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1. Introduction

Ordering sets has always been of interest to mathematician. As George Polya says inequalities
play an important role in most branches of mathematics and have widely different applications.
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The theory of vector and matrix inequalities and their linear preservers is an interesting subject in
matrix theory. There are several ways to define orders on vectors and matrices. For example, you
may compare vectors according to their norms or their components. Another way is majorization.
Let R” be the vector space of all n X 1 real vectors.

Definition 1.1. For x,y € R” we say x is majorized by y, denoted by x < y, if

Zk:x}szk:y}, 1<k<n,

i=1 i=1
and for k = n, these two sums are equal, where xf is the i largest entry of the vector x. [7]

Majorization inequality has been extended to some other relations such as multivariate ma-
jorization [7], row stochastic majorization [6]. Power majorization is a type of majorization which
defined as follows. Let x and y be two vectors with non-negative components. We say x is power
majorized by y, x <, y, if x{ + x5 + ...+ x;, <y +y5 +...+y, forall p > 1, p < 0 and the inequality
will be reversed when 0 < p < 1.[4]

In this paper we define a new kind of relation on R" called d-projectional (in)equality which is
somehow similar to majorization and power majorization. Here, we don’t care about the entries
of the vector and their order or arrangement anymore. Instead, we consider the p-norm of the
projection of vectors. Let ¢;, i = 1,...,n be the standard basis of R". For the vectors x,y € R", we
compare the p-norm of their projections on the subspace V = R* of R” generated by ey, - - - , ¢ for
each k < n.

Characterizing linear maps with special conditions is one of the challenging problems in mathe-
matics. For example in [3] authors have characterized all multiplicative isomorphisms for invert-
ible matrices. One of the most interesting problems is to find the linear maps which preserve that
relation on a linear space. More precisely, let ~ be a relation on a linear space V. A linear operator
T : V — Vis called a linear preserver of ~ if for every v,w € V

ve~w=Tv~Tw.

All linear preserving majorization linear maps on R” have been characterized in the following
theorem[1].

Proposition 1.2. Let T : R" — R” be a linear preserver of <. Then T has one of the following
forms:

i) Tx = tr(x)a for some a € R".

ii) Tx = allx + BJx for some a,B € R and some permutation 11, where J is the matrix with all
entries equal to one.

Some special kinds of majorization preserving linear maps are characterized in [2] and [5]. In
this paper we characterize linear maps that preserve the d-projectional (in)equality. In this paper
T : R*" — R"is a linear map with the matrix representation A = (a;;);,_, with respect to the
standard basis of R”, and A" and A, are the " row and column of A, respectively. Also by e we
denote a vector in R” with all entries equal to one.
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2. d-Projectional equality and its linear preservers
Let’s start with the definition of d-projectional equality.

Definition 2.1. Let p € R, p > 0 and x,y € R". We say x is d-projectionally equal to y with
respect to p-norm, and denoted by symbol x :Z, if Zle |x;|? = Zf:] [yi|P for every d < k < n.

If d = 1, we use the notation x =, y. It is easy to see that e; :jl, ejforeach 1 <i,j <d.
For x = (x1,--- ,x,)7 € R" we use the notation |x| for the vector (|xi],- -, |x,])’, where |x;| is the
absolute value of x;.

We have the following lemmas.

Lemma 2.2. Let x,y € R" and p > 0. x =, y if and only if |x| = |y|.
Proof. 1t is direct result of definition. ]

Considering A = (a;;) to be the matrix presentation of 7', A* to be the k" row and A, be the r"
of A, we have the following lemmas and theorems.

Lemma 2.3. Let p be a positive real number and T : R" — R" be a linear preserver of d-
projectional equality. Then for each i > d, the i"" row of the matrix representation of T has at most

one nonzero entry.

Proof. Consider A = (a;;) as the matrix presentation of 7. Let A* be the first row with k > d and
at least two nonzero entries like a;, and a;,. We can choose nonzero numbers @ and S such that

apa + arB = 0. Consider the vectors x = (x1,-+-, x,)! andy = (y;,- -+ ,y,)’, where
—a ifi=t a ifi=t
Xi = ﬁ ifi=s and yi = ,8 ifi=s
0 otherwise 0 otherwise
We have Tx = (x,--- ,x,)" and Ty = (},--- ,y,)", where x| = ;8 — a@ and y, = a;8 + a;« for
i=1,---,n. Since for each d < i < k the i row has at most one nonzero entry, |x| = |yi| for all
d<i<k.

It is easy to see that x =7 y, but

k k—1
DI = > i + law + awal?
1 1
-1

il

=

T
k=1
< il + laxB — akal”

1

k
2.

1

which is a contradiction. ]
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Lemma 24. Let T : R" — R" be a linear map such that ||x||, = |[yll, implies ||Tx||, = [ITyll,.
Then A = rV for some isometry matrix V and real number r.

Proof. If T =0, then r = 0. Suppose T # 0 and consider a unit vector x, such that 7x, # 0. Since
lxll, =llyll, implies ||T'xl|, =[|Tyll,, then [|Ay|l, = [|Axoll, = r for every unit vector y . We show
that for each x, ||}Ax||p = ||xl|,. Let x # 0. Then ||}Ax||p = ||x||p||}Aﬁ||p = |Ixl|,. Hence }A 1s an
. P

isometry. [

The following theorem is our main theorem in this section.

Theorem 2.5. Let T : R" — R” be a linear preserver of :;’,

i)Ifd > 1, then A = Ay ® Ay, where Ay, = rV for some d X d p-norm isometry matrix V or the
first d columns of A are zero.

ii) A, — A :Z A, + A, forallr,s.

iii)A, :Z Agforallr,s <d.

Proof. 1) For matrix

A | A
A= u|fn | @2.1)
Ay | Ax
we know e; =4 e; =4 --- =4 ¢4, hence Te; =4 Te, =4 --- =4 Te,, which is equivalent to
d d
Dllaal = > lal Vj<d,
i=1 i=1
and
laki| = laxa| = -+ = lawl Yk > d.
Since each row has at most one nonzero element, |ay | = |a| = -+ = |aw| = 0 for every k > d,
i.e. Ay = 0. If A;; # 0, then for all vectors x,y € R" with x =9 y, we have Ay (x,- -, xg)" =4
A1, ,ya). Hence by Lemma 2.4, A;; = rV for some p-norm isometry matrix V.
ii) We know e, + e, =4 e, — e,, 50 T(e, + ¢,) = T(e, — ¢,). i.e.
d d
Z lai, + ai,l” = Z lai; — ail”
i=1 i=1
and
|air + aislp = |air = dis p’ Vi>d
which implies A, — A, =4 A, + A,
iii) Follows from part (i). O

Corollary 2.6. Let T : R" — R" be a linear map and A = (a;;) be the matrix presentation of T.
Then the following statements are equivalent:

i) T is a preserver of =,

ii) Each row of A has at most one nonzero entry.

iii)A, — Ay =, A, + A forall r,s > 1.
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Proof. (i) & (ii): If T is a preserver of =, then the result follows from Lemma 2.3. Conversely,

assume that each row of A has at most one nonzero entry and let x = (x;,---,x,) and y =

1.+ ,y.)" be such that x =, y. Then |x;| = |y;| for each i. Let Tx = (x},---,x,)" and Ty =
1o+, y)". Then

(i1) & (iii): If (ii) holds, then |a;. + a;| = |a; — a;| for every i. Hence A, — A; =, A, + A;. Now,
suppose that (ii) does not hold and A, be the first row with at least two nonzero entries ay, and a;;.
Hence Zf.‘zl la;, + ailP # Zle |a; — a;s|’, which is a contradiction. ]

3. Linear preservers of d-projectional inequality
In this section we define d-projectional ineqaulity as follows.

Definition 3.1. The vector x is d-projectionally less than y with respect to p-norm if 3% | [x]? <
S5 lyil? for every d < k < n.

If x is d-projectionally less than y with respect to the p-norm, then we denote it by x <<§’, y, and
if d = 1, we just use the notation x <, y.

Example 3.2. Consider x = (1,2) and y = (V3, V2)". Then x <, y, but x <3 y. Also if we
consider x = (\3/%, 5) and y = (4,3)', then x <3 y, but x «; y.

We can easily prove the two following lemmas.

Lemma 3.3. Let p be a positive real number, d be a natural number and x,y € R"
i)€i+1 < €, Vi>1.

ii) e; <<‘; e—e;,Vi>2.

iii)lIf y <9 x, then 'y — ye; <4 x,¥i > 1.

Lemma 3.4. Let x,y,z € R" and p be a positive real number
i) x <4 x.

g d d _d

zz) If x <<pdy andy <<pdx, then x —pdy.

i) If x <, y and y <, z, then x <, z.
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The second lemma says that <<jl7 is a partial order on R" with respect to the d— projectional
equality.

Theorem 3.5. Let T : R" — R" be a linear map with the matrix presentation A. T preserves <,
if and only if the following conditions hold:

i) Each row of A has at most one nonzero entry.

ii)Ai1 <, A for each i.

Proof. By Lemma3.3 if x < y and y < x, then x =} y. Hence if T preserves <, it preserves
=,. Consequently by Theorem 2.3 each row of A has at most one nonzero entry. Also we know
eir1 <, e; which implies Ae;,; <, Ae;. Hence A;y; <, A;.

To prove the converse, assume that the conditions hold and let x = (x1,--- ,x,)" andy = (y1,- -+ ,y.)"
be in R” with x <, y. Moreover, let Tx = (x},- -+ ,x))T, Ty = (v}, ,y))T and k(A;) = X, la;;I”.
Since each row of A has at most one nonzero entry, the following equation holds:

k k n n k n
D= TO gl = 3 S agl gl = > kAl 3.1)
j=1 =1 j=1

j=1 i j j=1 i=1

Because of the condition(ii) and x <, y, we have:

k(A,) Z Il < k(A,) Z yil” (3.2)
(K(An-1) = kA) 3 lxl” < (K(A,-) = KAD) ) il (3.3)
By adding (3.2) and (3.3), - -
n-2

(k(An—l))Z Ixil” + k(A DIl + k(A)Ix |
i=1
n-2

< (k(An—l))Z Wil” + k(An-Dlyn-11” + k(An)|yal”.

i=1

Repeating the above process, we have

DA <" KAy
= j=1
which completes the proof. []

Corollary 3.6. Let T : R" — R" be a linear preserver of <, with the matrix representation A. If
Al is the rfh nonzero row of A with a,;, # 0, then s; < i.
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Proof. Since T preserves <, it preserves =,. So by Lemma 2.3 each row of A has at most one
nonzero entry. Now we complete the proof by induction. Let A", ..., A" be nonzero rows of A
with 1 < r... < 1, < n. For the first nonzero row of A, there exists an s, such that a,;, # 0.
First we show that s; = 1. If sy > 1, we may consider the vectors e;, and e — e,,. We have
Tes, = (x1,-++ ,x,)", where x; = --- = x;,.; = 0and x;, = a,,5,,and T(e — ey,) = V1, -+ ,ya)'s
where y; = --- =y, = 0. Since s; > 1, by Lemma 3.2 e,, <, e —e,,, hence Te,, <, T(e —ey,),
which implies a, 5, = 0 which is a contradiction. Therefore s; = 1.

Now suppose that for every i with i < k < n, a,,;;, # 0 implies s; < i. We must show that if
as, # 0, then s < k. Suppose that s; > k and a,,;, # 0. By Lemma 2.3, there is no other nonzero
entry in this row. Consider e, and x = (x1,--- , x,)’, where x; =0for 1 <i<k-1andi = s, and
x; = 1 otherwise. It is clear that e;, <, x. Based on Lemma 2.3, each nonzero row has at most
one nonzero entry, so by the hypothesis of the induction Te,, = (yy, ..., y.)! where Vi, = Gy, and
yi=0foranyi < ryand Tx = (x,-- ,x;l)T where x; = 0 for any i < r. Therefore, Tej, is not
d-projectionally less than T'x, that is contradiction. Hence if a,, 5, # 0, then s, < k. ]

Corollary 3.7. T : R" — R" is a one to one linear preserver of <, if and only if T is diagonal
and a,, < --- < ayy.

Proof. Follows from Theorem 3.5 and Corollary 3.6. [l
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