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vector (see [1]). This property is similar to the property (T) for locally compact groups, which
is defined by D. Kazhdan in [7]. A locally compact group G has property (T) if, whenever a
unitary representation (7, H) of G almost has invariant vectors, H has a non-zero invariant vector.
It is proved in [1] that a countable discrete group G has property (T) if and only if its full (or
equivalently reduced) group C*-algebra has property (T). In [3], property (T) for a von Neumann
algebra was introduced, it is shown that a discrete /CC-group G has property (T) if and only if the
von Neumann algebra generated by the left regular representation of G has property (T).

In this paper, if V and W are Hilbert spaces, V ® W denotes their Hilbert space tensor product.
If V and W are algebras, V© W denotes their algebraic tensor product. If V and W are C*-algebras,
then V ®u;, W will denote their C*-tensor product with respect to the minimal (spatial) C*-norm
and V ®u,x W will denote their C*-tensor product with respect to the maximal C*-norm. Also, if
V is a Hilbert space we denote by £(V) the unital C*-algebra of bounded linear operators on V.

The paper is organised as follows. In Section 2, we recall some definitions and results in the
framework of C*-dynamical systems which are used in this paper.

In Section 3, we define a notion of property (T) for an arbitrary C*-dynamical system (A, G, @).
We show that if A has strong property (T) and G has property (T), then (A, G, @) has property (T).
We will also show that if G is a discrete group and (A, G, @) has property (T), then its C*-crossed
product has property (T) as a unital C*-algebra. Furthermore, we show that if A is a commutative
unital C*-algebra, G is a countable discrete group such that there exists a faithful representation of
A to the Hilbert space ¢2(G), then property (T) of C(G) ®min A implies property (T) of G, where
C; (@) 1s the reduced group C*-algebra of G.

Our basic references for C*-algebras are [5, 8, 9]. A good reference for C*-dynamical systems
is [10]. For a survey on Kazhdan’s property (T) one can refer to [2].

2. Preliminaries and Basic Concepts

A C*-dynamical system (or a dynamical system) is a triple (A, G, @), where A is a unital C*-
algebra, G is a locally compact group, and « is a continuous homomorphism from G into the group
of all #-automorphisms of A. Note that the continuity condition on @ amounts to the statement
that y = «,(a) is continuous for all a € A.

Let (A, G, ) be adynamical system such that G is a discrete group. Let K (G, A) be the algebra
of all A-valued functions with finite support endowed with the following twisted convolution as
product, involution and norm:

w0 =Y Na007), X0 =aGe")), =Y kol
Y

Y

where x,y € K(G,A) and t € G. The algebra K(G, A) becomes a normed *-algebra and we
denote its completion by £'(G, A). The algebra A is regarded as a subalgebra of K (G, A) with
the same unit element in which each arbitrary element a € A can be thought as a function on G
subject to the conditions a(e) = a and a(y) = 0 for y # e, where e is the unit of G.

The unital Banach *-algebra ¢! (G, A) has a faithful representation and we call the C*-envelope
of £1(G@, A) the C*-crossed product of A by G with respect to the action « and write as A X, G.
Let 6, be the unitary element of £ G, A) such that 0,(y) = 1 and 6,(t) = 0 if ¢t # y. The element
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0, belongs to A X, G and satisfies 6,ao6, = @y(a). An element x in K(G, A) can be written as
x = 2%, X(¥)6y.

A pair (u, ) consisting of a representation u of A and a unitary representation  of G on the
same Hilbert space H is called a covariant representation of (A, G,a) if foralla e Aandy € G
we have

n(y)ua) = p(ay(@)r(y).
Consider two covariant representations (u;,7;) and (up,7) on the Hilbert spaces H, H,, re-

spectively. We say that (u;,7) and (u,m,) are equivalent if there exists a unitary operator
W : H, — H, such that

Wuy(a) = ua(a)W, Wrni(y) = m(y)W,

forallae Aandy € G.
Consider a faithful representation of (A on a Hilbert space /. Define a representation of A as
well as a unitary representation of G on the Hilbert space £*(G, H) by

T QEY) = ay1(a) - E(y),  (ED) = €7D,

where a € ﬂ,g € (%G, H) and y,t € G. We say that (7, A,) is a regular representation of
(A, G,a).

The reduced C*-crossed product Ax,, G is the C*-algebra on £2(G, H) generated by the family
of {m,(a), A,(y) | a € A,y € G}. Note that this definition is independent of the choice of the space
H.

If A = C and « is trivial, then £/(G, A) coincide with £'(G) and A, is the regular representation
on the Hilbert space £2(G). In this case, A X, G is the group C*-algebra C*(G) and A X,, G is the
reduced group C*-algebra C:(G).

3. Property (T) for a dynamical system

A Hilbert bimodule on a unital C*-algebra A (or a Hilbert A-bimodule) is a Hilbert space H
carrying two commuting actions, one from A and one from the opposite algebra A° (see [1]). In
other words, there exists a representation from A ® . A° to L(H). If H is a Hilbert A-bimodule,
we will write a - & - b for all a, b € A and ¢ € H, to denote the module actions.

A tracial state on a unital C*-algebra A is a positive linear functional 7r : A — C such that
Tr(ab) = Tr(ba) forall a,b € Aand Tr(1) = 1.

Definition 3.1. (see [1]) Let B Cc A be a C*-subalgebra containing the identity of a unital C*-
algebra A. The pair (A, B) has property (T) if there exist a finite subset ¥ of A and € > 0 such
that the following property holds: if a Hilbert bimodule H on A contains a unit vector & € H
which is (¥, €)-central, that is:

mea;gilla-f—f-all <eg,

then H has a non-zero B-central vector, that is, a non-zero vector n € H such that
b-n=n-b,
for all b € B. Moreover, A has property (T) if the pair (A, A) has such property.
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It is clear that if A has property (T), then the pair (A, B) has, too. As an example, if H is any
Hilbert space and 8 ¢ L(H) a unital C*-subalgebra, then (L(H), B) has property (T) (see [4]).

Note that Definition 3.1 comes from the original definition of property (T) for groups. Let G be
a locally compact group and N a closed subgroup. The pair (G, N) has property (T) if there exist a
compact subset Q of G and r > 0 such that the following property holds: if a unitary representation
(7r, H) of G contains a unit vector & € H which is (Q, r)-invariant, that is:

sup [ln(y)(€) - €Il <,

v7eQ

then H has a non-zero N-invariant vector, that is, there is a non-zero vector n € H such that

n(y)(m) = n,

for all y € N. Moreover, G has property (T) if the pair (G, G) has property (T). An example of a
pair with property (T) is the pair (S L,(Z) x Z?,7Z?*), where S L,(Z) x Z? is the semi-direct product
for the natural action of S L,(Z) on Z>.

In the following, we give definition of a covariant birepresentation on a dynamical system and
apply it to study the property (T) on the dynamical systems.

Let (A, G, @) be a dynamical system. A triple (H, 7y, ;) consisting of a Hilbert bimodule H
on A and two commuting unitary representations 7y, 7, of G on the same Hilbert space H is called
a covariant birepresentation of (A, G, «) if we have

m(yDm(y)a - & - b) = ay,(a) - 1 (y)m(y2)(§) - @, (D),

foralla,b € A,y,,y, € Gand ¢ € H.

Obviously, covariant birepresentations of the dynamical system (A, {e}, id) are in one-to-one
correspondence with Hilbert bimodules on A, where {e} is the trivial group with one element.
Covariant birepresentations of the dynamical system (C, G, id) correspond to commuting unitary
representations of G. Note that if (H, 7y, 1) is a covariant birepresentation of (A, G, @), then so is
the triple (H, 7y, 7).

Let (A, G, @) be a dynamical system and 8 C A an a-invariant C*-subalgebra containing the
identity element of A. Let (H,m;,m,) be a covariant birepresentation of (A, G, @). We say that
(H, 1, mp) has a non-zero (B, G)-central vector if there exists a non-zero vector 1 in H such that

b-n=n-b, m(y)m(y)m) =1,

forallye Gand b € B.

If (A, G, @) is a dynamical system and G is a discrete group, then covariant birepresentations
with non-zero central vectors are in one-to-one correspondence with a-invariant tracial states of
the associated C*-algebra.

Lemma 3.2. (i) Let (H,n, ) be a covariant birepresentation of a dynamical system (A, G, @)
with a non-zero (A, G)-central vector n. Then A admits an a-invariant tracial state.
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(ii) Let (A, G, @) be a dynamical system such that G is a discrete group. Let Tr : A — C be an
a-invariant tracial state on A. Then there exists a covariant birepresentation of (A, G, @)
with a non-zero (A, G)-central vector.

Proof. (1) Let{ = ﬁ Define Tr : A — Cby Tr(a) = {a-{,{). Then Tris a tracial state on

A, and for all a € A,y € G we have

Tria,(a@) = (m@)mty)a-0),)
(a-&my Hmy ™))
Tr(a).

(i1) First, consider the extension of a-invariant tracial state on A X, G, again denoted by T'r.
Setting N = {x € AX, G| Tr(x*x) = 0}, it is easy to check that N is a two-sided ideal of
A X, G and that the map (x + N,y + N) = Tr(y*x) is a well-defined inner product on the
quotient space A X, G/N. We denote by L*(Tr) the Hilbert space completion of A X, G/N.
For each a € A, the mappings x + N — ax + N and x + N — xa + N can be extend to
bounded operators on L*(Tr), and L*(T'r) is a Hilbert bimodule on A. Also, if y € G, define
two operators 7, (y), m(y) € L(L*(Tr)) by

m&x+N)=6x+N,  m)(x+N)=x6,1+N.

We obtain two commuting unitary representations 1, m, of G on L*(Tr), and (L*(Tr), mt1, m5)
is a covariant birepresentation of (A, G, @). Moreover, n = 6, + N is a non-zero (A, G)-

central vector.
]

Let (H, m,m,) be a covariant birepresentation of (A, G, @). Given a finite subset ¥ of A, a
compact subset Q of G and ¢, r > 0, we say that a unit vector & € H is (F, g, Q, r)-central if:

max fla-&-§&-dll <e, sup [l ()2 (y)(E) — €Il < r.

aeF yeQ
The covariant birepresentation (H, 7y, ;) almost has invariant vectors if it has (¥, €, Q, r)-central
vectors for every finite subset 7 of (A, compact subset Q of G and every &, r > 0.

Definition 3.3. Let (A, G, @) be a dynamical system, and 8 C A an a-invariant C*-subalgebra
containing the identity element of A. We denote the dynamical system (A, G, @) with the a-
invariant C*-subalgebra B, by ((A, B), G, @). We say that (A, B), G, @) has property (T) if there
exist a finite subset ¥ of A, a compact subset Q of G and &, r > 0 such that any covariant birep-
resentation of (A, G, @) with a unit (¥, &, Q, r)-central possesses non-zero (8, G)-central vectors.
Moreover, the dynamical system (A, G, @) has property (T) if the system ((A, A), G, @) has such

property.
It is clear that if (A, G, @) has property (T), then so has ((A, B), G, a). Property (T) of the

dynamical system (A, {e}, id) correspond to property (T) of A, and property (T) of the dynamical
system (C, G, id) correspond to property (T) of G.
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Remark 3.4. (1) If e is trivial and (A, B), G, @) has property (T), then (A, B) has it too, for any
B as above.

(i) Let (A, G, @) be a dynamical system, and that the C*-algebra ‘A admitting an @-invariant
character, that is, a non-zero multiplicative linear map y : A — C such that y(a,(a)) = x(a)
forall y € G and a € A. If (A, G, @) has property (T), then G has property (T).

Let us give an example of a dynamical system which does not have property (T).

Example 3.5. Let X be a smooth vector field on a compact manifold M. Suppose for each point
q € M there is a unique integral curve 87 : R — M of X starting at ¢, and p be an element in M
such that 67 is the constant curve 67(t) = p. For each t € R, we can define a map 6, from M to
itself by sending each point ¢ € M to the point obtained by the curve starting at g for time #:

6i(q) = 6°(1).

This defines a family of maps 6, : M — M for t € R. Let C(M) denote the unital C*-algebra of
continuous complex valued functions on M. We obtain a homomorphism @ : R — Aut(C(M)),
defined by

ai(f)(q) = f(0-1(9)),

and (C(M),R, @) is a dynamical system. Define an a-invariant character y : C(M) — C by
x(f) = f(p). We know that R does not have property (T) (see [2]), it follows from Remark 3.4
that (C(M), R, @) does not have property (T).

The notion of property (T) for a dynamical system (A, G, @) and for C*-algebras associated to
it are related via the correspondence between covariant birepresentations and Hilbert bimodules.
More precisely, given a Hilbert A X, G-bimodule H, one can define two commuting unitary
representations 7, m, of G on the same Hilbert space H by

THONE) =6,-€  mOE) =£-6,.

Viewing A as a subalgebra of A X, G, it is simple to see that (H, m;, 7,) is a covariant birepresen-
tation of (A, G, ).

Conversely, suppose (H, my, 7,) is a covariant birepresentation of (A, G, @). Take x € K(G, A)
and define two operators 7(x) and p(x) on ‘H by

A= ) X)) - mOE),  p@E= Y mly E X)),
Y

Y

Since 7 is obviously norm decreasing, it extends to a representation of £!(G, A), hence to that
of A X, G. Similarly, p extends to a representation of the opposite algebra of A X, G. Two
representations 7 and p are commuting, so that H is a Hilbert bimodule on A X, G.

Hence, a non-zero (A, G)-central vector for a covariant birepresentation of (A, G, @) is a non-
zero A X, G-central vector.

By the argument of Remark 15 in [1], we know that every unital C*-algebra without tracial
states has property (T). We will show that a similar fact is true for dynamical systems which the
associated C*-algebra does not admit a-invariant tracial states.
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Theorem 3.6. Let (A, G, @) be a dynamical system such that the unital C*-algebra ‘A does not
admit a-invariant tracial states. Then (A, G, @) has property (T).

Proof. Assume that (A, G, @) does not have property (T). Then, there is a covariant birepresenta-
tion (H, 1, ) almost has invariant vectors. This implies that there is a net of unit vectors (&;)e;
in H such that:

limlla-& - &-all =0, lim [lm ()2 ()€ = &ill = 0,

foralla € A,y € G. Foreach T € L(H), let Dy be the closed disc in C of radius ||T||, and
consider the product space

endowed with the product topology. By Tychonoff’s Theorem, X is compact. Since ((T&;, &) rerr)
is an element of X for all i € I, there exists a subnet (¢;) ., such that, for all T € L(H), the limit

@(T) = li§n<T§:j,§j>

exists. Itis clear that T — ¢(T) is a positive linear functional on L(H) with ¢(ids) = 1. Moreover,
forevery y e Gand T € L(H), we have

P(mimT) = ¢(T) = (T (y)ma(y)).

Then Tr : A — C defined by Tr(a) = ¢(u(a)) is an a-invariant tracial state on A, where u is the
representation on H given by, say, the left action of A. ]

Example 3.7. Let H be an infinite-dimensional Hilbert space and U(H) be its unitary group.
Suppose B c L(H) is a C*-subalgebra containing the identity element of £(), and that u €
U(H) is such that uBu* c B. Then p(a) = uau* is an automorphism of L(H). Therefore, we
obtain a homomorphism « : Z — Aut(L(H)), defined by @, = ¢", and (L(H), Z, @) is a dynamical
system. Using Theorem 3.6, so ((L(H), B), Z, a) has property (T).

Let G| — G» be a surjective continuous homomorphism between locally compact groups. It
is well-known that if G, has property (T), then G, has property (T). Similarly, let A — B be a
surjective *-homomorphism between unital C*-algebras. If A has property (T), then so has 8. The
corresponding statement for dynamical systems is as follows and its proof is straightforward.

Lemma 3.8. Let (A, G, @) and (B, G, B) be two dynamical systems with actions a and 8 of a fixed
group G on A and B, respectively. Let [ : A — B be a surjective x-homomorphism between A
and B such that

By(f(@) = f(e,(a)),
forally € G,a € A. If (A, G, a) has property (T), then (8B, G, ) has also property (T).
Let H be a Hilbert bimodule on a C*-algebra ‘A and 8 C A a C*-subalgebra containing the

identity of A. Let
HE =(neH |b-n=n-b, Vbe B},
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and Pf{ : H — H?® be the orthogonal projection from H over the closed subspace H?.

Let us recall a notion of strong property (T) in [4]. The pair (A, B) has strong property (T)
if for any r > 0, there exist a finite subset ¥ of A and &£ > 0 such that the following property
holds: if a Hilbert bimodule H on (A contains a unit vector ¢ € H which is (7, €)-central, then
||€ — Pf[(g)H < r. Also, A has strong property (T) if (A, A) has such property.

By taking r < %, we see that strong property (T) implies property (T). If A has no tracial state,
then (A has strong property (T), and so does (A, B) (see [4]).

Also, suppose (7, H) is a unitary representation of a locally compact group G and N is a closed
subgroup of G. Let

HN ={neH | n(y)m) =n, Vy € N},

and P : H — HN be the orthogonal projection from H over the closed subspace H™.

Theorem 3.9. Suppose (A, B) has strong property (T) and G has property (T). Then (A, B), G, @)
has property (T).

Proof. Since G has property (T), there exist a compact subset Q of G and & > 0 such that for any
unitary representation (7, ) and unit vector & € H which is (Q, €)-invariant, one has a non-zero
vector n7 € H such that

n(y)n) =n,
forally e G. Leth = min{%, £}. Since (A, B) has strong property (T), there exist a finite subset F
of A and r > 0 such that for any Hilbert bimodule H and unit vector & € H which is (¥, r)-central,

one has

1€ = P3Ol < h.

Let k = min{r, 7}, and (H, 7, 72) be a covariant birepresentation of (A, G, @) with a unit vector
& € H such that:

max la-&—¢&-all <k, sup |l (Y)ma(y)(€) — €Il < k.

veQ

Then || — Pf,(g)ll < hand ||Pf[(§)|| > % Forall b € B,y € G and £ € H? we have:

b - m (y)ma(y)(Q)

T (Y)(@y-1(b) - ma(y)(D))
= mm(y)a,1(b)-{)
= mmy){ - a,-1(b))
= m@)Q)-b)

= mm(y){) - b.

AG)

72 @y then we

Hence, n(y) = m;(y)m(y) is a unitary representation of G on H%. If we take £ =

have

2h o)
Sl =Ll < s on * ipEan < 2PEen <2
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Therefore, there exists a non-zero vector 7 € H% such that

m()m(y)a) = n(y)) = n,
for all y € G, which implies that 7 is a non-zero (8, G)-central vector, as required. L]

We need the following proposition from [6] to prove the next lemma.

Proposition 3.10. Let G be a locally compact and o-compact group and let N be a closed sub-
group of G. The following properties are equivalent:

(i) (G, N) has property (T),

(ii) for every r > 0, there exists a pair (Q, €) of compact subset Q of G and & > 0 with the
following property: for any unitary representation (n, H) of G which has a (Q, €)-invariant
unit vector &, then we have ||& — Pqu{(f)II <r.

Lemma 3.11. Let G be a countable discrete group with property (T). Then (C*(G), G, @) has
property (T) for any action a of G on C*(G).

Proof. By Theorem 3.9, it suffices to prove that C*(G) has strong property (T). Let r > 0. Since
G has property (T), by Proposition 3.10 there exist a finite subset Q of G and € > 0 such that
for any unitary representation (7, ) and unit vector & € H which is (Q, €)-invariant, one has
I€E - Pf{(f)ll < 5. Let ¥ = {0, | ¥ € Q} be the finite subset of C*(G), and H a Hilbert bimodule on
C*(G) contains a unit vector & € H which is (7, €)-central. Define a unitary representation (7, H)
of G by

n(y)(§) = 67 & 67’1-

Hence, £ is (@, €)-invariant, and we have

I = PPN = I - PNl < r.
O

In the following, we show that property (T) of a dynamical system (A, G, @) such that G is a
discrete group implies property (T) of its C*-crossed product.

Theorem 3.12. Let (A, G, @) be a dynamical system, and that G is a discrete group. If (A, G, @)
has property (T), then ‘A X, G has property (T) (and so does A X, G).

Proof. Since (A, G, @) has property (T), there exist a finite subset ¥ of A, a finite subset Q of G
and &, r > 0 such that for every covariant birepresentation (H, 711, m,) of (A, G, @) contains a unit
vector & € H which is (7, &, Q, r)-central, then H has a non-zero (A, G)-central vector.

Let O = ¥ U{6, | y € Q} and £ = min{r, &}. Let H be a Hilbert bimodule on A X, G contains a
unit vector & € H which is (D, €)-central. Define two commuting unitary representations (7, H)
and (m,, H) of G by

m(y)§) =06, -¢&, (Y)NE) =& - 6y
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Viewing A as a subalgebra of A X, G, it is clear that (H, 1, 7,) is a covariant birepresentation of
(A, G,a), and € is a (F, &, Q, r)-central. Therefore, there exists a non-zero vector n € H such that

a-n=n-a, Oy N =1"0y,
forall a € A and y € G. Then for any x = 3., x(y)d, € K(G, A), we have

xn= ) X6, n= ) X)) n-8,= ) x5, =n-x.
Y Y Y

Since K (G, A) is dense in £/(G, A) and (G, A) is dense in A X, G, we obtain x - = 1 - x for
all x € A X, G. Since A X,, G is a quotient of A X, G, it follows that A X,, G also has property
(D). O]

Remark 3.13. If (A, G, @) is a dynamical system, G is a discrete group and « trivial, then:
AXer G = CHG) ®min A, AXy G = CH(G) Opax A.

By Theorems 3.9 and 3.12 for a discrete group G with property (T) and a unital C*-algebra A with
strong property (T), C;(G) ®uin A and C*(G) ®max A have property (T).

If a locally compact group with property (T) is amenable, then it is compact, a similar fact is
true for C*-algebras with property (T) which are nuclear. A C*-algebra A is nuclear if, for any
C™-algebra B, there is a unique pre-C*-norm on A © B. Let Tr be a tracial state on the unital
C*-algebra A. By the GNS -construction, Tr defines a Hilbert A-bimodule, denoted by L*(T'r).
In [1], it is shown that if A is a unital C*-algebra with property (T) which is nuclear, then for any
tracial state 7r on (A, the left action of ‘A on the Hilbert space L*(Tr)is completely atomic, that is,
L?*(Tr) decomposes as a direct sum of finite dimensional A-submodules. This implies that if A is
a unital C*-algebra with property (T), and that there exists a tracial state 77 on A such that L*(Tr)
is not completely atomic, then A is not nuclear.

Corollary 3.14. Let (A, G, @) be a dynamical system such that G is a discrete group and A is
nuclear and G amenable. Suppose that there exists a tracial state Tr of A X, G such that L*(Tr)
is not completely atomic. Then (A, G, a) does not have property (T).

Proof. Since G is amenable and ‘A is nuclear, so AX,G is nuclear (see [10]). As cited above AX,G
does not have property (T). So by Theorem 3.12, (A, G, @) does not have property (T). O]

Note that even if A X, G has strong property (T) and « is trivial, it does not follow that G has
property (T).

Proposition 3.15. Let G be a locally compact and o-compact group and N a closed subgroup of
G. The following properties are equivalent:

(i) (G, N) has property (T),

(it) if a unitary representation (n, H) of G almost has invariant vectors, that is, if it has (Q, €)-
invariant vectors for every compact subset Q of G and every € > 0, then H contains a
non-zero finite dimensional subspace which is invariant under N.
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We will now use the same technique as in the proof of Theorem 6 in [1] to obtain the following
theorem, using the above proposition from [1].

Theorem 3.16. Let A be a commutative unital C*-algebra, and G a countable discrete group
such that there exists a faithful representation of A to the Hilbert space t*(G). If C:(G) ®min A has

property (T), then G has property (T).

Proof. Viewing C:(G) ®min A as A X, G in dynamical system (A, G, @) with « trivial, suppose
A X4r G has property (T). Choose a finite subset ¥ of A X,, G and € > 0 as in Definition 3.1. We
may assume that |[y|| < 1 for all y € F. Take an element &, € £*(G) such that ||&)]| = 1. One can
check that there exists a finite subset Q of G such that:

2
> Iy £ < =

yeEG-Q 9

for all y € #. Assume that (7, H) is a unitary representation of G almost has invariant vectors.
Choose a unit vector ¢ € H such that is (Q, £)-invariant vector. Define a representation u of A as
well as two unitary representations 7, 7> of G on the Hilbert space tensor product £2(G, *(G)) @ H
by

ua) = my(a) ® id,

and,
m(y) = A(y)®id, m(y) = pao(y) ® 1(y),

forall a € A,y € G, where p, is a representation of G on the Hilbert space (G, (*(@)) defined
by ua(y)E(s) = E(sy) forall y, s € G and £ € £*(G, £(G)).

Since (u, ;) and (u, ) are covariant representations, are equivalent to multiples of the regular
representation (1r,, A,), they extend to commuting representations of AX,, G, so that {2(G, (*(G))®
H is a Hilbert bimodule on A X,, G.

Let 77 = £ ® &, where & € (X(G, €3(G)) is defined by &(e) = & and &(y) = 0 otherwise. For any
y € F, we have

ly-m-7" = Z [¥(Se ® E)WIPlIm(y)(E) — &II°
veG
4&? 5 5
< —+ Z ly(6e ® E) I llm(¥)(E) — €l
9 veQ
4¢* &
< 4+
9 9
< &.

Therefore, there exists a non-zero vector 1 in £*(G, £*(G)) ® H which is A X, G-central. Viewing
1 as a non-zero vector in the Hilbert space £2(G, £2(G, H)), in particular, we have

n(yty H(s) = n(y)(n(t)(s)),
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for all yv,t,s € G. Then y +— |[n(y)|l is a non-zero function in ¢2(&) which is invariant under
conjugation by elements of G. Let t, € G be such that n(ty) # 0. It follows that {ytyy™' | y € G}
is a finite subset of G. Let sy € G be such that 5(y)(sg) # 0. Then {n(ytyy )(so) | ¥ € G} is finite,
hence {n(y)(n(ty)(so)) | ¥ € G} is a finite subset of H and its linear span defines a non-zero finite
dimensional invariant subspace under G. It follows from Proposition 3.15 that G has property

(D).

[]

Remark 3.17. (i) Let G be a countable discrete group. Since all finite dimensional C*-algebras

have strong property (T) (see [4]), using Theorems 3.9, 3.12 and 3.16, G has property (T) if
and only if C;(G) has property (T). This is a well-known result of Bekka (see [1]).

(i) Let G be a countable discrete abelian group. Since G is amenable there exists a faithful

representation of C*(&) in the Hilbert space £*(G). In fact the regular representation can be
extended to an *-isomorphism between the group C*-algebra C*(G) and the reduce group
C*-algebra C:(G), and we have C*(G) = C:(G). Using Lemma 3.11 and Theorems 3.12,
3.16 it follows that G has property (T) if and only if C:(G) ®min C:(G) has property (T), by
choosing A = C*(G) and « trivial in dynamical system (A, G, @).
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