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1. Introduction and Preliminaries

A matrix D over a field F (F is either R or C) having every row and column sum equal to 1, is

said to be an r-generalized doubly stochastic matrix. It can easily be shown that the only square
matrices have such property when r # 0. The set of all r-generalized doubly stochastic matrices
with entries in F is denoted by Q"(n, ). A generalized doubly stochastic matrix is an element of
Qn,F) = U,5Q"(n, IF).
A matrix with nonnegative entries in Q!(n,R) is called a doubly stochastic matrix. The set of
all doubly stochastic matrices is denoted by A, and the set of all doubly stochastic matrices with
positive entries is shown by DP,. The convex hull of the finitely many points xj,...,x, € R" is
called a polytope and is denoted by co{xy,..., x;}. A point x of a polytope P is called vertex or
extreme point of P, if P — {x} is convex.

Theorem 1.1. (Birkhoff,1946) [4] The permutation matrices constitute the extreme points of the
set of doubly stochastic matrices. Moreover the set of all doubly stochastic matrices is the convex
hull of the permutation matrices.

A linear co-ordinate ¢ on a set V is a bijection ¢ : V — R". Two sets of linear co-ordinates
 and ¢ are linearly equivalent if yo¢~! is a linear isomorphism. A linear atlas on a set V is an
equivalence class of linear co-ordinates. A linear manifold is a set V with linear atlas, see [6].

Theorem 1.2. (/5], Theorem 4.7) Q°(n, R) is a vector space of dimension
(n—1)>%

Theorem 1.3. (/5], P.108) The linear manifold Q' (n,R) is diffeomorphic to Q°(n, R).

By Theorems 1.2 and 1.3 we get the following result.
Corollary 1.4. For any real number r, Q' (n,R) is a linear manifold of dimension (n — 1).
Theorem 1.5. Q(n, R) is a linear space of dimension (n — 1)> + 1.

Proof. Suppose B = {Dy,D,,...,D_;y} is a basis of linear space Q°n,R) and I is the n X n
identity matrix. We show that the set S U {I} is a basis for Q(n,R). If A € Q"(n,R), then A — rl €

Q°%n, R). Therefore,
(n—1)?

A—-rl = Z Cl’iDi.
i=1

Hence

and the proof is completed. []
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A, consist of all n X n matrices D = [d;;] which satisfies the following constraints

dij>0, (@G, j=1,...,n), (1.1

de—l—de,, (i=1,...,n). (1.2)
k=1

By Birkhoff’s theorem and Corollary 1.4, A, is a polytope in the (n — 1)?-dimensional linear man-
ifold Q'(n,R) and so is called Birkhoff’s polytope. Permutation matrices are vertices (extreme
points) of A, see [2].

DP, is an embedded manifold of R™", see [1]. Let X € DP,, the tangent space TxDP, is given by
the following theorem:

Theorem 1.6. (/1] P.6 Proposition 1) The tangent space TxDP, is
(Z e R™Z1 =0,Z"1 = 0},

wherein 0 is all zeros vector and 1 is all ones vector.

From the above theorem, the tangent space of DP, is equal to linear space Q°(n, R) and by
Theorem 1.2, the dimension of DP,, is (n — 1).
The Riemannian metric g on TxDP, is defined by

()i (Ax)ij
g(nx, Ax) = Z Z X(;() X ——L=2 for all nx, Ax € TxDP, (1.3)
i=1 j=1 1j

see [1].
Given a subset S of vector space V, a linear preserver of S is a linear operator ¢ onV such that
#(S) C S and is called strong linear preserver of S if ¢(S) = S

Linear preserver problem is one of the most active and continuing subjects in the matrix theory
during the past century that leaves certain properties invariant.

Theorem 1.7. ([3], Theorem 2.2) Let T be a linear map on linear space Q(n,R). The following
conditions are equivalent:

1) T(A) =A
(1) T(m,) = m, (7, is the set of all permutation matrices),

(iii) T is of the form X — PXQ or X — PX'Q for some P,Q € n,.
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2. Linear preservers of doubly stochastic matrices

In this section, we give some examples of linear preservers of doubly stochastic matrices. We
also give a necessary and sufficient condition for that a linear operator preserves doubly stochastic
matrices and r-generalized doubly stochastic matrices.

Definition 2.1. Suppose that m,n € Nand T : M,, — M, is a linear operator. Then T is called a
preserver of doubly stochastic matrices if 7' (A,,) € A, and a strong preserver of doubly stochastic
matrices if T(A,,) = A,,.

We denote the set of all preservers of doubly stochastic matrices by P,,,, and the set of all
strong preservers of doubly stochastic matrices by S Py, .
It is clear that

® SP,,C Py,
o If T, € Pm,n and T, € Pn,ka then T,0T; € Pm,k-
o If T € SPm’n and T, € SPn,ka then T»0T, € SPm’k.

e P, ,1s convex.

Example 2.2. Let T : M, — M, be defined by

X11 0 X12 0
0 X11 0 X12
X21 0 X22 0
0 X21 0 X22

TX =

where X = [*11 Y12

X21  X22
If X € Ay, then TX € A,. Therefore, T € P4 but T ¢ S P, 4, because for example let

RI—= ONI— O
O~ O NI—
Ri— Ovi— O
O~ O NI~

Thus D ¢ Im(T) and therefore, D ¢ T(A,).

Theorem 2.3. Suppose that m,n € Nand T : M,, — M, be a linear operator. If T is a (strong)
preserver of doubly stochastic matrices, then T is a (strong) preserver of linear manifold of r-
generalized doubly stochastic matrices for all real number r and also T is a (strong) preserver of
generalized doubly stochastic matrices.
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Proof. As a consequence of the Birkhofl’s theorem, the linear space generated by doubly stochas-
tic matrices is equal to the linear space generated by the permutation matrices and this is the linear
space of generalized doubly stochastic matrices.
Suppose that A € Q"(m, R). As the above, A = D+, D+ - -+a; Dy such that o +ap+- - +ay =1
and D; € A,(i = 1,2,...,k).
We have

T(A) = Q]T(D]) + -+ a T (Dy).

Since T € P, ,, we have T(D;) € A, and therefore T(A) € Q"(n, R).

Now if T is a strong preserver of A, and B € Q"(n,R), there exist H; € A,(i = 1,...,k) and
a;eR@E=1,...,k)suchthata; +---+a;,=rand B=aH, +---+ aH;. Since T € SP,,,,, then
for any H, there exist D; € A, such that T(D;) = H;, thus

B = alT(Dl) + -+ Q’kT(Dk).

We put A = 1D + D, + -+ + a; Dy, then we have T(A) = B. This means that 7 is a strong
linear preserver of the linear manifold of r-generalized doubly stochastic matrices and as a result
T is a strong preserver of the linear space of generalized doubly stochastic matrices. ]

Example 2.4. Suppose that 3 < n € N,1 <i < mnand Dy,D,,...,D, € A,. Consider the linear
operator T : M,, — M, is defined by

TX = X,‘]D] + xizDQ + -+ xinDna

where (x;1, ..., x;,) is the i-th row of X.
If X € A,, then TX is a convex linear combination of D,..., D, and therefore, TX € A, and
T eP,,.

Now we prove T ¢ S P,,,. By contradiction suppose that T is a strong presever of A,. By Theorem
2.3, T is a strong preserver of linear space Q(n, R). So by Theorems 1.5, (n—1)*+1 = dimQ(n, R) =
dim(D;,...,D,) < n,as aresultn = 1 or n = 2 that is in contradiction by n > 3.

Remark 2.5. In the above example for n = 1 the only doubly stochastic matrix is D = [1]. There-
fore, in thiscase T €e SPyand SP; ={T : R - R|T(1) = 1 and T is linear } = {Id : R — R}.
Butif n = 2, then TX = xi1 Dy + xpDs, then T € SP, iff CO(D],Dz) = A, iff {D],Dz} =

1 010 1
o S o)
Example 2.6. Suppose that Py, P, : R" — R" are two permutations and
T:M, > M,
is defined by
TX = P]XPQ.

Since A, is closed under multiplication operation, then for all X € A,, P XP, € A,. Therefore, T
is a linear preserver of doubly stochastic matrices. In fact T is strong linear preserver of doubly
stochastic matrices, because if D € A, then Pl‘lDPg I'e A, and T(PI‘IDPE Y = D. Therefore,
T(A,) = A, thatmeans T € S P, .
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Theorem 2.7. Suppose that m,n € N.
(1) If D € A,, then there exists T € P,,, such that T(A,,) = {D}.

(i) Py, #0.
Proof. 1t is enough to define the operator T : M,, — M, by
TX =(x11+---+x1,)D.
Then T(A,,) = {D} and therefore, P,,, # 0. O

Theorem 2.8. A linear operator T : M,, — M, is a preserver of doubly stochastic matrices, if
and only if, for every permutation P € M,,, TP € A,.

Proof. LetT € P,,,. Since every permutation P € M,, is doubly stochastic matrix, so TP € A,.
Conversely suppose D € A,. By Birkhoft’s theorem there exist non-negative real numbers
Ay, ..., dx and permutations P, ..., P, € M,, such that

D:/11P1+"'+/lkPk.

Now TPy,...,TP, € A, and A, is a convex set. Hence,

TD = /TP +---+ 4TPLeA,. O
Remark 2.9. Since for every permutation P : R” — R”, we have P = Iy, where 0 : {1,...,m} —
{1,...,m}is a1~ 1 and on-to function and I is identity matrix and for any matrix M = [a;;], My =
[aig 5], so according to Theorem 2.8, the linear operator T : M,, — M,, is a preserver of doubly
stochastic matrices if and only if for every 1 — 1 and on-to function 8 : {1,--- ,m} — {1,...,m};
T(IG) € Am~

3. Strong Linear preservers of doubly stochastic matrices

In this section we give some examples of strong preservers of doubly stochastic matrices. We
also determine the condition of existence and the structure of strong preserver of doubly stochastic
matrices.

Theorem 3.1. If T : M,, > M, is a strong preserver of doubly stochastic matrices, then m > n.

Proof. By Definition 2.1, we have T(A,,) = A,. Then by Theorem 1.5, and 2.8, (n — 1)> + 1 =
dimQ(n, R) = dimT(Q(m.R)) < dimQ(m, R) = (m — 1)> + 1 therefore, m > n. O

Remark 3.2. Example 2.6, shows that S P,,,, # 0 (actually S P, , has simple members like identity
and Transpose operators). But we saw the linear operator is defined in Example 2.2, preserves
(not strongly preserves) the Birkhoft’s polytope. Actually by Theorem 3.1, S P,4 = 0 and also if
m < n, then S P, , = 0.

Now we give an example of operator T : M3 — M,, where T € S Pj .
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Example 3.3. The following matrices

1 00 010 0 0 1 010
Pi=Id=|0 1 0,P>=(0 0 1|.P3={1 0 Of.Ps=|1 0 0Of,
0 01 1 00 010 0 01
0 01 1 00
Ps=10 1 OlandPs=10 O 1}|;
1 00 010
are all permutation matrices in M3, also {P, ..., Ps} is linear independent. But
P+ Py + P3; =Py + Ps + Pg. (31)
That means {Py, ..., Ps, Ps} is linear dependent.

Now, we define T : M3 — M, as follows

TPy =T(P) = TPy = [} 0.7y = TP = [0 1],

By (3.1) it will be obtained
_|1 0
TP =} 9].

We show T' € S Ps,.
By Birkhoft’s theorem if D € Aj, then there exist @; > 0 (1 < i < 6) such that Z?:l a; = 1 and
D = Zle «;P;. Therefore,

T(D) = iaiT(Pi) = () + a3 + a4 + ) [1 0] + (@2 + as) [0 l] =

_ 0 1 1 0
i=1
[al+a3+a4+a6 @y + 5 ]EAz
as + as a1+ a3 +ag + Qg '

So T € P;; and therefore, T(A3) C A,.

In addition, since T(P) = [(1) (1)] ,T(Ps) = [(1) (1)], we have

(0 99 dpreranca.

We know T'(A,) is a convex set, then

A, = co{[(l) (1’] , [(1) (1)]} C T(As) C Ao,

Now as a result 7(Az) = A, that means 7 € S Ps;.

We use the next lemma to determine the structure of strong linear preserver of doubly stochas-
tic matrices.

Lemma 34. IfT : M,, » M, is a linear operator, then T(A,,) = co(T (r,,)).
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Proof. 1t is clear that a permutation matrix is a doubly stochastic matrix. Therefore x,, C A,, and
so T'(m,,) € T(A,,). On the other hand T is linear and A,, is convex, then T'(A,,) is convex and as a
result

co(T(rr)) C T(A). (3.2)

Now if D € A, by using Birkhoff’s theorem there exist @; > 0(1 < i < k), Zle a; = 1 and
P, P,,...,P.€m,suchthat D = Zle a;P;.

Therefore . .
T(D)=T() aiP) = ) aiT(P) € co(T ().
i=1 i=1
Hence
T(A,) € co(T (7). (3.3)
From (3.2) and (3.3) T(A,) = co(T (1)) O

The next lemma shows that if the convex hull of a finite subset of M,, equals to A, it necessary
contains all permutation matrices.

Lemma 3.5. For matrices Ay, ...,A; € M, if co{Ay, ..., A} = A, then
(a) k > n!,

(b) m, CH{Ay, ..., Ar}

Proof. Since m has n! members, then (a) is the direct result of (b) so we just prove (b).

First, note that the relation cofAy,...,A;} = A, expresses that every A;, (1 < i < k) is doubly
stochastic matrix.

Now, suppose A; = [al.lj], LA = [af.‘/.]. Also consider P = [p;;] : R* — R" as a permutation, we
show P € {Aq,..., A}

It is clear that each P;; = 0 or 1, on the other hand P € A, = co{Ay, ..., A}. Then there exist real
numbers 0 < A;,..., A < 1suchthat P = 11A; + - - - + LA;.

Let {i : A; > 0} = {iy, ..., i;}. Without loss of generality, we may assume thati; = 1,...,i; = [, and
so 4; =0, forany [ + 1 <i < k. Using the recent relation we have

Pl/:/llallj+"'+/llafjS/ll+"'+/1[:1, (i,j:]~7""n)' (3'4)
If foriand j, 1 <1i, j <n, P;j =1, then because 0 < al.lj, .. ,afj < 1, it follows that
al.lj:“_:afj:I:Pij_ (35)

Also if P;j = 0, by (3.4)
aj=---=aj;=0=P; (3.6)

From (3.5) and (3.6) it turns out P = A; = --- = A;. Therefore P € {A,, ..., A;}. O
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Theorem 3.6. Suppose m > nand T : M,, — M, is an arbitrary linear operator. In this case
T € SP,, if and only if T € P,,, and there exist permutations Py,---,P, € M,, such that
{TPl,...,TPn[} =T,

Proof. Let T € SP,,. Itis clear that T € P,,. On the other hand by Lemma 3.4 we have
co(T () = T(Ap) = A,
Since 7, is a finite set (and has m! members), then 7'(77,,) is a finite set. Lemma 3.5 concludes that
n, C T(m,,) and thus there exist Py, ..., P, in x, such that {TP,,...,TP,} = «,.
Conversely because T € P,,,, SO

T(A,) CA,. 3.7)

On the other hand by assumptions we have
my =A{T(Py),....,T(Pn)} S T(m,) € T(A). (3.8)
It follows from (3.7) and (3.8), T € S P, .. O
From the above theorem we get immediately the following corollary:

Corollary 3.7. The operator T : M,, —» M, € S P,,,, if and only if the following conditions are met:
(a) If P € M,, is a permutation matrix, then T(P) € A,

(b) There exist permutation matrices Py, ..., P, € M,, such that T(P,),...,T(Py) are all permu-
tation matrices of M,,.

Example 3.8. Suppose that T : M, — M, is defined as follows:

1 .
TX = = |[X11 + X12 + X21 + X2 x13+x14+x23+x24],X:[x,-j],1§l,]§4.

2 1X31 + X320 + X471 + X4 X33 + X34 + X43 + Xgq

If X € A4, then by a simple calculation we see that 7X € Ay, and so T € Py,.
00 01

On the other hand because T'(Id;) = Id, and T( 8 (1) (1) 8 ) = [(1) (1)],
1 00O

according to Theorem 3.6, T € S Py .

Remark 3.9. If T € S P,,,, then rankT > (n — 1)> + 1. By Theorem 2.8, T is strong preserver of
vector space of generalized doubly stochastic matrices, i.e. TQ,, = Q,,. Thus rank7 = dimIm7 >
dim7(Q,,) = dimQ, = (n — 1)*> + 1.

Example 3.10. Suppose Dy, ..., D¢ are doubly stochastic matrices in As, also let 2?:1 =1,
Al,...,d¢ > 0,and let T : Mg — M5 has the following formula:

6 6
TX = /ll(z xll,-)Dl + .-+ /16(2 X6j)D6.

J=1 J=1
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Now if X € Ag, then
TX = 41Dy + -+ AgDg € co(As) = As.

Therefore, T € Pgs. If T € SPgs by previous remark, we have 26 = 52+ 1 < rankT =
dim(Dy, ..., D¢) < 6, that it is a contradiction. Therefore, T ¢ S P s.

Theorem 2.7, states that for each m,n € N, we have P,,, # (0. According to the Remark 3.2,
we also have SP,,, = 0, for m < n. Now, the question arises is whether S P,,,, # 0, for every
m,n € N with m > n? From corollary 3.7 we get the affirmative answer to the problem if for any
m > n there exists a linear operator T : M,, — M, that satisfies conditions (a) and (b) of Corollary
3.7.

Actually because the identity linear operator is in S P, ,, then S P,,,, # 0, also according to Exam-
ples 3.3, and 3.8, we have S P3, # 0 and S P4, # 0.

It can be said that, S P,,,, # 0 for every m > n, such that m,n € N is equivalent to SP,.,, # 0
for every n € N. Because if SP,,1, # 0 for every n € N, then there exist linear operators
T,eSPumr1,T2€SPy_1m—2s---r Tiy—n €S Py,_1. Therefor the combination of them
Ty—...ToT, is located in S P, ,.
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