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1. Introduction

The theory of inequalities began its development from the time when C. F. Gacss, A. L. Cathy
and P. L. Cebysey, to mention only the most important, laid the theoretical foundation for approx-
imative methods (see[7]). In ([1],[2],[8],[9],[10]) the authors provided a brief survey of general
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properties of m-convex functions, uniformly functions and etc. In [5], the authors extended the
Jensen inequality and apply it to derive some useful lower bounds for various entropy measures of
discrete random variables. In [3], the authors obtained two converses of Jensen integral inequality
for convex function. In this paper, we generalize the Jensen’s inequality for m-convex functions
and we have found new lower and upper bounds for Jensen’s discrete inequality.

Definition 1.1. Let / C R be an interval. A function f : I — R is said to be convex if the
inequality

SAx+ A=y < Af(0) + (1 =D fQ),
holds for any x,y € I and 4 € [0, 1].

Definition 1.2. ([6], [4])Let [0, c] € R be a bounded closed interval with ¢ > 0, and let m € [0, 1].
A function f : [0, c] — R is said to be m-convex if the inequality

fx+m(1 = 1)y) <tf(x) + m(1 =) f(y),
holds for any x,y € [0,c] and ¢ € [0, 1].

Definition 1.3. Let xy, ..., x, € I and py, ..., p, € [0, 1] be such that ;" , p; = 1. The sum

n
Z DiXi
i=1

is called the convex combination of points x;.

Theorem 1.4. (Jensen’s Inequality) Let f : I — R be a convex function. Then the inequality

f(zn: pixi) < Zn: pif(xi)
pay i=1

holds for every convex combination };_, p:x; of points x; € I.

Theorem 1.5. [11] If f is a convex function on I, then

PuXy + pyXy
0 < max {pﬂf(x,u) + pvf(xv) - (pﬂ + pv)f(
0<u<v<n pﬂ + Dy

< Zn: pif(x;) — f(zn: DiXi).
i=1 i=1

)}

2. main results
In this section, we use numbers ¢ > 0, m € (0, 1] and n € N.

Lemma 2.1. [6] Let f : [0,c] — R be a m-convex function and f(0) < 0. Then f(tx) < tf(x),
forall x € [0,c] and t € [0, 1].
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In the sequel, we shall prove some properties of m-convex functions.

Lemma 2.2. Let f : [0,c] — R be a m-convex function. If r,s,n € Nand r < s < n and
y € [0,m"c] then

m’f(%) < msf(%) < m"f%).

Proof. By the use of Lemma 2.1 we have

thus m™! f(2) < m™ (), and m' f(2) < m* f(3) < m" f(). O

Lemma 2.3. Let f be a m-convex function and x € [0,c] 0 < p,q and p + q = 1, then for every
x €[0,c]

1. f(px) < pf(x) + gmf(0) and f(gx) < qf(x) + pm[(0),
2. f(px) + f(gx) < f(x) + mf(0).
0
Proof. 1. f(px) = f(px+gx0)<pf(x)+ mqf(z) = pf(x) + mqf(0), and similarly f(gx) <
qf(x) + pmf(0).
2. Suppose that p + g = 1. By using (1), we have
f(px) + f(gx) < pf(x) + gmf(0) + qf(x) + pmf(0) = f(x) + mf(0).
]

Lemma 2.4. If f is a m-convex function such that f(0) < 0 and n is a natural number then f is a
m"-convex function.

Proof. Suppose that x,y € [0, c]

fx+m"(1=0y) < tf(x) + m(1 = 1) f(m""y) < tf(x) + m"(1 = 1) f ().
Therefore, f is a m"-convex function. O
In the following we give the Jensen inequality for m-convex function.

Theorem 2.5. Let f : [0,c] — R be a m-convex function. Then the inequality
SO pixi) < ) m'pif(—) (2.1)

holds for any convex combination Y., p;x; of points x; € [0, m"c].
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Proof. Note that points =t belong to [0, c]. Namely, since x; < m"c, it follows that

Xi n—i
— <m c<c.
ml
The proof can be done by applying mathematical induction. For n = 1 is obvious. To prove for
n > 2, we assume that the inequality in (2.1) applies to all convex combinations having less than

or equal to n members. So,

n+l n+l

f(Z pix) = f(poxo + (1 = po) Z )

n+1

< pof(xo) +m(1 - p@f(Z )

Di+1Xi+1
m(1 — py)

Xi+1

= pof(xo) +m(1 - p@f(Z )

i Di+1 f(

—po’ mxm

< pof(xo) + Zm

i pH—l

f( x1+1

ml+1

= pof(xo) + Zm
n+1

- ZO mpif(5).

]

Theorem 2.6. Let f be a m-convex function and r, s, n be natural numbers such that0 < r < s < n,
then

rXr + sXs
0< max (m'pf(0) +m'pf(S2) = m'(p, + po) fEE—E
0<r<s<n (pr + py)

< w5 = 1Y pin.
i=0 =0

Proof. Suppose that,

)}

gi=pi, L#15S
4qr = Pr + Ds
CIs:O

and

{ Vi=X, i £7r
_ DrXytpsXs
yr - PrtDs
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then )}, ¢; = 1 and Theorem 2.5 follows that
f(Z piXi) = f(z qiyi)
i=0 i=0
- i Yi
< (==
< Z mgif (=)

Z M f(0) + ' fE) + miq f(2)

i#r,8

pr-xr +prS

= Zmpf(—)+m (pr + PIFC =),
i#1,8 DPr+ Xy
Hence,
Xr s Xs r rXr T DsXs
M pof(52) + i pof(52) = i (p, + po) fEZ T
m m? m’(pr + py)
n ) xl n
< ) m'pif(—=) = f() pix).
Thus the theorem is proved. ]

Corollary 2.7. Let f be a m-convex function and 0 < r < s < n are arbitrary, then

DrXr + PsXs

f<Z pix) < Zm p,f<—) 0 (py + pOf ()
< Z m'pif GO+ m(p, + ps)f(%)
< Zmp FED + ', + pv)f(%)
<m' Zp FE + (pr+ ps)f(%)}.

Corollary 2.8. Let f be a m-convex function and 0 < r < s < n are arbitrary, then

max m prf(_) +m psf(_) m (pr + ps)f(p:xr + PsXs )}
0<r<s<n (pr n P_Y)
< max {m prf(—) +m’ pvf(_) m (pr + pq)f(Prxr + psxs)}
peres m*(pr + ps)
< max (0 p, S0+ pof () = m'(py + p) SRRy

O<r<s<n mr(pr + ps)

< Z mipif(%) - f(Z piXi).
i=0 =0
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Another results with respect to m-convex function as follows:

Theorem 2.9. Let f : [0,c] — [0, +00) be a m-convex function and 0 < x; < m"c for every
0 <i < n If f is continuous on [0, c] and f'(x) exists on (0,c) and f(0) = f'(0%) =0, then

0< Y mpifCh) = f(Y pix) < fO)
i=0 i=0

Proof. Since 0 < x; < m"c (0 < =% < = < ¢), there is a sequence {4;};, 0 < 4; < 1, such that
x; = A;m'c. Hence,

~
I

i mipif(%) - f(i PiXi)
i=0 i=0

o Am'c - ;
= Z m'pif(—-—) - f(z pidim'c)
i=0 n i=0

= > mipif(dic) = f(pe), where > pidm’ = p
i=0 i=0

< D pAf(E) +m(1 = )F(0)) = £(pe), Lemma 2.3
i=0

= pf(c) = f(pc), since f(0) = 0.
Thus

D mpfCE = Y pin) < pf(©) = f(pe). 22)
i=0 i=0
On the other hand for any x € [0, c] have
1 1 1 1 0 1
FGP) = fGpx+ 5 X0) < Sf(px) + Zf(—) = = f(px) + 31 (0.
So —f(px) < —2f(%px). Hence,
1 1
—f(px) < 2f(Gpx) < —4f(Gpx) < ...
Therefore by using (2.2),
1= mipif(C) = fO pix) 23)
i=0 i=0

1
<pfle) = f(po) < pflc) = 2f (EPC)

1 1
< pfle) =4f(zpe) <. < pfle) - 2kf(?p6)
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for any k € N. But f(0) =0, so

lim 22X f(= o pc) pe lim f(T pef(0%) = (2.4)

Two relations 2.3 and 2.4 mean that
n . X; n
1= mpf(=) = fO pix) < pf(o) < f(©).
i=0 m i=0

By the use of Theorem 2.5 we have 0 < 1. So 0 < I < f(c¢). ]

Theorem 2.10. Let f : [0,c] — R be a m-convex function and {x;}_, € [0,m"c]. If f is
continuous on [0, c] and f'(x) exists on (0, c) also f(0) = f'(0*) = 0 = f(c), then

Zn: mipif(%) = f(znl Pixi).
i=0 i=0

Proof. Letl =} 0mpf( -) — f(2i, pixi). By the use of Theorem 2.9 we have 0 < I < pf(c).
Hence, if f(c) = 0then I = 0. O

Theorem 2.11. Let f : [0, c] — R be a m-convex function and {x;}!_, C [0, m"c], then

7 pexy < iplﬂ%).
i=0 i=0

=) < m" f(3) and by the Theorem 2.5 have f(3}., pix;)

mi

Proof. By the Lemma 2.2 we have m' f(
Yicom'pif(55), thus

i <Y m'pif(=5)
i=0 i=0
n ) X e n X
< ;m Pif(%) =m ;Pif(%)-

Theorem 2.12. Let f : [0, c] — R be a m-convex function and {x;}!_, C [0, m"c], then

0 max p,fC0) + puf o) = (b + pof(LEm s
peressn m'(p, + py)

<ny) PifCE) - nf (Y pi.
i=0 i=0

i
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Proof. By the use of Theorem 2.11 have

f(z pix) = f(p, + py LT P + > i)

pr+ i#7,8
< (p, + b, w X
<y + PO (R )+;pr( )).
Hence,
m' Yy pif(Ch) = mf(Z pex) 2 'y + pOf P T),
i£r,8 s
Therefore,
AN o iy N N o K X
m ZO PfC) mf(; pix) = ' p, fC0) + pof ()
B PrXr + PsXs
(e + PSCIE==)
So,
m’ Z PifCE) - mf(Z pii)
> " max (pof(C5) + puf(o5) = (py + pf(Ee ) 5
O<r<s<n m (pr + ps)

In view of the above theorem we have the following theorem.

Theorem 2.13. Let f : [0,c] — R be a m-convex function and u = ming<;<,{x;} and v =
maxo<i<n{Xi}, then

l 0 Xi
— Z FED) = mf(=)
n+1(f(—) f(%)—
Proof. Applying Theorem 2.12 and putting u = ming<;<,{x;}, v = maXo<;<,{x;} and p; = nlﬁ’ for
every 0 <i<n. ]
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