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In this paper, we study the K-Riesz bases and the K-g-Riesz
bases in Hilbert spaces. We show that for K € B(H), a K-
Riesz basis is precisely the image of an orthonormal basis un-
der a bounded left-invertible operator such that the range of this
operator includes the range of K. Also, we show that {A; €
B(H,H;) : i € I} is a K-g-Riesz basis for H with respect to
{H;}ic; if and only if there exists a g-orthonormal basis {Q;}ic;
for H and a bounded right-invertible operator U on H such that
A, = Q;U forallie€ I, and R(K) Cc R(U").
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1. Introduction

The concept of frame was introduced by Duffin and Schaeffer [8] in 1952 in the context of
nonharmonic Fourier series. Frames have many nice properties which make them very useful in
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the characterization of function spaces, signal processing and many other fields.
A sequence {f;};; in a Hilbert space H is called a frame for H if there exist constants A, B > 0
such that for all f € H,

AllfIP < Z K fF < BIFIP. (1.1)

{fi}ier 1s called a Bessel sequence if the right hand side of (1.1) holds for all i € 1.
We say that a sequence {f;};c; is a Riesz basis for the Hilbert space H, if it is complete in H (i.e.,
span{fi}ic; = H) and there exist constants A, B > 0 such that for any finite scalar sequence {c;},

A el <[ e <BY ek

Throughout this paper, H is a separable Hilbert space on complex field C, I is a countable set,
{H;}ic; is a sequence of separable Hilbert spaces, B(H,, H>) is the set of all bounded linear op-
erators from the Hilbert space H, to the Hilbert space H,, B(H) is the set of all bounded linear
operators on H, K € B(H), and R(K) and N(K) are the range and the kernel of the operator K, re-
spectively. I*(I) represents an infinite-dimensional complex Hilbert space consisting of sequences
{ciYier such that ||{c;}ie/l> = Yieslcil> < +00. For all a = {a;}ic; and b = {b;}ie; in [>(I), the inner
product is specified as follow:
(a,by=)" ab;.

iel
Generalized frame, or simply g-frame was introduced by Sun [13] in 2006. Despite of the fact that
the members of discrete frames are vectors, the members of g-frames are bounded linear operators.
A sequence {A; € B(H,H;) : i € I} is called a g-frame for H with respect to {H;};c;, if there exist
constants A, B > 0 such that for all f € H,

AlIfIP < Z A1 < BIAIP. (1.2)

If the right hand inequality of (1.2) holds for all f € H then {A;},c; is called a g-Bessel sequence
for H with respect to {H;};c;. We define the space

P((Hidier) = {(fYier = fi € Hii€ T and ) IIAIP < +oo)
i€l
with the inner product defined by
fkers (8ihier) = ) (Fin 8
i€l
It is clear that I*({H;}c;) is a Hilbert space with the pointwise operations. We define the synthesis
operator for a g-Bessel sequence A = {A;};cs as:

Tp : P(Hkier) = H, Tallfikie) = D AN, (1.3)
i€l
It is easy to show that the adjoint operator of T, is

T,:H— P((H}ier), Tx(f) = {Aiftier- (1.4)

T is called the analysis operator for {A;}e;.
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Proposition 1.1. [12] {A; € B(H,H;) : i € I} is a g-Bessel sequence for H with bound B, if and
only if the operator T defined in (1.3) is a well-defined and bounded operator with ||Tx|| < VB.

Lemma 1.2. Let A; € B(H, H;). Suppose that for eachi € I, {e;; : j € J;} is an orthonormal basis
for H;, where J; is a subset of 7. Then consider

uij=Nej;i€l, jeJ. (1.5)

We call {u;j : i € I, j € J;}, the sequence induced by {\;}ic; with respectto {e;; : i € I, j € J;}. Also,
we have the following relations:

Aif = Z<f’ uijeij, fe€H,

JeJi

A?gi = Z(g, ei,j)”,',j, gi € H.

Jjedi

For more study on g-frames, we can refer to [3, 4, 1, 2, 14].
Sun also introduced g-Riesz bases in [13]. We say that {A; € B(H,H;) : i € I} is a g-Riesz basis
for H with respect to {H;};c;, if it is g-complete, i.e., {f € H : A;f =0, i € I} = {0}, and there
exist constants A, B > 0 such that for any finite subset /; C [ and g; € ‘H;, i € I,

AN el < || Y e <8 e

i€l i€l iely

We say that {A; € B(H,H;) : i € I} is a g-orthonormal basis for H with respect to {H},; if it
satisfies in the following:

<A;gi]7A;2gi2> = 01,.,48i1» &) 11,2 €1, giy € Hiy, g1, € Hyys
DA =IfIP, feH.
i€l
K-frames for Hilbert spaces were introduced by L. Gavruta [9] to study the atomic decomposition

systems. Some properties of K-frames were discussed in [17]. A sequence {f;},c; in a Hilbert space
H is called a K-frame for H, if there exist constants A, B > 0 such that for each f € H,

AIIK*fIP < Z Kf, 0P < BIFIP.

We see that every K-frame is a Bessel sequence.
Y. Huang and D. Hua [11], introduced the concept of K-Riesz bases in Hilbert spaces (see also
[20]). For K € B(H), a sequence {f;};; in H is called R(K)-complete, if

(feH: (f,f)=0,iel}cRK) =NK).
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A sequence { f;};c; is a K-Riesz basis for H, if it is R(K)-complete and there exist constants A, B > 0
such that for all finite scalar sequence {c;},

AN el <[ e <8 kr

In [19] and [18], Y. Zhou and Y.C. Zhu studied K-g-frames in Hilbert spaces. We call a sequence
{A; € B(H,H;) : i € I} a K-g-frame for H with respect to {H},; if there exist constants A, B > 0
such that

AIK*FIP < D IAAIP < BIFIP, f € H.

i€l

Lemma 1.3. [7] Let ‘H, H, and H, be Hilbert spaces. Let L, € B(H;, H) and L, € B(H,, H) be
two bounded operators. The following statements are equivalent:
(1) R(L1) € R(Ly);
(i1) LiL} < /lszLgfor some A > 0, and
(iii) there exists a bounded operator X € B(H,, H>) such that L, = L,X.

Remark 1.4. In Lemma 1.3, if L; # 0 then A > 0.

Definition 1.5. [5] Let H; and H, be two Hilbert spaces. We say that T € B(H,, H>) is left-
invertible (or, respectively, right-invertible) if there exists a bounded linear operator G € B(H,, H,)
such that

GT =1y, (or TG = Iy,).

We say that such an operator G is a bounded linear left (or right) inverse of T'.
Proposition 1.6. [5] A linear operator T € B(H,, H,) is left-invertible if and only if its adjoint

T* € B(H,,H,) is right invertible. Moreover, G is a left inverse of T if and only if G* is a right
inverse of T".

Proposition 1.7. [5] Let H, and H, be two Hilbert spaces. The following assertions are equiva-
lent:

(i) T € B(H,, H,) is injective and R(T) is closed in H,.

(ii) T is left-invertible.

Lemma 1.8. [15] Let H, and H, be two Hilbert spaces and T € B(H,, H,). Then

R(T)* = N(T*), R(T*)" = N(T), R(T) = N(T*)*, R(T*) = N(T)*.

2. Some properties of K-Riesz bases

In [10], the authors proved that a Riesz basis is precisely the image of an orthonormal basis
under a bounded invertible operator. In the following theorem, we show that for K € B(H), a K-
Riesz basis is precisely the image of an orthonormal basis under a bounded left-invertible operator
such that the range of this operator includes the range of K.
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Theorem 2.1. Let H, be a separable Hilbert space. Then {f;}ic; is a K-Riesz basis for H if and
only if there exists a bounded left-invertible operator ® € B(H,, H) such that R(K) C R(®), and
O¢; = f; for all i € I, where {e;};c; is an orthonormal basis for H,.

Proof. Suppose that {f;},c; is a K-Riesz basis for H. Then
feH: : {f.f)=0,iel} c NK") (2.1)

and there exist A, B > 0 such that for all finite scalar sequence {c;},

A el <[ Yed] <8 ker 22)

Then, for all {c;};; € 2(I),

A el <[ Ded] <8BS ker 23)
i€l i€l i€l

Define ® : Hy — H by
O(x) = > (x.ef:

iel

We have {(x, e;)}ic; € ’(I), for all x € H,. Then by (2.3),
2
1OCOIF = || > ¢ enfi| < B K. enl = Bl
i€l i€l

Then, O is well-defined and bounded and ®e¢; = f;, for all i € I. Also, (2.3) implies that
Al < 1©0@)I° < BliAlP, x € Ho. (2.4

By (2.4) we conclude that ® is injective and R(®) is a closed subspace of H. Therefore, by
Proposition 1.7, ® is left-invertible. We have

O :H > Hy, ©°(f)= ) (fhe: (2.5)
i€l

Now, if f € H and O*(f) = O then for all i € I, {f, f;) = 0. Thus by (2.1), f € N(K*). It means
that N(®*) c N(K*), and N(K*)* c N(©*)*. By Lemma 1.8, R(K) c R(K) C R(®) = R(O).
Conversely, let ® € B(Hj, H) be a left-invertible operator such that for all i € I, ®¢; = f; and
R(K) C R(®). Let @l‘l be the left inverse of ®. Then for all finite scalar sequence {c;}, we have

IS s = coe| <o > ek,
e = | Y e =[orte( X e <oy X e

and
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This shows that (2.2) holds for { f;};c; with ||®l‘1||‘2 and ||®|%. Let f € H and foralli € I, {f, ) =0,
then
0=(f,0¢;) =(O"f,e;), i€,

thus ©*f = 0. Since R(K) C R(®), by Lemma 1.8, N(®*) c N(K*). Therefore,

{(feH: (f fiy=0,iel}c NK),
and so {f}ic; 18 M—complete. L]
Corollary 2.2. For 0 # K € B(H), every K-Riesz basis is a K-frame.

Proof. Let {f;};c; be a K-Riesz basis for H, then by Theorem 2.1, there exists a bounded left-
invertible operator ® € B(H) such that for all i € I, f; = @¢;, and R(K) C R(®), where {e;};c; is an
orthonormal basis for H. Then, for all f € H, we have

DKA=Y KE0edl = Y KO el = 10" fIF < IOIPIIfIP. (2.6)
iel i€l iel
Since R(K) C R(®), by Lemma 1.3, there exists A > 0 such that KK* < 1°0®*. Then,
K" AP < 2IO"FIP = 2 > Kf fP, f € H.

iel

1
Therefore, {f;}ic; is a K-frame for A with bounds - and ||@||%, respectively. ]

3. K-g-Riesz bases

The concept of K-g-Riesz bases was introduced in [18]. In this section, we prove some new
results about K-g-Riesz bases in Hilbert spaces.

Definition 3.1. Let A; € B(H,H;), for alli € I and K € B(‘H).

OIf{feH: Nif=0,iel}C ML = N(K*) then we say that {A;};c; is m-g-complete.

(i) If {A;}ier 18 m—g—complete and there are positive constants A and B such that for any finite
subset Iy c I and g; € H;,i € I,

2
A elP < || D Ave < B el
iely i€l i€l
then we say that {A;},c; is a K-g-Riesz basis for H with respect to {H.}ic;.

Example 3.2. Let {¢;}2, be an orthonormal basis for H. For all i € N, define A; : H — C by
Aif =(fieyand K : H —» Hby Kf = }2,(f.ee;. We see that K*f = 3>, (f, e;)e;, and for
c€C,Alc =ce;. Forall f € H, we have

K = | e = S irer = 3 Iat
i=2 i=2 i=2
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IfA;f =0, foralli € N, then K*f = 0, i.e., {A;}ic; 1s R(K)-g-complete. Also,

n 5 n 5 n
E * _ E _ § 2
i=1 i=1 i=1

Therefore, {A;}ic; is a K-g-Riesz basis for H with respect to C.

Theorem 3.3. Let A; € B(H, H;) and u; ; be defined as in (1.5). Then {A}ics is a K-g-Riesz basis
for H with respect to {H}ic; if and only if {u; j : i € 1, j € J;} is a K-Riesz basis for H.

Proof. First we assume that {A;};; is a K-g-Riesz basis for H with respect to {H;};c;. Then
{(feH : Nif=0,iel} c NK,
and there exist constants A, B > 0 such that for any finite subset /; C I, we have
2
AY gl < || D Ave| < B el 3.1)
iel; iel iel;

Since {e;; : j € J;} is an orthonormal basis for H;, every g; € H; has an expansion of the form
& = Xjey Cijeij where {c;;: je€ J;} € I2(J;). It follows that (3.1) is equivalent to

2 2 2
AT Sk < | T <5Y S
iel; jeJ; iel; jeJ; iel; jel;
On the other hand, we see from A;f = 3¢, (f, u; j)e; ; that

(feH ANf=0,icly={feH :(fou)=0,icl jecJ}.

Hence {A}ie; 1s R(K)-g-complete if and only if {u; j}ies jes, 1s R(K)-complete. Therefore, {A;}ic; is
a K-g-Riesz basis for H with respect to {H;};; if and only if {u; ; : i € I, j € J;} is a K-Riesz basis
for H. O]

Theorem 3.4. A sequence {A; € B(H,H;) : i € I} is a K-g-Riesz basis for H with respect to
{H:}icr if and only if there exists a g-orthonormal basis {Q; € B(H,H;) : i € I} for H and a
bounded right-invertible operator U € B(H) such that A; = Q;U for alli € I, and R(K) C R(U*).

Proof. Let {e;; : j € J;} be an orthonormal basis for H;, for every i € I. We assume that {A;};c;
is a K-g-Riesz basis for H with respect to {H};;. By Theorem 3.3, we can find a K-Riesz basis
{u;; 1 i el,je J;} for H such that

A,‘f = Z(f, I/l,"j>€,"j, 1€1, f eH.

JeJi

Take an orthonormal basis {v;; : i € I, j € J;} for H. Since {u;; : i € 1, j € J;} is a K-Riesz basis
for H, by Theorem 2.1, there exists a bounded left-invertible operator ® € B(H) such that

@V,"j:bti’j, iEI,jE.]i,
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and R(K) C R(®). Put U = @, then by Proposition 1.6, U : H — H is a bounded right-invertible
operator and R(K) Cc R(U"). Let Q; € B(H,H;) be such that

Qig = Z(g, vijreij, i€l geH.
JeJi
By Theorem 3.1 in [13], {Q;};c; is a g-orthonormal basis for . Moreover, for any f € H,
QUf = Y (Uf.vipej= ) (f0v e = Y (fruier; = Af.
Jjedi Jjedi Jjedi

Hence foralli e I, A; = Q;U.
Conversely, let {Q;};c; be a g-orthonormal basis for H{ and U be a bounded right-invertible operator
on H such that A; = Q;U forall i € I, and R(K) C R(U*). Then

<Q;gi1’ ngiﬁ = 6i1,i2<gi1’gi2>» ilai2 € Ia 8i € 7_{il’ &i, € 7_{iz’

and

DO = NIAP, feH.
i€l
If A;f =0, foralli eI, then
0= > IAAIP = D IQUAP = IUFIP,

iel iel

ie., f € NWU). From R(K) c R(U*) and by Lemma 1.8, f € N(K*). Thus, {A;}ic; is R(K)-g-
complete. By Theorem 3.1 in [13], we can find an orthonormal basis {v;; : i € I, j € J;} for H
such that Q;g = 3 i, (g, vi e, for all g € H. Hence,

ANf=0Uf = Z(Uf» vijeij = Z(f, U'v;peij, fe€H.
jE],' jeji

By Proposition 1.6, U* is a bounded left-invertible operator and R(K) c R(U*), then by Theorem
2.1, U*v; j is a K-Riesz basis for H. Thus, by Theorem 3.3 we conclude that {A;};e; is a K-g-Riesz
basis for H with respect to {H;}ic;. O

Theorem 3.5. For 0 # K € B(H), every K-g-Riesz basis is a K-g-frame.

Proof. Let {A;}ic; be a K-g-Riesz basis for H with respect to {H;};c;, then by Theorem 3.4, there
exist a bounded right-invertible operator U on H and a g-orthonormal basis {Q;};c; for H such that
A; = Q;U,foralli eI, and R(K) C R(U"). For all f € H, we have

DAL = Y IQUAP = IUAIP < VIR,
i€l i€l
Also, since R(K) C R(U*), by Lemma 1.3, there exists A > 0 such that KK* < A2U*U. Then,
K" AP < 2IUFAIP = 2 Y NQUSIP = 2 Y IAAIP, feH,
i€l i€l

Therefore, {A;}i; is a K-g-frame for H with respect to {H}c;. O
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Definition 3.6. [16] Let {A; € B(H,H;) : i € I} be a g-Bessel sequence in H with respect to
{H}icr. For {gitier € PAH}ier), if Yies Agi = 0 we can get g; = 0 for any i € I, then {A;}ie is
called ({H;};e;)-linear independent.

Theorem 3.7. Let {A; € B(H, H;) : i € I} be a K-g-frame for H with respect to {H}ic;. Then
{A;}icr is a K-g-Riesz basis for H with respect to {H;}ic; if and only if R(Ty) is closed and {A;}ic;
is P({H;}ier)-linear independent.

Proof. First let {A;};c; be a K-g-Riesz basis for H with respect to {H;};c;, then it is R(K)-g-
complete and there exist A, B > 0 such that for any finite subset I; c / and g; € H;, i € I,

AN el < || Y e < B e

iel; iel i€l

Then, we have

2
AN NP < || D Avgi| < B el giher € PAHNen). (3.2)
iel iel iel
Let {g;}ics € P({Hj}icr) and 3., Aigi = 0, then by (3.2), for alli € 1, g; = 0. Thus, {A;}je/ 18
P({H;}c;)-linear independent. Also from (3.2) we conclude that R(T,) is closed.
Conversely, let R(T,) is closed and {A;}ic; is [>({H;}ic;)-linear independent. Since {A,};c; is a K-g-
frame, then there exist A, B > 0 such that for all f € H,

AIK* fIP < Z A1 < BIFIP
i€l
Thus if A;f = O for all i € I, then A||K*f||> = 0, so f € N(K*). Therefore, {A;}ic; is R(K)-g-

complete. Since {A;};c; is a g-Bessel sequence, by Proposition 1.1, T, is bounded and there exists
B > 0 such that ||T4]| < VB. It means that

1Al = | Asgf < B gl (giher € PUHYe).
i€l i€l

Since {A}ies is P({H;}ic;)-linear independent, N(T») = 0 and since R(T) is closed, by Proposition
1.7, there exists a bounded operator (T4);" : H — ({H;}ie) such that for any {g;}ie; € P({H;}ier),
(TA);'Ta(gi}ier) = {gi}ier- Then

‘2

Dl = Mgihial® = 1T Tadghienl? < T IPITAUgi el = 1T 1| D Avs
i€l i€l
Therefore,

2
' , 1&itier € 12({7‘[1'}1'51)-

I D gl < || D Al

i€l i€l
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Example 3.8. Let {e;}2, be an orthonormal basis for the Hilbert space H, and let H; = C?, for all
i € N. We define bounded operators

AiiH = C Af = (e (frem)),

K:H->H, Kf= Z(f, ey + Z(f, €ir1)€;.
i=1 i=1

We see that )
IAAIE = |(¢fr e Fresnd)| = KFedP + Kfren)P, i€,
and N N
K'f = Z(f’ eir1)e; + Z(f, eneir1, fe€H.
i=1 i=1
For all f € H, we have

Ik 1P = || Sihene+ S e <23 Khewnl +2 e
=1 i=1 i=1 i=1

- (3.3)
=23 AP,
i=1

Therefore,
1 % 2 = 2 _ - 2 - 2 2
SIK P < Zl AP = Z I(f el + Zl e < 201F1P

We conclude that {A};ey is a K-g-frame for  with respect to C2. Also, if A;f = 0, forall i € N
then by (3.3), ||K*f|I> = 0, i.e., {A;}ien is R(K)-g-complete. Moreover, for all i € N,

Al(c,d) = ce; + dejy, (c,d) € C*. (3.4)
Let {(c;, d;)};2, be a sequence with the property that
(c1,d) = (0,=1), (c2,dr) = (1,0), (ci,d;) =(0,0), Vi > 3.

Then, {(c;, d)}2, € P({H}ien) and by (3.4),

A (ci,d;) = AT(Cladl) + A;(CZadZ) = AT(O, -1) + A;(LO) =—ey+e =0,

[
i—1

1

but (¢1,d;) # (0,0). Therefore, {A,}icy is not I2({#H;};en)-lineary independent, thus by Theorem 3.7,
{A}ien is not a K-g-Riesz basis for H with respect to C2.

Theorem 3.9. Let {A; € B(H,H;) : i € I} be a K-g-Riesz basis for H with respect to {H;}ic; and
let {w; j}jem, be a Riesz basis for H,, for all i € I with bounds C; and D; such that 0 < inf; C; and
sup; D; < oo, where M; is a subset of 7. Then {Aw; j}ic jem, is a K-Riesz basis for H.
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Proof. Since {A; € B(H,H;) : i € I} is a K-g-Riesz basis for H with respect to {H;},c;, then
{(feH : Nf=0,iel}c NK,
and there exist A, B > 0 such that for all finite subset F C I, g, € H;, i € F,
AN el < || Y Ae]| < B e (3.5)
ieF ieF ieF
Moreover, since {w; j} ey, is a Riesz basis for H;, for all i € 1,
{gi € H;: (ginwij) =0, )€ M}=1{0},
and for each {c; j}jer, € P(M),

Ci Y e < | Zc,,w,,” <D Y el (3.6)

je i JE i ]E i
We have
{qu'( . <f,Ale‘7j>:O,iEI,jEMi}:{feq’{ . <Aif,Wi,j>:O,l'€I,j€Mi}
={feH : Nf=0,iel}
C N(K).

Thus, {ATw; j}ier, jem, 1s R(K)-complete.
If inf;C; = C and sup; D; = D then by (3.5) and (3.6), for all finite subset ' C I and scalar
sequence {B; j}ier, jem,» We have

ey St <a S S pom <[ S A S aml

i€F jeM; ieF  jeM; JEM;
< B mm <503 3
i€F  jeM; i€F jeM;
So 5
2 * 2
AC Y D Bl < || 2 2 pusim| < BD Y DB
ieF jeM; ieF jeM; ieF jeM;

]

Theorem 3.10. Let {A;}ic; be a K-g-frame for H with respect to {H}ic; and let Tp be defined as
(1.3). Let there exists a finite subset o of 1 for which {A;}icp» is a K-g-Riesz basis for H with
respeCt tO {7_{ ZGI\O' IJCZIEI A*gl lS Convel’ges then {gz}zel € l ({ }l€])

Proof. Suppose that },; A7g; converges, where g; € H; for all i € 1. So };.p, A;g: converges.
Since {A}ien o 1s a K-g-Riesz basis for H with respect to {H;}icp», by Theorem 3.4, there exist a
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bounded right-invertible operator U : H — HH and a g-orthonormal basis {Q;},c» for H such that
A;=Q;Uforalliel\ o,and R(K) C R(U"). So

2, M= D @Ura=U( )] Qis)

iel\o iel\o iel\o

Since {Q;}ien o 1s a g-orthonormal basis, we have

gl =3 i <.

iel\o iel\o

Then {gi}ieno € P({Hilien) and this implies that {gi}ie; € P({Hibier)- [
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