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1. Introduction and Preliminaries

The concept of frames, which are a generalization of the bases in Hilbert spaces, were first
introduced by Duffin and Schaeffer [7] during their study of nonharmonic Fourier series. After
that, Daubechies et al. [5] reintroduced the concept of frames. Now frame theory has been widely
used in many fields. An introduction to frame theory and some details and applications can be
found in [4].

K-frames in Hilbert spaces were introduced by Gavruta [9] to study atomic decomposition
systems, and discussed some properties of them. Actually, K-frames are limited to the range
of a bounded linear operator in Hilbert spaces. Afterward, K-g-frames have been introduced in
[10] and some properties and characterizations of K-g-frames has been given. A recent progress
on continuous frames inspired by the solution of the Kadison-Singer problem is surveyed in [3].
Also, using frame theory techniques, some results concerning atomic decompositions for operators
on reproducing kernel Hilbert spaces is given in [8]. The concept of continuous K-g-frames, or
briefly c-K-g-frames, is introduced in [2]. In this paper, we investigate some features of these
kinds of frames.

Throughout this paper, H is a separable Hilbert space, (€2, u) is a measure space, {H,}ucq
is a family of separable Hilbert spaces and K is a bounded linear operator on H. Furthermore,
B(H, H,) shows the set of all bounded linear operators from H into H,, and B(H) is the algebra of
all bounded linear operators on H.

In the following of this section, we review some concepts and results about g-frames and K-g-
frames.

Definition 1.1. Let K € B(H). A sequence {f;},c; is called a K-frame for H, if there exist constants
A, B > 0 such that

AIK*fIP < Z Kf, O < BIfIP, VfeH. (1.1)
i€l
We call A, B the lower and the upper frame bounds of K-frame {f,};c;, respectively. If only the
right inequality (1.1) is satisfied, {f,}ic; is called a Bessel sequence. If K = Idy, then it will be an
ordinary frame.

Definition 1.2. Assume that K € B(H) and A = {A; € B(H,H;) : i € I}. A is called a K-g-frame
for H with respect to {H},c, if there exist constants A, B > 0 such that

Al AP < DT IAFIP < BIFIP,  Vf € H. (1.2)

iel
We call the constants A, B, the lower and upper bounds of K-g-frame, respectively.
The space I>({H,}i¢;) is represented by

12({Hi}iel) = {{ai}iel | a; € H;, Z ||Cli||2 < 00}~

iel
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Let {A; € B(H,H;) : i € I} be a K-g-frame for H with respect to {H;},;. The synthesis operator
T : ’({H;}ie;) — H is defined as follows:

T({gi}ier) = Z Argi, gl € P(H }ier).

iel

Theorem 1.3. ([11]) The sequence A = {A; € B(H, H;) : i € I} is a g-Bessel sequence for H with
bound B if and only if the operator

T:P({H)ie) — H
T({gi}iel) = Z A?é’i

i€l
is a well-defined and bounded operator with ||T|| < VB.

The adjoint operator of T is called analysis operator of A = {A;}ie; and T* : H — P({H}ie;)
is given by
T°f ={Aif}ier, Vf€H.

The frame operator S : H — H of A = {A;}ic; is defined as follows:

Sf=TT'f=) AAf, VfeH

iel

Definition 1.4. Let K € B(H) and f : Q — H be a weakly measurable mapping. Then f is called
a cK-frame for H, if there exist constants A, B > 0 such that

AIIK"fIP < LI(f,f(w)>|2dﬂ(w) <BIfI’, VfeH. (1.3)
We call the constants A, B, the lower and upper bounds of cK-frame f, respectively.
Definition 1.5. ([1]) Assume that
HyeoH, ={f : Q — UyeoH, : f(w) € H,}.
We say that F € [1,qH,, is strongly measurable if ' as a mapping of Q to ®,qH,, is measurable.

Now, we review the definition of continuous g-frames.

Definition 1.6. ([1]) A family A = {A, € B(H,H,) : w € Q} is called a continuous g-frame, or
simply a cg-frame, for H with respect to {H,,},cq, if:

(i) foreach f € H,{A,f}.cq is strongly measurable,

(i1) there exist two positive constants A, B such that
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AllfIP < fQIIAwfIIzd,u(w) < BIfI?, Vf € H. (1.4)

A and B are called the lower and upper cg-frame bounds, respectively.

Definition 1.7. Consider the set ( ®,eq H,.1),» Which is defined as below:

{F € l_[ H,, : Fis strongly measurable andf ||F(a))||2d,u(w) < oo}.
Q

we

It can be proved that ( ®,cq H,,, 1t),. is a Hilbert space with the inner product given by

(F,G) = f (F(w), G(w))dp(w).
Q

We will denote the norm of F € ( ®,eq Hy, 1t),2 by ||F|l2, (see [1]).

Proposition 1.8. ([1]) Let {A,}ueq be a cg-Bessel family for H with respect to {H,},cq with Bessel
bound B. Then the operator
T: (®wEQ Hw’,u)LZ — H

weakly defined by

(T, hy = f(AZ(p(w), hydu(w), Vo € (®yeq Hy,1t);2, Yh € H, (1.5)

Q

is linear and bounded with ||T|| < VB. Moreover, foreach h € H and w € Q,
T*(h)(w) = Ayh. (1.6)

The operators T and 7™ are called synthesis and analysis operators of cg-Bessel family {A,},cq,
respectively.

Let {A,}ucq be a cg-frame for H with respect to {H,,},cq With frame bounds A, B. The operator
S : H — H weakly defined by

(Sf.8) = fg (FALALg)du(w), Vf.g € H, (17)

is called the frame operator of {A,},cq. S is a positive and invertible operator.

Definition 1.9. Suppose that (Q, ) is a measure space with positive measure u and K € B(H). A
family A = {A, € B(H,H,) : w € Q}, is called a continuous K-g-frame, or simply a c-K-g-frame,
for H with respect to {H,},cq, if:

(1) foreach f € H, {A,f}ueq 1s strongly measurable,
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(i1) there exist constants 0 < A < B < oo such that
AIK* fIP < f”Awfllzdﬂ(w) <BI|fI’, VfeH. (1.8)
o)

The constants A, B are called lower and upper c-K-g-frame bounds, respectively. If A, B can be
chosen such that A = B, then {A,}.cq 1s called a tight c-K-g-frame and if A = B = 1, it is
called Parseval c-K-g-frame. A family {A,}.cq is called a c-K-g-Bessel family if the right hand
inequality in (1.8) holds.

Theorem 1.10. ([2]) Let (2, ) be a measure space, where u is o-finite and K € B(H). Suppose
that {A, € B(H,H,) : w € Q}is a family of operators such that for each f € H, {A,f}weq 1S
strongly measurable. Then {A,},cq is a c-K-g-frame for H with respect to {H,,},cq if and only if
the operator

T : (®uco Hw,/.l)Lz — > H

weakly defined by

(TF,g) = f (AL F (W), @¥dp(w), VF € (@uca Hw,u)Lz, Vg € H,
Q

is bounded and R(K) € R(T).
For every closed-ranged operator there exists a right-inverse.

Lemma 1.11. ([4]) Let H, and H, be Hilbert spaces and suppose that U : H, — H, is a bounded
operator with closed range R(U). Then there exists a bounded operator U' : H — H, for which

N(U") =RU)*, RUH=NU)", UU'f=f VfeRU).
The operator U" is called the pseudo-inverse of U.

Lemma 1.12. ([6]) Suppose that L, € B(H,,H), L, € B(H,,H), where H,H,, H, are Hilbert
spaces. Then the following statements are equivalent:

(1) R(Ly) € R(Ly),
(2) LiL} < al,L; for some @ > 0,
(3) there exists a bounded operator Q € B(H,, H,) such that

Ll = L2Q
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2. Excess of c-K-g-frames

In this section, we investigate the excess of c-K-g-frames. We give some conditions on a c-K-
g-frame such that after an erasure of some elements, it remains still a c-K-g-frame. Before that,
we need to introduce a new notation which is helpful in the following of this section.

Definition 2.1. For each measurable set A C Q, we define the operator
Ty : (®weq Hospt)p — H
weakly by
(Tag.5) = [ (AL D). Vi & (@ Horji)o Ve € H .
Next theorem states some conditions that under which we can verify the excess of c-K-g-

frames.

Theorem 2.2. Suppose that {A, € B(H,H,) : w € Q}is a c-K-g-frame for H with bounds A, B.
Let A C Q be measurable and R(K) be closed. Then the following statements are equivalent:

(1) Let
Waa := R(Tq\a) € R(K)

and
Wy := R(T») € R(K)*.

Then {A, € B(H,H,) : we Q\A}is a c-K-g-frame for H with bounds A, B.

(2) Let Woua C R(K) and ||KT|| < %. Then {A, € B(H,H,) : we Q\A}is a c-K-g-frame for
H with bounds A — B||K||* and B, where K is the pseudo-inverse of K.

(3) Let {0} # Wa C R(K) and Woza L Wa. Then (A, € B(H,H,) : w € Q\A} is not a
c-K-g-frame for H.

Proof. (1). Foreachh e H,

f 1A dp(w) < f 1AL dp(w) < BlAI.
Q\A Q

So {Ayu}wea\a 1s a c-K-g-Bessel family for H. Now, we show that the lower frame condition holds.
The assumption W, C R(K)* implies that for each f € R(K),

fA 1A, fIPdu(w) < fg (A A f, rdu()
= (TatAufluer) f) = O.
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Hence, for each f € R(K) and for almost all w € A,
Aof =0. (2.2)
Similarly, by assumption Wo\a € R(K), for each g € R(K)* and for almost all w € Q\A, we have
A,g =0. (2.3)

By (2.2), for each f € R(K),
Nﬁmﬁww=fnmﬁmwiﬁmwww
Q Q\A A
= f 1AL fIPdp(w).
Q\A
Since {A,}ueq 1S a c-K-g-frame for H with bounds A, B, then for each f € R(K),
AIK*fIP < f A fIPdu(w) < BIIfIP. (2.4)
Q
By (2.3) and (2.4), for each f € R(K), we obtain
AlK* fIP? < f 1A fIPdp(w). (2.5)
Q\A

If g € R(K)*, then
(K*g,h) = (g,Kh)y =0, VfeH.

That is,
K'g=0, geRK)". (2.6)

Let h € H, then we can write has h = f+ g, where f € R(K) and g € R(K)*. So by (2.5) and (2.6),

AIIK*RIP = AIK* 1 < f 1A fIPdps(w)

Q\A

:j‘HAAf+@W@MM
Q\A

= f 1AL dp(w).
Q\A

(2). Assume that & € H, then it can be written as 7 = f + g, where f € R(K) and g € R(K)*. By
Lemma 1.11, for each f € R(K),

11 = 1K Lrae) K I < ICK i) MK A1 < KT £ 2.7
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From (2.3), (2.6) and (2.7), we obtain

f 1AL dp(w) = f 1A 1 du(w)
Q\A

Q\A

_ f AL fRdu(w) — f 1A AIPdu(w)
Q A

> AK* fll - BIfIP
> AlIK* fll - BIK|PIIK" 1
= (A= BIK'IPIK" fI.

(3). Let 0 # f € W5 C R(K). Then there exists a g € H such that f = Kg, so

(K*f,8) = (K'Kg. ) = |IKgl* = IIfl| # 0.

Hence K* f # 0. By Wa\a L W,, we have

f IIAwfllzdﬂ(w):f (AL AS ()
Q\A

Q\A

= (Toa({Aufluean), f) =0.

Therefore, the lower frame condition is not satisfied. ]

3. Some properties of c-K-g-frames

In this section, we extend the concept of atomic systems to continuous version. Then we study
the properties of ¢-K-g-frames and their relations with new kinds of atomic systems.

At first, we define atomic cg-systems.

Definition 3.1. Let K € B(H). A family A = {A, € B(H,H,) : w € Q} is called an atomic
cg-system for K if the following conditions hold:

(1) {Au}wea 1s a c-K-g-Bessel family,

(ii) there exists a C > 0 such that for each f € H, there exists a ¢ € ( ®,eq Hy,1t);2» Which
satisfies ||¢|l, < C||f]| and

(Kf.g) = fg (A (), 9)du(w), Vg € H.

Now, we study the relationship between atomic cg-systems and c-K-g-frames.

Theorem 3.2. Let K € B(H) and {A, € B(H,H,) : w € Q} be a c-K-g-Bessel family for H. The
Jfollowing statements are equivalent:

(1) {Au}weq is an atomic cg-system for K.
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(2) {ALU € B(H,H,) : w € Q} is an atomic cg-system for U*K, where U € B(H) is an onto
operator.

(3) {Aulweq is a c-K-g-frame for H.

(4) There exists a c-K-g-Bessel family {I',,},cq for H such that
(Kf.9)= [ (Cuf M), Vf.g € H. G.1)
Q
(5) There exists a c-K-g-Bessel family {I',,},cq for H such that

WMPLWﬂMW@,%ﬁH (32)

Proof. (1) = (2). Suppose that {A,},cq 1s atomic cg-system for K and U is an onto operator on
H. Then obviously {A,U},cq is a cg-Bessel family for H. Also, there exists a C > 0 such that for
each f € H, there exists a ¢ € (@,eq Hy,, 1t);» Which satisfies ¢l < C||f|| and

Mﬁ@=jh%ww@mmm VeeH. (33)
Q

U is onto, so by (3.3), for each h € H, we have

mmmzﬁmmwﬂmwwibmwwww@w.

Therefore, {A,U},cq 1s an atomic cg-system for U*K.

(2) = (3). There exists a C > 0 such that for each f € H, there exists a ¢ € ( ®yeq Hy. 1t);>
which ||¢|, < C||f]| holds and

meiﬁmwwmww,ww:

Since U is onto, each g € H can be written as g = Uh, for some h € H. Hence for each h € H,

<mm=£wmmmmwﬂww,WeH

This implies that R(K) € R(T'). By Theorem 1.10, {A,}ucq 1s a c-K-g-frame for H.
(3) = (4). By Theorem 3.1 in [2], the proof is complete.
(4) © (5). By (4), we have for each f,g € H,

wm@ﬂmjﬁiy@mwww:LMwmmwm

which implies (5). Similarly, (5) = (4) holds.
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(4) = (1). suppose that (4) holds. There exists a cg-Bessel family {I',},cq for H such that
Kf.0 = [(Cuf. M) Vi< H (3.4
So there exists a C > 0 such that
([ Irpfau) <cint. e,

For a given f € H, put ¢ = {T',,f},eq. then ¢ € (®yeq H,,, it),> and by (3.4),

(Kf.g) = fg (A" o), 9du(w), Vf.g € H.

Therefore, {A,}.co 1s an atomic cg-system for K. ]

In the following, we verify the relationship between c-K-g-frames and R(K). We present the set
of all c-K-g-frames for H with respect to {H,,},cq by CG(K) and the set of all tight c-K-g-frames
for H with respect to {H,,},co by CGT(K).

Proposition 3.3. Suppose that K,, K, € B(H) are non-zero operators such that R(K,) € R(K).
Then CG(K;) € CG(K»).

Proof. By Lemma 1.12, there exists @ > 0 such that
I AP < PIKGfIP, Y € H.
If {AL}weq 1s a c-K;-g-frame for H with bounds A, B, then

A
EllefllzSfIIAwfllzd/l(w)SBllfllz, VfeH.
Q

O
Proposition 3.4. If CGT(K;) C CG(K,), then R(K;) C R(K)).
Proof. If {A,}ueq 1s a tight c-K;-g-frame for H with bound A, then
AllK; 1P = f 1A fIPdu(w), Vf € H. (3.5)
Q

By inclusion CGT(K;) € CG(K>), {Ay}wen 1s a c-K,-g-frame for H. So, there exist constants
C, D > 0 such that

CIK; I < f IALfIPdu(w) < DIIfI?, VfeH. (3.6)
Q
From (3.5) and (3.6), we have
1K fII” < 5||K1f||2, VfeH.

So Lemma 1.12 implies that R(K;) C R(K}). O
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Remark 3.5. Consider the family {A, € B(H,H,) : w € Q}. By Remark 2.12 in [12], the fam-
ily {uyilwearek, 18 called the family induced by {A,}ueq With respect to {e,}weqiek,,, Where
{€wi)wea ek, 18 an orthonormal basis for Hilbert space @,,cqoH,, such that for each w € Q, {e,, }rek,,
is an orthonormal basis of H,,. More precisely,

Uy i = A*ew,k, weQ, ke Kw. (37)

Proposition 3.6. Let {A, € B(H,H,) : w € Q} be a family such that for each f € H, {A,f}oen
is strongly measurable. Then {A,}ueq is a c-K-g-frame for H if and only if {u,i}weokek, IS a
cK-frame for H.

Proof. By Remark 3.5,

fg IALAIPdp(w) = fQ Zl(h’uw,k>|2dﬂ(w)

keK,,
= [ ([ oo,
Q K

where [ : K — K is the counting measure on K. So the proof is complete. ]
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