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1. Introduction

Helemskii studied Banach algebras using the homological theory. There is an important no-
tions in homological theory, namely biprojectivity. A Banach algebra A is biprojective, if there
exists a bounded A-bimodule morphism p : A — A ®, A such that 74 o p(a) = a foralla € A. Itis
known that the group algebra L'(G) over a locally compact group G is biprojective if and only if
G compact and also the if the Fourier algebra A(G) is biprojective, then G is discrete, see [10].

In [21] the first author with A. Pourabbas introduced a notion of biprojectivity related to a
character. In fact a Banach algebra A is called ¢-biprojective, if there exists a bounded A-bimodule
morphism

p:A>AR,A
such that
pompop(a) =¢la)  (a€A).
We showed that for a locally compact group G the Segal algebra S (G) is ¢-biprojective if and only
if G 1s compact. Also the Fourier algebra A(G) is ¢-biprojective if and only if G is discrete, see
[15] and [21].

An approximate notion of the homological theory was given by Zhang. A Banach algebra A is

approximate biprojective if there exists a net of A-bimodule morphisms p, : A — A®), A such that

a0 pola) > a (ac€A).

Approximate biprojectivity of some semigroup algebras and some related Triangular Banach al-
gebras was studied in [1], [19] and [20].

Inspired by Zhang definition and also by replacing the ”A-bimodule morphism” with ”approx-
imate A-bimodule morphism” in the definition of approximate biprojectivity, we give an approxi-
mate version of ¢-biprojectivity here.

Definition 1.1. Let A be a Banach algebra and ¢ € A(A). Then A is called approximate ¢-
biprojective if there exists (p,)oer @ net of bounded linear maps from A into A ®, A, (0o)aer SUCh
that

. [l

(1) a-pa(b) — polab) — 0,

(i) pa(ba) — pa(b) - a -5 0,

(iii) ¢ o s © pola) — Ppla) = 0,

for every a,b € A. Also we say that A is approximately character biprojective if A is approximate
¢-biprojective for each ¢ € A(A).

In this paper, first we study the general properties of approximate ¢-biprojectivity. The heredi-
tary properties of this notion were investigated. We show that for a S /N group G, the Segal algebra
S (G) is approximate ¢-biprojective if and only if G is amenable, where ¢ is the augmentation char-
acter on S (G) and the measure algebra M(G) is approximate character biprojective if and only if
G i1s discrete and amenable. Finally some examples of Banach algebras among Triangular Banach
algebras were given which we show that these matrix algebras are not approximate ¢-biprojective
and some examples which reveal the differences of our new notion and the classical ones.
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2. Approximate ¢-biprojectivity

This section is devoted to investigate the general properties of approximate ¢-biprojectivity for
Banach algebras.

Let A be a Banach algebra and ¢ € A(A). A Banach algebra A is called approximately left
¢—amenable, if there exists a (not necessarily bounded) net (m,) in A such that

am, — p(aym, — 0, ¢(m,) — 1, (a€A).
The right case similarly defined. For further information see [2].

Proposition 2.1. Suppose that A is a Banach algebra and ¢ € A(A). Let A be approximate ¢-
biprojective which has an element ay such that aay = aga for all a € A and ¢(ay) = 1. Then A is
approximate left and approximate right ¢p-amenable.

Proof. Let (p4)aer be as in Definition 1.1. Suppose that ay be an element in A such that aay = apa
and ¢(ap) = 1 for every a € A. Set n, = p,(ap). Itis clear that (n,) is a net in A ®, A such that

a-Ng —Ng-ad=a 'pa(a0) _pa(aO) ~a
=a- pa(aO) - pa(aaO) + Pa(aao) - Pa(aoa) + pa(a()a) - pa(aO) -a—0
for every a € A. Also we have
¢ oma(ng) — 1 = ¢ oms o palao) — dlap) — 0.

Define T : A®, A — Aby T(a®b) = ¢(b)a for each a,b € A. It is clear that T is a bounded linear
map which satisfies

Ta-x)=aT(x), T(x-a)=¢@T(x), ¢oT =¢omy, (a€Ax€A®,A).
Set m, = T(n,). One can show that
amg, — ¢(a)m(z = aT(”a) - ¢(a)T(n(,) = T(Cl R a) - O’ (Cl € A)

and
¢(my) = poT(n,) = ¢omy(n, — 1.

Thus A is approximate left ¢-amenable. Defining 7 : A®, A — A by T(a® b) = ¢(b)a and
following the similar method we can see that m,a — ¢(a)m, — 0 and ¢(m,) — 1, foralla € A. It
follows that A is approximately right ¢-amenable. ]

Example 2.2. Let T = {( 8 i ) : a,b,c € C}. Equip T with matrix operations and the ¢'-norm.

Then T becomes a Banach algebra. Define ¢ € A(T) by ¢(( g [Z )) = cforall a,b,c € C. We

claim that 7 is not approximate ¢-biprojective. Suppose in contradiction that 7' is approximate
¢-biprojective. Since T posses an element which commute with all elements of 7" and does not
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0 C

0 C
Clearly I is a closed ideal of T which ¢|; # 0. It gives that I is approximately left ¢-amenable.
Thus there exists a net (i,) in I such that

belong to ker ¢, Proposition 2.1 follows that T is approximately left ¢-amenable. Set [ = (

iio — p(Diy > 0, P(iy) > 1, (@(€l).

So nets (a,) and (b,) in C exist such that i, = ( 8 Za

0 a 0 a, 0 a,
(0 b)(O ba)_b(o ba)_)o’
which follows that ab, — ba, — 0, for each a,b € C. Since b, — 1, by considering @ = 1 and
b = 0 at above, we have a contradiction.

). Thus any i = ( 8 Z )in I, gives that

We recall that a Banach algebra A is pseudo-amenable if there exists a net (/m,) in A ®, A such
thata - m, —m, - a — 0 and m4(m,)a — a, for each a € A, see [9].

Proposition 2.3. Let A be a Banach algebra and ¢ € A(A). If A is pseudo-amenable, then A is
approximate ¢-biprojective.

Proof. Suppose that A is pseudo-amenable. Then there exists a net (m,) in A ®, A such that
a-my —my-a— 0and ms(my)a — a, for all a € A. Define p,(a) = a - m,. Clearly

pa(ab) - Pa(a) b — 0» pa(ab) —a- pa/(b) - Oa ¢ © ﬂA(m(x) - 1,
for all a € A. O

Theorem 2.4. Let A be a Banach algebra and ¢ € A(A). If A is biflat, then A is approximately
¢-biprojective.

Proof. Suppose that A is ¢-biflat. Then there exists a bounded A-bimodule morphismp : A —
(A ®, A)™ such that 7" o p(a) = a for each a € A. So a net (p,) in B(A,A ®, A), the set of all

. ) ) W*oT
bounded linear maps from A into A ®, A, exists such that p, —— p, where W*OT stands for the
weak-star operator topology. Clearly 7" is a w*-continuous map. Thus, for each a € A it gives
that

74 © (@) = T 0 po(@) > 7y 0 p(a) = a,
also we have . )
a- pa(b) = plab), pe(ab) — p(ab)
and . R
Pa(@) - b = plab),  p,lab) — plab),
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for every a,b € A. Let € > 0O and take arbitrary finite subsets F' = {a;,ay,...,a,} and G =
{x1, X2, ..., x,} of A. Define

M ={(a;-T(x1) = T(arx1), a2 - T(x2) — T(arx2), ..., a, - T(x,) — T(a,x,),
T(x)) a1 —Txia),T(x2) - a, — T(xay), ..., T(x,) - a, — T(x,a,)
¢pomsoT(x1)—P(x1),P0maoT(x2) = P(x2),.... 0 ma © T(x,) — $(x,))

: T € B(A,A®, A)}

2.1

It clear that M is a subset of [],(A ®, A) ®; [/, C. One can show that M is a convex set and
(0,0, ...,0) belongs to M = M”'”. So there exists element 6 ) in B(A,A ®, A) such that
lla; - 9(F,G,e)(bi) - 9(F,G,e)(aibi)|| <E€, ||9(F,G,e)(aibi) - 9(F,G,e)(61i) “bil| < €

and
|p o 4 © Opie(ai) — Plai)l < e,

foreachi € {1,2, ..., r}. Therefore (6(rc.¢)rc.c satisfies
a-0rce(b) — Orgelab) = 0, Orgelab) —Orgela)-b— 0

and
lp omy o 9(F,G,e)(a) - ¢(a)l — 0,

for each a, b € A. It deduces that A is approximately ¢-biprojective. ]

Proposition 2.5. Let A be a Banach algebra and ¢ € A(A). Suppose that I is a closed ideal of A
such that ¢|; # 0. If A is approximate ¢-biprojective, then I is approximate ¢-biprojective.

Proof. Suppose that (o, ), 1s a net of bounded maps satisfies Definition 1.1. Pick iy in I such that
¢(ip) = 1. Define T, : A®, A = I ®, 1 by T;(a ®b) = aiy ® ipb for each a,b € A. Clearly T;, is a
continuous linear map. Setn, = T}, 0 pol; : I — I ®, 1. So consider

i+ 1a()) = 1Na(0)) = T - pa()) = palif)) = 0

and
Mo(i)) = Na(D) - j = T(Po(i)) = pa(i) - j) = 0,
also
pomoni)—¢(i) =¢omoT opyi) —¢(i) = ¢ omy o pa(i) —¢(i) = 0
for all i, j € I. So I is approximately ¢-biprojective. [

Suppose that A and B are Banach algebras. Let ¢ € A(A) and ¢ € A(B). Then ¢®y is a bounded
linear map given by ¢ @ y(a® b) = ¢(a)y(b) foralla € Aand b € B. Clearly ¢ @ € A(A®, B). It
worth mentioning that A ®, B with the following actions is a Banach A-bimodule:

a1~(a2®b):a1a2®b, (a2®b)-a1:a2a1®b, (Cl],ClQEA,bEB).
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Theorem 2.6. Suppose that A and B are Banach algebras. Let ¢ € A(A) and € A(B). Also let A
be unital and B has an idempotent x, with xo & kery. If A®, B is approximate ¢ ® y-biprojective,
then A is approximate ¢-biprojective.

Proof. Suppose that A®, B is approximately ¢ ® y-biprojective. Then there exists (p,) : A®, B —
(A®, B)®, (A ®, B) anet of bounded linear maps such that

X - pa(Y) = pa(xy) > 0, po(xy) = po(x) -y = 0 (2.2)

and
PO Y © Mag,p © PalX) — PO Y(x) > 0 (2.3)
for every x,y € A ®, B. We know that x, is an idempotent. Then for a; and a, in A, the following

happens
ayax ® xo = (a1 ® xp)(ar ® xp). 2.4)

Since A is unital with the unit element e, we have

Palaras ® xo) — ay - po(az ® xo) = po((ar ® xp)(az ® xp)) — ay - polaz ® xo)

= pa((a1 ® xp)(a2 ® x0)) — (a1 ® Xo) - Palaz ® xo)+
(a1 ® xp) - palaz ® xo) — ai + pPalaz ® xo)

= pa((a1 ® xp)(a2 ® X)) — (a1 @ Xo) - polar ® xo)+
(a1 - (e ® x0)) - palaz ® Xo) — a1 - polar ® xo)

= po((a1 ® xp)(a2 ® xo)) — (a1 ® Xo) * Palaz ® xo)+
(a1 - (e ® x9)) - palaz ® xo) — ay - palea ® xoxo)+
ap - po(eax ® xoxo) — ay - pPalaz ® xo) — 0.

By (2.3) and (2.2) the following happens

Pala1az ® xo) — palar ® xo) - az = pal(a1 ® xp)(a2 ® X0)) — pala1 ® xo) - a2
= pa((a1 ® x0)(a2 ® xp)) — palar ® Xo) - (a2 ® xo)
+ palar ® Xo) - (a2 ® x9) — po((a1 ® Xo) - (e ® x)az+
Pa((ar ® xp) - (e ® xp)az — po((a; ® xo) - az) — 0,

for all a;,a, € A. Define
T:A®,B)®,(A®,B) > A®,A

by
T((a®b)®(c®d)) = y(bda®c,

for each a,c € A, b,d € B.Itis easy to see that T is continuous and linear. Also we have
maoT =({d®y)o TTA®,B>

where id @ y(a® b) = y(b)aforall a € A, b € B. Define n,(a) = T o p,(a® xy).Clearly for each «,
the operator 7, : A — A ®, A is bounded and linear. Note that

a - 1nq(b) —nolab) — 0, ny(ab) —n.(a)-b— 0, (a,beA).
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We can show that
maone(a) —a=my 0T opya® xg) =(id ® ) 0 Mye,5 © Pala ® xo) — (id @ Y)(a ® xo)
+({d@yY)a®xp) —a
= (id ® Y)(Tae,B © Pala®x)) —a®xy) + 0 — 0,

for all a € A. Therefore A is approximate ¢-biprojective. O]

3. Some applications for harmonic analysis

For a locally compact group G, a linear subspace S(G) of L!(G) is called a Segal algebra,
whenever

(i) S(G)is dense in L'(G);
(i) With anorm || - ||s S(G) becomes a Banach space which ||f]|; < ||f]|s for every f € S(G);

(ii1) For f € S(G) and y € G, we have L, f € §(G). Here the map y = L,(f) from G into §(G) is
continuous, where L,(f)(x) = f O x);

@) ILy(Plls = lIflls for all f € S(G)andy € G,

see [17].
We denote G for the dual of G, which consists of all non-zero continuousilomomorphism e
from G into the circle group T. It is well-known that A(L'(G)) = {¢; : ¢ € G}, where ¢,(f) =

fG m f(x)dx and dx is a left Haar measure on G, for more details, see [11, Theorem 23.7]. The
map ¢, : L'(G) — C which is specified by

oi(f) = fG Fdx

is called augmentation character. It is well known that the augmentation character induces a char-
acter on S (G) is still denoted by ¢, see [3].

A locally compact group G is called S IN group if it contains a fundamental family of compact
invariant neighborhoods of the identity, see [5, p. 86].

Theorem 3.1. Let G be a locally compact S IN-group. Then S (G) is approximate ¢-biprojective
if and only if G is amenable.

Proof. Suppose that G is a S IN group. Then by [14], S (G) has a central approximate identity. It
follows that there exists an element f € S(G) such that gf = fg and ¢(f) = 1 for all g € S(G).
Now by Proposition 2.1, approximate ¢;-biprojectivity of § (G) gives that S (G) is approximate left
¢,-amenable. Thus there is a net (m,) in S (G) such that

llgma = p1(malls = 0,  ¢1(me) = 1 (g € S(G)).
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We know that || - ||; < || - |ls. Thus it follows that

lgma — ¢1(&)malli = 0, ¢1(ma) = 1 (g € S(G)).

Put f, = fm,. Foreachy € G and g € S(G), consider

$1(6,8) = f 0,8(x)dx = f gy x)dx = f g(x)dx = ¢1(g).
G G G

Noticing that here 0, gives for the point mass at {y}. Using (iii) in the definition of the Segal
algebras

16y fo = folli = 16y )ma = frmally
<6y fme = molly + |lme = frmgll
< |16y Imq = 16y fimall + |16y mq — melly
+[lmo = ¢1(FHmally + 111 (fHme = fmalli — 0.

(3.1)

On the other hand
é1(fo) = 1(fmy) = ¢1(f)p1(my) — 1.

We know that ¢, is a character. Then ¢, is a bounded linear functional. So |f,| < ||f.|li implies
that the net f, stays away from 0. Hence we suppose that || f,||; > 1 Setg, = ol Tt is clear that

=2 el
(go) is a bounded net in L'(G). Consider

”6ng - ga”l < 2||5)|fa| - |fa/|”1 < 2”6yfa - fa”l - 0.

Therefore [18, Exercise 1.1.6], follows that G is amenable.
Conversely, suppose that G is amenable. Using [22, Corollary 3.2], amenability of G gives that
S (G) 1s pseudo-amenable. Then it is easy to see that S (G) is approximate ¢;-biprojective. L

Suppose that G is a locally compact group G. Then the Fourier algebra on G is denoted by
A(G).

Lemma 3.2. Suppose that G is a locally compact group. Then A(G) is approximate ¢-biprojective,
for all ¢ € A(A(G)).

Proof. Using [13, Example 2.6], we know that A(G) is left ¢-amenable for each ¢ € A(A(G)).
Thus there is a bounded net n, € A(G) such that an, — ¢(a)n, — 0 and ¢(n,)=1 for all a € A(G),
see [13]. Since A(G) with respect to the pointwise multiplication is a commutative Banach algebra
an, — ¢(a)n, = nga — ¢(a)n, — 0. Define p, : A - A®, A by p,(a) = a-n, ®n, for all a € A(G).
One can easily see that

pa(ab) —da pa(b) - O, pa(ab) _pa(a) b — Ov ¢ O TTAG) Opa(a) - ¢(a)’

for all a € A(G). Therefore A(G) is approximately ¢-biprojective, for all ¢ € A(A(G)). ]
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For a locally compact group G, M(G) is denoted the measure algebra with respect to G. We
know that L'(G) is a closed ideal of M(G). So we can extend every character of L!(G) to M(G).
So the augmentation character ¢; can be extended to M(G) which we denote it by ¢, again.

Theorem 3.3. The measure algebra M(G) is approximate ¢,-biprojective if and only if G is
amenable.

Proof. Let M(G) be approximate ¢;-biprojective. We know that M(G) is unital. Applying Propo-
sition 2.1 gives that M(G) is approximate left ¢;-amenable. Since L'(G) is a closed ideal of M(G)
and ¢, # 0, by [13, Lemma 3.1] L'(G) is approximate left ¢;-amenable. By Theorem 3.1, G
is amenable.

Conversely, Suppose that G is amenable. So by Johnson’s theorem L'(G) is an amenable
Banach algebra[18]. Hence L'(G) is left and right ¢;-amenable. So there exist bounded nets (a,)
and (b,) in L'(G) such that

bob = §1(D)by — 0, ady — $1(@a, — 0, ¢i(ar) =1 (a,b e L (G)).

Pick iy € L'(G) such that ¢(ip) = 1. Set m, = ipaq, ® byip € M(G) ®, M(G). Thus

am, — Mea = aipd, @ byiy — ¢1(a)ipa, ® byl
+ (ﬁ](d)ioda ® baio — ioaa ® baiga (32)
= (aipa, — $1(a)ipay) ® byip + igay ® (boioa — ¢i(a)byip) — 0,

and
&1 ° Ty iy ® byip) = ¢1(inanbaio) = P1(aq)di1(by) = 1,

for each a € M(G). Define p, : A - A®, A by p,(a) = a-m,. Itis easy to see that

pa(ab) —a-po(b) = 0,  palab) —paa) -b — 0, ¢ o my@) © pola) = ¢la),
for all a € M(G). It finishes the proof. O

Corollary 3.4. The measure algebra M(G) is approximate character biprojective if and only if G
is discrete and amenable.

Proof. Let M(G) be approximate character biprojective. We know that M(G)ha s unit. Using
Proposition 2.1, approximate character biprojectivity gives that M(G) is approximate character
amenable. By [2, Theorem 7.2] G is discrete and amenable.

Conversely, Suppose that G is discrete and amenable. By [9, Proposition 4.2] M(G) is pseudo-
amenable. Hence one can easily see that M(G) is approximate character biprojective. ]

In fact, in the proof of above Corollary we showed if a Banach algebra A is pseudo-amenable,
then A is approximately ¢-biprojective. In the following example we show that the converse of
this fact is not true.
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Example 3.5. Suppose that G is an infinite compact group. So the compactness of G gives that
G C L*(G) € L'(G). Therefore each p € G implies that

Folx) = f FOIPO 0y = px) f FOIPO ™My = p(x) f £GPy = Bp(Ho)

and
Bo(p) = fG p()p()dx = fc ldx=1, (feL'G)).

where the normalized left Haar measure on G considered here, for all x € G. We know that p €
L!1(G). Then f - pf and f +— fp become w*-continuous maps on L'(G)**. So for ¢, € A(L'(G)*)
we have

pf = fp=8(Nps 0 =) =1, (feL(G)).
Define n : L'(G)™ — L' (G)™ ®, L'(G)*™ by n(f) = f - p ® p. Clearly

n(fe)=r-ng=n(f)-g

and
¢ om0 n(f) =g ompgy(f-p®p) = d(f)
for each f, g € L'(G)**. It deduces that L'(G)** is approximate ¢-biprojective. Suppose in contra-

diction that L'(G)™" is pseudo-amenable. Hence by [9, Proposition 4.2] G is discrete and amenable.
Then the compactness of G gives that G is finite which is impossible.

The semigroup S is called inverse semigroup, if for each s € S there exists s* € § such that
ss*s = s* and s*ss* = 5. An inverse semigroup S is called Clifford semigroup if for each s € S
there exists s* € S such that ss* = s*s. There exists a partial order on each inverse semigroup S,
that is,

s<toe s=sst (s,te€f).

Let (S, <) be an inverse semigroup. For each s € §, set (x] = {y € S|y < x}. S is called uniformly
locally finite if sup{|(x]| : x € S} < oco. Suppose that S is an inverse semigroup and e € E(S),
where E(S) is the set of all idempotents of S. Then G, = {s € S|ss* = s*s = e} is a maximal
subgroup of § with respect to e. See [12] as a main reference of semigroup theory.

In the following theorem, we show that for certain semigroup algebras the notion of approxi-
mate character biprojectivity is equivalent with pseudo-amenability.

Theorem 3.6. Let S = UG, be a Clifford semigroup such that E(S) is uniformly locally finite.
Then £'(S) is approximate character biprojective if and only if £'(S) pseudo-amenable.

Proof. Let £'(S) be approximate character biprojective. By [16, Theorem 2.16], £'(S) = ¢! —
@ecrs)l Y(G,). Since £!(G.) has a character ¢, (at least augmentation character), then this character
extends to £!(S) which we denote it again by ¢,. Then ¢'(S) is approximate ¢-biprojective.
Because ¢,y # 0 and £'(G,) is a closed ideal of £'(S), Proposition 2.5 gives that £'(G,) is
approximate ¢;-biprojective. We know that £!(G,) is unital. So Proposition 2.1 gives that £'(G,)
is approximate left ¢;-amenable. So by [2, Theorem 7.1], G, is amenable for all ¢ € E(S). Thus
by [6, Corollary 3.9] £'(S) is pseudo-amenable.

Converse is clear. O
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Example 3.7. We give a Banach algebra which is approximate ¢-biprojective but it is not ¢-
biprojective.

Let N« be a semigroup with the operation m * n = max{m, n}, for all m,n € N. The maximal
ideal space of this algebra is A(€'(Np.y)). It consists of all maps ¢, : £!(Ny.) — C given by
d,(Xin, @i6) = Y, @; for every n € N U {co}, for more information see [4]. Define m = w* —
limé, ® 6, € (€' (Npax) ®, €' (Npay))*™. Clearly a -m = m - a and ¢, o TN, (m) = 1 for all
a € €'(Npax). Following the similar method as in the proof of Theorem 2.4, gives that £ '(Npax) 18
approximate ¢..-biprojective. We assume toward a contradiction that £!(Ny,,,) is ¢«-biprojective.
Define

my = (511 - é‘n+1) ® (6n - 5n+l) € 51 (Nmax) ®p 51 (Nmax)

one can see that
1
am, = mya, ¢,onpy, M) =1, (a€l (Npy)).

By defining p,(a) = a - m,, we can show that ¢, o mp ) © pu(a) = ¢(a) for all a € oy, ). It
follows that mp ..\ i @,-biprojective for all ¢, € A(£'(Npax)). Therefore [15, Remark 3.6] and
[15, Lemma 3.7] imply the maximal ideal space of ¢!(N,) is finite which is impossible, because
the maximal ideal space of £'(N,) is N U {co}.
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