebras introduced in [9], [10] and [11].

In this paper, we are going to investigate the Connes amenability and character Connes amenabil-
ity for Lau product A Xg B, the module extension A & X and projective tensor product ARSB.

2. ¢ ® Y-Connes Amenability and Some Basic Properties

Let A be a Banach algebra. Let K be a subspace of A" and ¢ € A(A) () K. A linear functional
m on K is called a mean if (m,¢) = 1. A mean m is g-invariant mean if (m, a.f) = @(a){(m, f)
for all a € A and f € K. Note that if K = A*, then A is p-amenable and if K = A., then A is
¢-Connes amenable. See [10] and [6]. In this section we suppose that projective tensor product of
two dual Banach spaces is a dual Banach space. In Theorem 2.6, we give some conditions that it
takes the dual space structure.

Theorem 2.1. Let A and B be Banach algebras. Let K be a subspace of A* and let Y be a
subspace of B*. Let ¢ € A(A) (K and Y € A(B) (Y. Suppose that there is a p-invariant mean
on K and a y-invariant mean on M. Then there is a ¢ ® y-invariant mean on KQY.

Proof. let m; be a g-invariant mean on K and m; be a y-invariant mean on Y. For each f € K
and g € Y, the mapping T'(a, b) = {(a, f){b, g) is a bilinear map of A X B into C. By Theorem 6
in [2], there exists a unique linear mapping Ay : A®B — C such that Ar(a ® b) = T(a,b). It is
known that 7 has a continuous extension T : A** x 8 — C such that for F € A**, G € B and
nets {a,} € A and {bg} € B with lim, a, = F and limg by = G in the weak*-topology,

T(F,G) = lim lim 7(aq, by).
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By Lemma 1.7 in [7], there exists a continuous linear mapping ¥ : A*QRB™ — (AXB)™ such
that (¥(F ® G), Ar) = T(F,G). Choose nets {a,} in A and {bg} in B such that a, — m; in the
weak™-topology on A™ and bz — m; in the weak™-topology on 8**. We have
F(m @my),(a®b).(f®g) = Y ©m)af®bg)
= lim 1i/§n a.f ® b.g{ay, bg)

= limlim(a.f, a,)b.. bp)

= {a.f,mXb.g,my)

= @(a(b)(f, mi1)g, m2)

= (p@Y)(a®b)f,m)g, m)

= (e@Y)a®b)f ® g(mi, my)

= (p®Y)a@b)(¥(m @m), f®g)
for all a ® b € A&B. Therefore W(m; ® m,) is a ¢ @ Y-invariant mean on KQY. O]
Example 2.2. Let luc(S) be the bounded left uniformly continuous functions on discrete semi-
group S. Consider N with trivial character 1. There is a 1-mean on luc(N). But [/(N) is not
amenable. This is equivalent to there is not a 1-mean on [*(N). Therefore, for character ¢ = 1,

there is a ¢ ® g-invariant mean on subspace luc(S)®luc(S) of [*(S)RI(S), but there is not a
¢ ® p-mean on [*(S)®I®(S) = (I'(S)&I'(S))".

In the following, we establish several criteria for (A®B)* to possess a ¢ ® Y-invariant mean

that A and B are dual Banach algebras with preduals A, and B, respectively, ¢ € A(A) () A. and
W € A(B)( B.. Recall that A, C owc(A*), B, C owc(B*) [19, Corollary 4.6] and ARSB can be
embedded in owc((AQB)*)*.
Theorem 2.3. Let A and B be dual Banach algebras with preduals A, and B, respectively. Let
ARB be dual Banach algebra. Let ¢ € AA) (A, and ¢ € ANB)(B,. Then there is a ¢-
invariant mean on A, and a y-invariant mean on B, if and only if there is a ¢ ® y-invariant mean
on owc((ARB)").

Proof. By [6, Theorem 2.3] it is sufficient to A®%B be ¢ ® y-Connes amenable. Let m € A be a -
Connes mean on A, and let n € B be y-Connes mean on B,. Take E as a normal ARB-bimodule
such that (a®b).x = p@y(a®b)xforalla € A,b € B,x € E and let D : ARB — E be a bounded
weak*-continuous derivation defined by

D((a; ® b1)(a; ® b)) = D(a; ® by).(a; ® by) + (a; ® by).D(a; ® by),

for all a;,a; € A, by, b, € B. From [19, Corollary 4.6], D* maps E, into owc((ARB)*). Assume
thaL d be the restriction of D* to E,. For alla € A, b € B and f € E,, we get for the left action of
(ARPB) on E,
(a2 ® by, d((a1 ® by).f)) = (a2 ® by, D*|,((a1 ® b1).f)) = (D(ax ® by), (a; ® by).[)
= (D(az ® by).(a1 ® by), [)
= (D((a2 @ by)(a1 ® by)), ) — ¢ @ Y(ax @ by){D(a ® by), f)
= (a2 ® by, (a1 ® b1).d(f)) — ¢ ® Y(ax @ b)(f, D(a; ® by)).
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Therefore d((a® b).f) = (a® b).d(f) —{f,D(a®b))p @y forallae A.,b € Band f € E.. Now
take D' = d* : owc((AR®B)*)* — E and consider those elements of owc((AR®B)*)* that lie in
ASB and set X’ = D'(m @ n) € E. It follows that

(X'(a®b),f)={a®Db).f,D'(m®n)) ={d((a®b).f),m®n)
={((a®b).d(f),m@n)—{f,Da®b)){¢®y,mQn)
={(a®b).d(f),m®n) —(f,D(a®b)}m, p)n, )
= ¢ ®yYla®b)Xd(f),m®@n) —(f,D(a ® b))
= o ® Y@@ b)Xf,x") = (f,D(a®b)).

Hence,

Da®b)=¢@y(a®b).x' —x'.(a®b)
=@®b)x —x'.(a®b)=ad.(a®Db),

for all a € A, b € B, as required.

Conversely, as [10, Theorem 3.3] define m,(f) = m(¢ ® f) for f € A, and n,(g) = n(g @ ¥)
for g € B,. It is easy to see that m, is a ¢-invariant mean on A, and n, is a Y-invariant mean on
B.. O

Example 2.4. It is known that M(G)®M(G) = M(G X G) = (Co(G X G))* = (Co(G)RC((G))*.
In [18] and [17], it is shown that G is amenable if and only if M(G) is Connes amenable. By [6,
Theorem 2.3] and Theorem 2.1, for ¢ € Cy(G) there is a ¢ ® p-invariant mean on Cy(G)RCy(G).
From [9], G is amenable if and only if L'(G) is amenable. Also from [2, Proposition 5.4], for
any ¢ € L¥(G) there is a g-invariant mean on L*(G). All in all, for each amenable group G and
¢ € Cy(G) there is a ¢ ® p-invariant mean on Co(G)&®Cy(G) if and only if there is a ¢ ® p-invariant
mean on L®(G)®L*(G).

Example 2.5. Set ﬂ:( 0 . With the usual matrix multiplication and /'-norm, A is a Banach

c )
C C
algebra. Since the complex numbers set is a dual Banach algebra, A is a dual Banach algebra. We
define the following map

00
¢:A—>C; go(z t)_t’

. . . 00
for all z,# € C. Note that ¢ is norm continuous and weak*-continuous. Let u = ( 11 ) ®

]

( (z) (z) ) € ARA. Note that u € (ARA)™ is a ¢- diagonal for A. It is clear that u € owc((ARA)*)*

and then u is a ¢ — owc-virtual diagonal for A. All in all there is a ¢ ®¢-invariant mean on (ARA)*
and on predual (ARA).. For more details see [13] and [6].

Let E be a Banach space. Then E has the approximation property if there is a net (S,), in
F(E); bounded finite rank operators on E, such that §, — E uniformly on compact subsets of E.
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E has the Radon-Nikodym property if for each finite measure space (€2, S, 1) and each bounded
linear operator T : L'(Q,S,u) — E there is a bounded u-measurable function ¢ : Q — E such
that Tf = [ f¢du. The following is [4, Theorem 1.6.16].

Theorem 2.6. Let E and F be Banach spaces such that
(1) E* or F* has the approximation property, and
(i) E* or F* has the Radon-Nikodym property.
Then kg : E*QF* — (E ®,, F)*, kp.r(g, h)(x,y) = (x, gy, h) is an isometric isomorphism.

Let S be a weakly cancellative semigroup, then [!(S) is a dual Banach algebra with predual
co(S). It is known that ['(S) and c¢((S) have the approximation property, I'(S) has the Radon-
Nikodym property and c¢((S) lacks the Radon-Nikodym property. By Theorem 5.14 in [3], for a
cancellative semigroup S and character ¢ € c¢y(S), there is a ¢ ® p-invariant mean on c(S)®,, co(S)
if and only if there is a ¢ ® p-invariant mean on [*(S)®I®(S). On the other hand, if S is a weakly
cancellative semigroup S that /!(S) is not amenable and /'(S) is Connes amenable, then there is a
¢ ® p-invariant mean on co(S) ®,, co(S) but it is not a ¢ ® p-invariant mean on [°(S)®I*(S).

Theorem 2.7. Let A = (A.)", B = (B.)* and ARB be dual Banach algebras, and let ¢ €
Ay (AN A, ¥ € Ay«(B) (N B.. Let I and J be closed two-sided ideals of ‘A and B respectively
and ¢ |;1# 0, ¥ |;# 0. Let I and J be dual Banach algebras. Let I®J be a dual Banach algebra that
is ¢ ® Y |;3,-Connes amenable, then ARB is ¢ ® y-Connes amenable.

Proof. Let E be a normal ARB-bimodule such that (¢ ® b).x = ¢ ® Y(a@ b)x for all a € A,b €
B, x € E and suppose that D : ARB — E is a bounded weak*-continuous derivation. Clearly,
D |;5, is a weak*-continuous derivation. Since I®J is ¢ ® ¢ |;5,-Connes amenable, there exists
Xo € E such that

D(iE®j)=(I®))x—x.(® j) = @Y ® jxo — x0.(i ® j).

foralli e I, j e J Choose iy ® j, € I®J with ¢(ip) = 1 = ¥(jo), and put x = xo.(ip ® jo). Now for
(a ® b) € A®B, we obtain
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(a®b)x—x.(a®b)=¢p@Y(a®b)x — x.(a®D)
= 9 @ Y(a® b)xo.(ip ® jo) — Xo.(io ® jo)-(a ® b)
— ¢ @Y((a®Db)(ig ® jo))xo + ¢ ® Y((a® b)(ip ® jo))xo
= —p®Y(a®b)(¢ ® Y(io ® jo)xo — Xo.(io ® jo))
+ @@ Y((a® b)(ip ® jo))xo — Xo.(io ® jo).(a ® b)
= —p®Y(a®b)D |z, (io® jo) + D lg; ((io ® jo)a® b))
=—p®yY(a®b)D |z, (ir® jo) + (io ® jo)-D(a ® D)
+ D |5y (0 ® jo).(a®Db)
=—p®Y(a®b)D |z, (io® jo) + D(a® D)
+ D gy (o ® jo).(a® D)
= D(a®b) + (¢ ® Y(ip ® jo)xo — Xo-(io ® jo))-(a ® b)
— 9@ Y(a® b)(p ®Y(is® jo).xo — Xo.(io ® jo))
= D(a® b) + (x0 — x0.(io ® jo)).(a ® b)
— 9 ®¥(a® b)(xo — xo-(io ® jo))-

Therefore D(a ® b) = ¢ ® Y(a ® b)xy — xp.(a ® b) = (a ® b).xy — x¢.(a ® b) is inner. O

Theorem 2.8. Let A = (A.)", B = (B.)* and ARB be dual Banach algebras, and let ¢ €
Ay (A) A, ¥ € Ay (B)( B.. Let I and J be closed two-sided ideals of A and B with bounded
approximate identities such that ¢ |; and  |; are non-zero and I®J is dual Banach algebra. If
ARB is ¢ ® y-Connes amenable, then I®J is ¢ ® Y | z,-Connes amenable.

Proof. Let AQB be ¢ ® y-Connes amenable. By hypothesis and [6, Lemma 3.3] we show that for
each normal /®J-bimodule E such that predual E, is pseudo-unital and the left action of /®J on
Eis(a@a®b).x=¢Qya®b)x (acl,be J x e E),every bounded weak*-continuous derivation
D : I®J — E is inner. It is easy to see that E is normal A®B-bimodule (see [20, Proposition
2.1.6]). Let {a,} € A and {bg} C B be two nets that {a,} — a and {bg} — b in the weak*-topology.
We consider {a, ® bg},s as a net in ARB such that {a, ® bg} — a ® b in the weak*-topology. Let
x € E and pick x, € E,. There are i ® j € I®J and y, € E, such that x, = (i ® j).yo. We obtain

lim lign(x.(aa ® bg), xp) = lim lilgn(x.(aa ® bg), (i ® j).yo)

= lim liﬂm<x.(aa ® bp).(i® j),yo) = {x.(a ® b), xp).

Now let (e,) and (eg) be bounded approximate identities of A and B respectively. Define

D: ARB — E, a®b - w —lim(D((a ® b)(e, ® eg)) — (a® b).D(e, ® ep)).

It is clear that D is a continuous derivation. To see that D is continuous with respect to weak™-
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topology, we have
lim 11/1311(5(% ® bg), Xo) = lim lién(ﬁ(aa ® bg), (i ® j).yo)
= limlim(D((ay ® by)-(i ® J)) = (4 ® bg)-DI ), Yo)

= (D((a®b).(i® j)) - (a®b).D(i ® ), Yo)
= (D(a®b).(i ® J),yo) = (D(a ®b), xo),

because D is weak*-continuous and E is a normal A®B-bimodule by definition. Therefore D is
weak*-continuous. From ¢ ® -Connes amenability of ARB we conclude that D is inner, and so
D is inner. [

3. Connes amenability of Lau product A xg¢ B

Let A be a unital dual Banach algebra with predual A. and let 8 be a dual Banach algebra
with predual B.. Let 6 € B, N A(B) and consider algebra homomorphism ® : 8 — A with
®O(b) = 8(b)e#. The ®-Lau product A X B is defined with

(a1, by).(az, by) = (a.a; + a,.0(by) + O(b).az, b1 b,)

and the norm ||(a;, b))l = l|la1]| + ||b1|| for all a;, ar, € A and by, b, € B. This definition is a certain
case of product presented in [12], [14], [13] and [1]. Since 8 € B, N A(B), then A Xg B is a dual
Banach algebra with predual A, X B,. It is known that (A Xg B)* can be identified with A* x B*
that ((f, g),(a,b)) = f(a) + g(b) foralla € A,b € Band f € A*,g € B* and the second dual
of (A Xg B)™ can be identified with A** Xg- B™*. Consider A with A X {0}, then A is a closed
ideal in A Xe B and (A Xg B)/A is isometric isomorphism with B [14]. In the following we study
Connes amenability of A Xg B.

Theorem 3.1. Let A be a unital dual Banach algebra with predual A, and let B be a dual Banach
algebra with predual B.. Then A xXg B is Connes amenable if and only if A and B are Connes
amenable.

Proof. Let A and B be Connes amenable dual Banach algebras, let E be a normal A Xg B-
bimodule and let D : A Xg B — E be a bounded weak*-continuous derivation. Consider D’ =
D : A Xe {0} — E. Since A is Connes amenable, then there exists ¢ € E such that D' = ad,
and D =D - adg vanishes on A. So D has a continuous extension D, : ﬂXT?B — E. Recall that
o8 ~ B Define

7 F={a,0).x-x.(a,0):aeA, xeE}.

Note that F' is a normal {0} Xg B-bimodule and D{(B) L F. In fact,

D((a,0) Xe (0,b)) = D(a,0).(0,b) + (a,0).D,(0,b) = (a,0).D;(0, b)
D((0,b) Xg (a,0)) = D,(0,b).(a,0) + (0,5).D,(a,0) = D(0, b).(a, 0).
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Then
(D1(0, b),(a,0). x — x. (a,0)) = (D0, b).(a,0) — (a,0).D(0, b), x).

E. . :
It is easy to see that F* is normal dual Banach 8-bimodule with predual T Since B is Connes

amenable, there exists u € F~+ such that D,(0,b) = ad,. We conclude that D is inner and so D is
inner.

Let A Xg B be Connes amenable. We show that A is Connes amenable. Let E be a normal
dual Banach A-bimodule and let D : A — E be a bounded weak*-continuous derivation. By
[6, Lemma 3.3], there is no loss of generality if we suppose that the predual of E is pseudo-
unital. Clearly, E, is a A Xg B-bimodule. Pick e, € E.. Since E, is pseudo-unital, there exists
(c,0) € AXp {0} and g, € E, such that e, = (c,0).g.. Define (a,b).e. = (a,b).(c,0).g. for all
(a,b) € A xg B. We claim that E is a normal A Xg B-bimodule. Indeed, let {(a,, b,)} be a net in
A X B such that (a,, b,) — (a, b) in the weak*-topology of A Xg B and let e € E. It follows that

lim(e.(aq, ba), (¢, 0).8.) = lim(e.(aq, bo)(c, 0), 8+)
= lim{e.(a,c + a,.0(0) + O(b,).c, b,.0), g.)

lim(e.(aq, ba), €.)

= lim{e.(a,c + 0(by)ex.c,0), g.)
= (e.(ac + 0(b)es.c,0), g.)
= (e.a,b)(c,0),g.)
= (e.(a,b),(c,0).g.)
= (e.(a,b),e.).
To extend D, let
D:AxeB— E, (a,b)— D((a,b)es,0))— (a,b). D(eg,0).

It is clear that D is a continuous derivation. To see that D is weak*-continuous, again let {(a,, b, )}
be a net in A Xg B such that (a,, b,) — (a, b) in the weak*-topology of A Xg B. For e, € E,, let
(c,0) € AXep {0} and g. € E, be such that e, = (c,0).g.. Then

im(D(dq, be), e.) K D(ag, be), (¢, 0).8.)

= liind)(am b).(c,0), g+)

= 1im(D((da, ba).(c, 0)) = (da» be).D(c, 0), g.)

= liin(D(awc + a,.9(0) + O(b,).c,0) — (a,, by).D(c,0), g.)
= (g(ac + a.0(0) + O(b).c,0) — (a, b).D(c,0), g.)

= (D((a,b).(c,0)) — (a,b).D(c,0), g

= (D((a,b).(c,0)) — (a,b).D(c,0), g.)

= (D(a,b).(c,0), g.)

= <D((Z, b)a (C, O)g*>
= (D(a,b),e.),
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because D is weak*-continuous, E is a A Xg {0}-bimodule and A is normal dual Banach ‘A-
bimodule. From the Connes amenability of A xg B, we conclude that D and hence D is inner.

Let A xXg B be Connes amenable. We show B is Connes amenable. By [19], there exists M =
(@,B) ® (a, B) € owc(((A xg B)&(A xg B))*)* such that M.(a, b) = (a,b).M and A,,.(M).(a, b) =
(a,b) for all (a,b) € A Xe B. Put M’ = (0,8) ® (0,p). It is easy to see that M’ € owc((BRB)*)* is
a owc- virtual diagonal for 8. Ol

In [14], it is shown that
AA X B) = {(,0) : ¥ € AA} U0, 9) : ¢ € AB)}.
With the help of it we can prove the next result.

Theorem 3.2. Let A be a unital dual Banach algebra with predual A, and let B be a dual Banach
algebra with predual B.. Let y € A(A) N A, and 6 € A(B) N B,.. Then

(1) A xg B is (i, 0)-Connes amenable if and only if A is y-Connes amenable.

(i) A Xg B is (0, 0)-Connes amenable if and only if B is 8-Connes amenable.

Proof. (1) Suppose that m is a y-invariant mean on A, and define n € A™* Xg~B** by n = (m,0).
Then ((m, 0), (¥, 0)) = (m,¥) + (0,6) = 1. On the other hand, choose a net {m,} in A with
the property that m, — m in the weak*-topology. We have

{(m,0).(a, b), (f,2)) lim{(my, 0).(a, b), (£, 8))

= lim((m,. a +m,. O(b) + 6(0). 4,0. b), (. 8))
= Im((W(a) m, + 60) mo. €, 0), (. 8))

= lim@(a) + 60))(mq, 0), (. 8))

= ,0)(a,b){(m,0),(f,8)

for all (f, g) € A. X B.. So (m,0) is a (¥, f)-invariant mean.

Conversely, let E be a normal A-bimodule such that a.e = Y(a)e(a € A, e € E) and let
D : A — E be a bounded weak”-continuous derivation. Suppose that the predual of E is
pseudo-unital. As in the proof of Theorem 3.1, it is easy to see that E is a normal A Xg B-
bimodule. It is known that there exist g € E and ¢ € A such that e = (¢, 0).g. Then

(a,b).e = (a,b).(c,0).g = (ac + 0(b).c.es,0).g
(Y(ac) + 0Dy (c))g = ((Y(a) + 0(b))y(c)g
(Y(a) + 0(b))(c,0).g = (¥, 0)(a,D).e.

Now set
D:AxeB — E, (a,b) = D((a,b)ex,0)) — (a,b).D(ex,0).

As in the proof of Theorem 3.1, we obtain D is inner.
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(i) Suppose that (m;, m,) is a (0, )-invariant mean on A, Xe B.. Then

((my,my).(a, b), (f,8)) = O(b)(m1,my), (f,8)), ((m1,m),(0,6)) =1

for all f € A., g € B.. Itis easy to see that

((my.a +my.0(b) + 6(my).a, my.b), (f,8)) = ((B(b)my, 6(b)my), (f,8))-

So (my.b, g) = 6(b)(m,, g) and (m,,d) = 1. Conversely, let B be §-Connes amenable and m
be f-invariant mean on B,. We claim that (—e#, m) is a (0, 6)-invariant mean on A, X B,.
Let {m,} be a net in A that m, — m in the weak*-topology. So

((—eq,m).(a, D), (f,8)) 1i(£n<(—€ﬂ, my).(a, b), (f, &)
= lim{(—eg.a — ex.0(b) + O(m,).a,m,.b), (f, g))
= lim{(—eg.a — ex.0(b).e4 + O(m,).eq.a,m,.b), (f, g))

= {((—eq.a — ez.0(b).eq + 6(m).eq.a,m.b),(f, g))
= ((—eat(b),0(b)m), (f, g))
= (0,0)(a,b)}{(—ea,m),(f,8))

for all (f, g) € A. X B, and (a,b) € A Xg B.

4. Connes amenability of module extension Banach algebras

In this section we study Connes amenability and character Connes amenability of module
extension of a dual Banach algebra A. Let A be a dual Banach algebra with predual A, and let X
be a normal Banach A-bimodule with predual X,. Module extension Banach algebra A @ X with
the algebra product is defined as follows:

(a,x)(d,x") = (ad',ax’ + xa") (a,a’ € A, x,x € X)

and the norm ||(a, x)|| = |lal| + ||x||. It is known that A & X is a dual Banach algebra with predual
A, Do X, Where @, denotes [,-direct sum of Banach A-modules. The dual and the second dual
of A® X is identified with (A ® X)* = A" &, X* and (A& X)™* = A™ & X** respectively. For
more details see [21].

We write B(A, A*) for Banach space of bounded linear maps from A to A*. It is known that
B(A, A*) 1s a Banach A-bimodule with module multiplications determined by

a.T(b) =T(ba), T.a(b)=T(ab) (a,be AT e B(A,A"))

It is standard that B(A, A*) = (AKA)* where (T,x ® y) = (T(y), x). It is known that a Banach
algebra A with bounded approximate identity is amenable if and only if the Banach A-bimodule
A" is injective [8]. This is equivalent to the following short exact sequence splits:

0 — ACZBAA) — BAA)AG(A) — 0
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In other words there exists a bounded bimodule homomorphism P from B(A, A*) to A, such that
PoA; = Iz-. In [3], it is proved that unital dual Banach algebra A with predual A, is Connes
amenable if and only if the following short exact sequence splits:

0 — A, c—2owc((ARA)") — oWc((ARA)") | Aig(A.) — 0

Theorem 4.1. Let A be a dual Banach algebra with predual A, and let X be a normal Banach
A-bimodule with predual X. that its predual is pseudo-unital. Then A& X is Connes amenable if
and only if A is Connes amenable.

Proof. 1t is easy to see that if A ® X is Connes amenable, then A is Connes amenable.

Conversely, let A be Connes amenable. By Theorem 4.8 in [19], there exist M € owc((ARA)*)*
such that a.M = M.a and a.A,,,.M = a for all a € A. Let {m, ® n,} be a bounded net in A A
such that (m, ® n,) — M in the weak*-topology. Write (m, ® n,) = (m,,0) ® (n,,0) and consider
(m, ®n,) as an element of (A® X) ® (A® X). Then we have (a, 0).A,,.((m,, 0) ® (n,,0)) = (a,0).
Consider the following admissible short exact sequence of (A & X)-bimodules:

0— A ®X.c—2owc((ADX)R(AD X)) —
oWe(AD X)B(A S X))/ Al gy (A © X.) > 0

Define P : owc(B(A® X, (A® X)*)) » A. 0 X., (P(T),(a,x)) = lim,{(m,,0) ® (n,,0), (a, x).T).
Let (a,, x,) be a bounded net in A & X which tends to (a, x) in the weak*- topology of A & X.
Since T € owc(B(A & X, (A @& X)), then (a,, x,).T — (a,x).T in the weak topology. So
(aq, x,).T — (a,x).T in the weak*-topology. We conclude that P maps owc(B(A & X, (A @ X)*))
into A. & X.. Since X. is pseudo-unital, then
(PON g (@ 1), (@, )) = 1 ((11,0) @ (14, 0), (@ 2)-Af o (@, X.))

= (14, 0) @ (14, 0), Al gy (@ )., X))

= 1i(£n<AEk;{@,\’)((mm 0) ® (n,,0)), (a, x)(a., x.))

= li£n<A’{;@x>((mm 0) ® (nq,0)).(a, x), (@, x.))

= ((a,x),(a., x.)).

Also a copy of the argument given in the proof of Proposition 4.4 in [3] shows that P is a A & X-
module homomorphism. This implies that the short exact sequence splits. ]

In [5], the authors showed that A(A & X) = A(A) x {0}. They proved that if A& X is (¥, 0)-
amenable then A is Y-amenable and the converse also holds in the case where XA = 0. It would
be interesting to know whether the result extends to (i, 0)-Connes amenability. The following
theorem is an analog of Theorem 1.1 in [10].

Theorem 4.2. Let A be a dual Banach algebra with predual A, and € A(A) N A,. Let X be a
normal Banach A-bimodule with predual X.. Then:

(1) If A X is (Y, 0)-Connes amenable, then A is y-Connes amenable.
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(i) If XA = 0 and A is y-Connes amenable, then A& X is (¥, 0)-Connes amenable.

Proof. (i) Letm = (P, Q) € (A®X)™ be a (¥, 0)-invariant mean on (A.®X,). Let P : A®X — A
be the projection map. It is known that P*(a.f) = a.P*(f) for all f € A.,a € A. Then

(P*(P,Q),a. f)

(P, Q), P(a. /) ={(P, Q), (a,0). P(f))
W, 0)(a, OX(P, Q), P*(f)) = &, 0)(a, OXP™ (P, Q), f)

for all f € A.,a € A. On the other hand

(P7(P,Q), ) = (P, Q), P"()) = (P, Q). %, 0)) = 1

Consequently P (P, Q) is a (¥, 0)-invariant mean on A...

(i1) Suppose there exists m € A™ such that (m, ) = 1 and (m, a.f) = Y(a){m, f) for all f € A,
and a € A. Let E, be a A-bimodule with e.(a, x) = (¥,0)(a, x)e foralla € A,x € X,e € E, and
let D : A& X — E be a bounded weak”-continuous derivation. Let D* : E* — (A& X)* denotes
the adjoint of D. Then D* maps the predual E, of E* into A. @ X, (see section 3.14 in [15]). Let
7 (A X)* — (A X) be the Dixmier projection. For all (a, x), (b, x") € A® X and e € E,,

(D*(e.(a, x)), (b, x")) (e.(a, x),D(b, x"))
(,0)(a, x)e, D(b, X))

W, 0)(a, x)(D"(e), (b, x)).

Then D*(e.(a, x)) = (¥, 0)(a, x)D*(e). Now put h = Don(m,0). Then for all (a, x) € A& X and
ecE,,

(e, (a, x).h)

(e, (a, x).Don(m,0))
(D*(e.(a, x)), m(m,0)) = (¢, 0)(a, x){D"(e), n(m, 0))
= (¥, 0)(a, x){e, Dont(m, 0)) = (¥, 0)(a, x){e, h)

and hence (a, x).h = (¥, 0)(a, x)h. Since D is a derivation, for the left action of A® X on E we get

(D*((a, x).e), (b, x'))

{(a, x).e, D(b, X))

= (e,D(b,x").(a,x))

= (e, D((b, x).(a, x))) — e, (b, x").D(a, x))

= (D'(e), (b, x')(a, x)) — (D(a, x), e.(b, x'))

= ((a,x)D*(e), (b, X)) — (¥, 0)(b, x')e, D(a, x))

for all (b, x’) € A® X. This implies that

D*((a, x).e) = (a, x)D*(e) — (¥, 0){e, D(a, x)).
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It follows that

(e,h.(a.x))y = <(e,Don(m,0).(a,x))
= {(a,x).e, Dom(m,0))
= (D*((a, x).e), n(m,0))
= ((a,x)D*(e) — (¢, 0)Xe, D(a, x)), n(m, 0))
= (n(m,0).(a, x), D"(e)) — (n(m,0), (¢, 0)Xe, D(a, x))
= (¥, 0)(a, x){n(m,0), D"(e)) — (e, D(a, x))
= (¢, 0)(a, x)(Don(m), e) — {e, D(a, x)),

because XA = 0. This shows that D(a, x) = (¢, 0)(a, x).h — h.(a, x) = (a, x).h — h.(a, x). Thus D is
inner.

]
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