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1. Introduction

The purpose of this paper is to explore and develop certain results concerning two-wavelet
constants in the setting of homogeneous spaces. We emphasize that in [8] the orthogonality re-
lations for square integrable representations of locally compact groups has been proved (see also
[9, 1, 15]). Our approach leads to extend orthogonality relations for square integrable representa-
tions of homogeneous spaces. In several cases the group representations are not square integrable
because the group is too large and it is necessary to make the group smaller which can be per-
formed by factoring out a suitable subgroup, that is one has to work with homogenous spaces. In
[2] continuous wavelet transform and square integrable representations have been studied in the
setting of homogeneous spaces. In this note we define two-wavelet constant for a square integrable
representation of a homogeneous space. Also we obtain the orthogonality relations for square in-
tegrable representations of homogeneous spaces. First we need to introduce the basic definitions
and fix some notations.

Let G be a locally compact group and H be a closed subgroup of G. Consider G/H as a
homogeneous space on which G acts from the left and u as a Radon measure on it. For g € G and
Borel subset E of G/H, the translation u, of u is defined by p,(E) = u(gE). A measure u is said
to be G-invariant if u, = u, for all g € G. A measure u is called strongly quasi invariant provided
that a continuous function A4 : G X G/H — (0, o0) exists which satisfies

dug(kH) = A(g, kH)du(kH),

for all g,k € G. If the functions A(g,.) reduce to constants, then u is called relatively invariant
under G (for a detailed account of homogeneous spaces, the reader is referred to [5, 6, 16, 3]).
A rho-function for the pair (G, H) is defined to be a continuous function p : G — (0, o) which

satisfies Au(h)
plgh) = 2=p() (g€ Ghe ),
where Ag, Ay are the modular functions on G and H, respectively. It is well known that (see [5]),
any pair (G, H) admits a rho-function and for each rho-function p there is a strongly quasi invariant
measure u on G/H such that
duy p(gk)

kH) = == (g,k € G).
dﬂ( ) o) (g.k€G)

We denote L'(G/H, i) simply by L'(G/H), where y is a strongly quasi invariant measure on G/H.
The mapping T : L'(G) — L'(G/H) defined by

Tf(gH) = Mdh, (1.1)

u P(gh)
is a surjective bounded linear operator with ||T|| < 1. More precisely, for all ¢ € L'(G/H) there
exists some f € L'(G) such that ¢ = T f.
Let K and H be two locally compact groups with identity elements ex and ey, respectively and
h — 1, be a homomorphism of H into the group of automorphisms of K. Then the set K x H
endowed with the operation

(ki, hy)(ka, hy) = (k1T (k2), hihy)
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is a group in which the identity element is (ek, ey) and the inverse of an element (k, h) is
(k, )" = (m (K1), h7H).

This group, which is denoted by K X, H, is called the semidirect product of K and H with respect
to 7. Equip K X H with the product topology. If the mapping (k, ) +— 7,(k) from K X H onto K is
continuous, then the semidirect product K X, H of K and H with respect to 7 is a locally compact
group [10]. It has been shown in [13] that if G is the semidirect product of two locally compact
groups K, H respectively, then any x € G has a unique decomposition x = kh, fork € K, h € H and
G/H has a relatively invariant Radon measure, which arises from the rho function p : G — (0, o)
defined by p(x) = i’;gg, where x € G, h € H, and x = kh for some k € K. Moreover, there exists a
left Haar measure dk on K for which

f f(x)dx = f f fkh)s(h)dhdk, f € L\(G), (1.2)
G KJH

where ¢ : H — (0, 00) is a homomorphism such that 6(h) = % [4, 13,11, 16].

In this paper we study two-wavelet constants and the orthogonality relations for a square inte-
grable representation @ of a homogeneous space G/H which results to the existence of a unique
self adjoint positive operator on the set of admissible wavelets for @. This paper is organized as
follows.

In Section 2, two-wavelet constant is introduced and it is shown that there exists a unique
self adjoint positive operator on the set of admissible wavelets which it grantees orthogonality
relations. In Section 3, we show that if G is a semidirect product of two locally compact groups
H, K and K is unimodular, then the unique self adjoint positive operator on the set of admissible
wavelets is a constant multiple of identity operator. Finally we give some examples which support
our discussion.

Throughout this paper we assume that G is a locally compact group and H is a compact subgroup
of G.

2. Two-Wavelet Constant

An admissible wavelet in the setting of homogeneous space G/H is studied by the authors in
[2]. For the readers’ convenience we need to recall some basic concepts from [2] concerning the
theory of unitary representations and continuous wavelet transforms on homogeneous spaces.

A continuous unitary representation of a homogeneous space G/H is a map @ from G/H into
the group U(H), all unitary operators on some nonzero Hilbert space H, for which the function
gH —< w(gH)x,y > is continuous , for each x,y € H and

w(gkH) = w(gH)w(kH), w(g"'H) = w(gH)",

for each g,k € G. Moreover, a closed subspace M of H is said to be invariant with respect to @
if w(gH)M C M, for all g € G. A continuous unitary representation is called irreducible if the
only invariant subspaces of H are {0} and H (in the sequel we always mean by a representation,
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a continuous unitary representation). An irreducible representation @ of G/H on H is said to be
square integrable if there exists a nonzero element £ € H such that

f PO | < ¢ a(gH)C > Pdu(gH) < oo, @1
G/u P&)

where y is a relatively invariant measure on G/H which arises from a rho function p : G — (0, ).
If ¢ satisfies (2.1), it is called an admissible vector for @ in Hilbert space . An admissible vector
{ € H is called admissible wavelet if ||{]| = 1. In this case, we define the wavelet constant ¢, as

com [ B < Lot > Pduts) 22)
G/H ()

We call ¢, the wavelet constant associated to the admissible wavelet £. It is worthwhile to note
that there is a close relation between the representations of homogeneous spaces G/H, where H is
a compact subgroup of G, and the representations of G. More precisely if @ is a representation of
G/H, then it defines a representation i of G in which the subgroup H is considered to be contained
in kernel of 7. Conversely, any representation 7 of G which is trivial on H induces a representation
w of G/H, by letting w(gH) = n(g).

Let @ be a representation of G/H on a Hilbert space H and { be an admissible wavelet for w.
We define the continuous wavelet transform associated to the admissible wavelet { as the linear
operator W, : H — C(G/H) defined by

L(&)lﬂ
Ve pg)

for all x € H, g € G where ¢, is the wavelet constant associated to £ as in (2.2). Note that if w is a
square integrable representation of G/H on H and { is an admissible wavelet for @, then W, is a
bounded linear operator from H into L*(G/H).

Our aim in this section is to obtain the orthogonality relations for @ and to show the exis-
tence of a self adjoint positive operator on the set of the admissible wavelets which satisfies the
orthogonality relations.

(Wex)(gH) = <x,w(gH){ >,

Theorem 2.1. (orthogonality relations) Let @w be a square integrable representation of G/H on
Hilbert space H and ¢, & be two admissible wavelets for @. Then the following hold.
(i) For all x,y in ‘H,

f /Le) <x,w(gH) >< w(gH)¢{,y > du(gH) = c;¢ < x,y > 2.3)
G/H P(8)
where ©
Cre = f P8 < ¢ w(gH) >< w(gH)E, { > du(gH). (2.4)
G/H p(g)

We call c;; two-wavelet constant.
(ii) There exists a unique self adjoint positive operator C on H such that:



Kamyabi Gol, Esmaeelzadeh and Raisi Tousi/ Wavelets and Linear Algebra 1 (2014) 63-73 67

(a) The set of all admissible wavelets coincides with the domain of C.
(b) For all x ,y in H

f £ x, w(gH){ >< w(gH)§,y > du(gH) =< C§,CL >< x,y > .
6/u P8)

Proof. To prove (i), let { be an admissible wavelet. Define the linear operator

A; i M — LX(G/H), A (x)(gH) = ("@)‘/2 < x,w(gH) >, (2.5)

p(g)

where

M={xeH, f ple) | < x, w(gH)¢ > Pdu(gH) < oo}.
61 P(8)

As has been shown in [2, Lemma 2.5], M is a closed invariant subspace of H under @ and by the
irreducibility of @ we have M = H. Since A, is an intertwining operator for @ and ¢, where ¢ is
the left regular representation of G on L>(G/H) such that £(g)¢ = f%)” 2L, Lp(gH) = ¢(g™'¢H)
(see more details in [2]), we get

< A;Agw(gH)x,y >

< A;f(g)A{x,y >

= <{U(QAx,Asy >

= <A, f(g‘l)Afy >

= <Aux,A;w(g ' H)y >
= < w(gH)A;EA{x,y >

So, A{Aw(gH) = w(gH)A A, for every g € G. By Schur’s Lemma for homogeneous spaces [2]
there exists ¢, such that A;A; = c;¢I. This means that for every x,y in ,

[ 28 <x.otete >< agEy > duteh) = ce < 3.y >
G/H p(g)

where

Cre = Lf & < x,w(gH)! >< w(gH)¢, x > du(gH). (2.6)
= Ix? 6/H P(&)

For (ii), we denote the set of admissible wavelets by 2[. Define
q:AXA—=C, q({,0) = cee (2.7)

for £, & € . Ttis clear that g(Z, €) is a positive, symmetric quadratic form with domain 2(. To show
that ¢ is closed, consider the norm ||.||, on 2l defined by,

121z = 1121 + 9(&, ). (2.8)
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Let {{;} be a Cauchy sequence in 2 with respect to the norm |.||, . Then {{;} converges to  in H ,
as k — oo. For any x € H and k € N, we define the function ¢; on G/H by

it = o B < vttt > 2.9)
Then by (2.8), (2.9) we get
s =il = T Jom a8 | < % @(@H)E — &) > Pdu(gH)

= q(;— 4l — &)
< g =&l = 0,

as j,k — oco. Thus {y7}, is a Cauchy sequence in L*(G/H) for all x € H{ which implies that
Y — y for some ¢ in L*(G/H) as k — oo. Also by the Schwartz inequality

gH) = DV < x, m(gH) >
1 p@ny1/2
as k — oo. Then ©
e
L PO o(er) >= w(gH),

x| p(g)
and hence

f 2O | w(gH) > Pdu(gH) < o,
6/u P8)

for all x € H. Therefore

f (—) < ¢, w(gH){ > Pdu(gH) < oo,

i.e £ € 2. Furthermore,
W =2l = W= 2P +q(&— 4.4 = 0)
= W= 4P+ s [ 22 | < x w(gH) G~ &) > Pdu(gH) — 0

as k — oo. It implies that 2l is complete and then ¢ is closed. By the second representation theorem
[14], there exists a unique self adjoint positive operator C with domain 2 such that ¢({, &) = ¢, =<
C¢, C¢ > and the proof is complete. [

In the following proposition, we introduce orthogonal subspaces of L*(G/H).

Proposition 2.2. Let @, and @, be two square integrable representations of G/H on Hilbert
spaces Hy, H, with admissible wavelets { and &, respectively. If @, and @, are not equivalent,
then the images of W, and W; are orthogonal subspaces of L*(G/H). That is

< W(X], WgXQ >= 0,
forall x; € H,, x, € H,.
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Proof. Define the linear mapping 8 : H; X H, — C as follows,
Bx1, x2) =< Wexy, Wexo >126/m)= f (Wexi )(gH)(Wexp)(gH)du(gH).
G/H

Since the wavelet transform is continuous, it follows that

1BCx1, x2)I | < Wexy, Wexy > |

IA

”W{xl”LZ(G/H)”W{,—'XZHLZ(G/H)
W AWl 1121,

IA

By the Little Riesz Representation Theorem (see 12.5, in [17]), we can conclude that, there is a
continuous linear map S : H; — H, such that

Bx1, X) =< Sx1, x> .
Using the fact that continuous wavelet transform is intertwining, we get

<Swi(gH)xi, x> = P@i(gH)x, x)
= [o (Wew i (gH)x, Y(kH)Y(Wexy) (KH)dp(kH)
= [ C@Wexy)(KH) Wexy) (kD dp(kH)
= o NP (W) g kH) (Wey (R H ) dpa(kH)

- fG/H %)I/Z(Wéxl )(kH)W(%)dM(kH)

= fG/H(;%)l/z(Wéxl)(kH)Wdu(kH)
= [ Wex ) H) (g™ ) Wexa) (kH)du(kH)
- fG/H(Wéxl)(kH)(Wng(g_lH)Xz)(kH)du(kH)
= Bx1, w2 (g ' H)xy)

= <Sx;,mm(gH) x> >

= <w(gH)S x1,x; >

for all x; € Hi,x, € H,. It follows that S@(gH) = w,(gH)S. So by Schur’s Lemma for
homogeneous spaces [2], we conclude that S is zero when @, is not equivalent to w@,. Thus
< ngl, Wg)Cz >= 0, for all x; € 7‘{1,)62 S 7‘{2. ]

3. orthogonality relations for some special homogeneous spaces

In this section G is considered as the semidirect product of a locally compact group K and
a compact group H. Let @ be a representation of G/H in which G = K X, H. Then it defines
a representation of K by letting n(k) = w(gH), where g = kh. In [13] it is shown that p(g) =

2’;33 = 1, where g € G,h € H and g = kh for some k € K. Note that in this case the condition
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for admissibility is reduced to fG | < &, w(gH), > |*du(gH) < 0. Now, we show that the unique
. . ) /H . ) . : )

self adjoint operator C in Theorem 2.1 is a constant multiple of the identity operator if and only

if K is unimodular. To this end we establish the following lemmas. The next lemma shows that

the set of all admissible wavelets for @ contains in the set of all admissible wavelets for 7 and the

second lemma states that the set of all admissible wavelets is invariant under .

Lemma 3.1. Let K, H be two locally compact groups and G = K X, H and @, rt be the represen-
tations of G/H and K, respectively on a Hilbert space H. If { is an admissible wavelet for @ then
{ is an admissible wavelet for n.

Proof. Let w be an irreducible representation of G/H on H. This representation defines an irre-
ducible representation 7 of K on H by n(k) = w(gH), where g = kh. Using Weil’s formula, (1.2),
and the fact that T defined as in (1.1) is onto, we have

Joyu | < G @) > PdugH) = [, T(@)gH)du(gH)
= |, p(e)dg

[ |5, e(kh)dhdk

[ T(@)(kH)dk

f | < . m(kH), > Pdk

Je| < &onl)g > Pdk,

for some ¢ € L'(G). Therefore, if £ is an admissible wavelet for @ then £ is an admissible wavelet
for m. =

Lemma 3.2. Let K, H be two locally compact groups and G = K X, H and @, H be as in
Lemma3. 1. Then the set of all admissible wavelets is invariant under .

Proof. Denote the set of all admissible wavelets for @ by 2[. That is
A= eH, [ |<Colgh > PdutoH) < ol
G/H

Consider the representation 7 of K as n(k) = w(gH), in which g = kh. Let the Haar measure on H
be normalized. Since 7 is trivial on H, we have

500 S| < Lol > Pdkllex] = [ | < & w(ki'kk\)¢ > Pdk
= [l <L wlthokwk)d > Pdk
Ji | < wlk)d, wlkw k)l > Pdk
= [ | < okih)d, wkh)w (kb)) > Pdhdk
Je [ < @@, w(@w(gd > Pdhdk
| e(e)dg
= Jou Sy elemdndu(gH)
Joyu S| < @ih))g, w(khmw (ki) > Pdndu(gH)
Jou | < @@ )L, w(gH)w (g1 H), > Pdu(gH),



Kamyabi Gol, Esmaeelzadeh and Raisi Tousi/ Wavelets and Linear Algebra 1 (2014) 63-73 71

for some ¢ € L'(G), where g = kyh,. Thus the set 2l is invariant under . L]

Now we are ready to prove that the unique self adjoint operator C in Theorem 2.1 is a constant
multiple of the identity operator if and only if K is unimodular.

Theorem 3.3. Let K, H be two locally compact groups and G = K X, H. Then the unique self
adjoint positive operator C in Theorem 2.1 is a constant multiple of the identity operator if and
only if K is unimodular.

Proof. In Theorem 2.1, we have shown that there exists a unique self adjoint positive operator C
such that ¢({, &) = ¢, =< C{, CE >, where ¢ is as in (2.4), for admissible wavelets £, & . So we

have
q(w(gH){, w(gH)¢)

q(r(k){, m(k)E)
= L [ <akkE v > < atkk),v > dk
= A [ SakDE v > < k) v > dk;.

llvl?
Thus

1 1
< Co(gH){,Co(gH)é >= mQ({,f) YR CL,CE> . (3.D

Also, domain C? is invariant. Indeed, for £ € D(C?), we have ¢ € D(C) such that C¢ € D(C) and
by invariance of D(C) we get w(gH){ € D(C). Then by (3.1)

- L o=t <0
< ColgH, CalgH)E = 3 sd(l ) = 35 < 4.Cé >, (3.2)

which implies that Cw(gH)é € D(C). That is w(gH)é € D(C?) and C? is densely defined. Also,
(3.2) implies that

1
C*w(gH) = mw(gH)cz.

By using Shur’s Lemma [2], K is unimodular, i.e. A(k) = 1 if and only if C = Al. [

Now, we conclude that if £ is an admissible wavelet for @, then every vector in H is an
admissible wavelet provided that K is unimodular.

Proposition 3.4. Let G = K X H such that K is a unimodular, H is a compact subgroup of G and
@ is a representation of G/ H. If there exists an admissible vector in H for @, then all vectors of
H are admissible.

Proof. By Lemma 3.2 and irreducibility @, it is enough to show that 2l is closed. By unimodularity
of K we have
< Cw(gH){, Caw(gH)§ >=< CL,CE >,

for £, € A. Then Cw(gH) = w(gH)C. Let 2 be the Hilbert space equipped with the inner
product of which the induced norm ||.||, defined as in (2.8). By the extended Schur’s Lemma [2]
there exists a positive number @ such that

ICZIP = allZlly = alldI? + allC2IP, ¢ € L.
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It implies that @ < 1 and
a
Ic2IP = mll(l|2, e (3.3)

Using (3.3) and density of 2 in H, we can extend C : 2l — H to a bounded linear operator
C : H — H. Now let {{;}rer is a sequence of elements in 2 such that &y — ¢ in H as k — oo.
Then C, — C¢ in L*(G/H) as k — 0. Since C is a closed linear operator with domain £, it
follows that € 2. Therefore 2 is a closed subspace. U

Here we intend to support our technical considerations developed in this note by giving some
examples.

Example 3.5. Let N be an even number and G be the group with two generators a and b satisfying
lal = N, |b| = 3 and ba = ab? i.c.

G=<ab;, d"=b>=e, ba=ab*>>.
Also, let H =<b >, K =<a > and
@ :G/H — U(L*(G/H)), w(d'b’HW(ad"H) = y(d""'H)
be a representation for all 0 < i,n < N —-1and 0 < j < 2. It is easy to check that @ admits an

admissible vector. Therefore we can define a continuous wavelet transform

i1.j 1 = n WV
(W) (@b’ H) = = ZO o(a" H)W(a"H).

forall 0 < n < N — 1 and admissible vector  in L>(G/H). Since L*(G/H) is isometry isomor-
phism with L*(K), the representation 7 : K — L*(K), n(a’)f(a") = f(a") is a square integrable
representation. For two admissible wavelets f, g € L*(K), the two-wavelet constant is as follows:

N-1 N-1 N-1

Cre= ) (F@ NS (@) f(an)g@™).

0

=z

i=0 n=

3
I

Since K is unimodular, by Theorem 3.3 the self adjoint positive operator C on the set of admissible
wavelets is a constant multiple of identity operator. Note that, in this example G # H X, K since
K is not a normal subgroup of G. But H is a closed normal subgroup of G and this causes W, to
be constant on left cosets of H [12].

Example 3.6. Let G be the Weyl-Heisenberg group (WH)" and H = {(0,0,7), t € R/2nZ}. The
Euclidean space R"” X R" can be considered as homogenous space of (WH)" and % =R"x R"
which admits the Lebesgue measure. The representation

@ R"XR" > U(L*(R"), (w(q, p)p)(x) = PP p(x — g),
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where x € R", ¢ € L>(R") is square integrable (see [18]) and for two admissible wavelets £, ¢ €
L*(R"), two-wavelet constant is as follows

e = fou oo <& @(q P >< w(q, p)E.C > dgdp
j];gn fRn < é” {q,p >< é‘:q,pag > dqdpa

where £, ,(x) = Pl (x—q), x € R". Since R"xR" is unimodular, by Theorem 3.3 the self adjoint
positive operator C on the set of admissible wavelets is a constant multiple of identity operator.
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